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PREFACE 


Objection  is  sometimes  raised  to  the  methods  of  practical  mathematics, 
on  the  ground  that  mathematics  is  not  an  experimental  science.  This 
is  true;  but  mathematics  is  built  up  from  a  system  of  conventions 
which  are  not  arbitrary,  but  chosen  with  reference  to  experience. 
Thus  it  is  both  logically  and  educationally  necessary  that  the  beginner 
in  any  branch  of  mathematics  should  have  the  corresponding  part  of 
his  experience  clearly  realized  and  defined. 

This  has  been  recognized  in  the  now  generally  accepted  view  that 
the  study  of  geometry  should  begin  with  a  course  of  experimental 
measurement.  It  is  the  object  of  the  treatment  followed  in  this  book 
to  extend  the  same  method  to  some  other  branches  of  mathematics 
with  special  reference  to  the  needs  of  the  technical  student. 

In  the  chapters  on  trigonometry,  for  instance,  while  results  are 
nowhere  given  without  proof,  the  deductive  treatment  is,  as  far  as 
possible,  accompanied  at  every  step  by  graphic  or  arithmetical  verifica- 
tion, to  enable  the  student  to  realise  clearly  his  own  experience  of 
space,  and  to  see  that  he  is  not  dealing  with  an  arbitrary  system  of 
symbols  alone.  Every  one  has  in  his  own  mind  the  fundamental  notion 
of  a  rate  of  increase  from  which  the  diflferential  calculus  took  its  rise, 
and  this  should  be  clearly  defined  before  proceeding  to  the  analytical 
process  of  differentiation.  Accordingly  the  subject  has  been  arranged 
so  that,  after  a  course  in  plotting  to  fix  the  notion  of  the  function 
of  a  variable  clearly  in  the  student's  mind,  he  is  introduced  to 
the  methods  of  differentiation  by  a  chapter  on  rates  of  increase 
treated  by  arithmetical  and  graphic  methods.  It  is  only  after  such 
a  course  that  most  students  are  ripe  for  the  analytical  methods  of 
differentiation.  It  too  often  happens  that  a  student  who  begins  with 
these  acquires  merely  a  fatal  facility  in  differentiation,  regarding  it 
as  a  mechanical  juggling  with  symbols,  but  having  no  conception 
of  its  relation  to  experience.      This  intuitional  direct  vision  method 
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is  intended,  not  to  take  the  place  of,  but  to  prepare  the  way  for  a 
more  rigorous  analytical  study  of  the  subject 

In  the  same  way,  the  study  of  definite  integration  is  preceded  by 
a  chapter  in  which  various  practical  problems  on  integration  are  treated 
entirely  by  graphic  and  intuitional  methods,  so  as  to  stimulate  the 
interest  of  the  student,  and  to  lead  him  to  feel  the  necessity  for 
analytical  methods  of  integration. 

The  logical  order  of  a  mathematical  subject  may  not  be  the 
same  as  the  best  educational  order,  or  as  the  order  of  its  historical 
development. 

The  most  natural  method  of  advance  is  by  a  series  of  successive 
approximations  to  logical  rigour,  and,  in  fact,  this  is  the  way  in  which 
the  subject  has  actually  grown  up.  It  is  scarcely  twenty  years  since 
some  of  the  most  fundamental  positions  of  the  calculus,  such  as  the 
criterion  for  the  existence  of  a  definite  integral,  were  completely 
established,  yet  no  one  would  maintain  that  the  great  body  of  analysis 
which  existed  before  that  time  was  valueless,  because  its  foundations 
were  not  yet  truly  laid.  The  process  by  which  the  science  itself  was 
formed  is  also  the  most  natural  for  the  mind  of  the  student 

The  fundamental  laws  of  vector  algebra  are  each  given  in  connection 
with  some  application  to  mechanics  or  geometry. 

The  chapters  on  solid  co-ordinate  geometry  deal  with  some  parts 
of  the  subject  which  bear  on  the  student's  study  of  practical  solid 
geometry. 

A  large  number  of  the  more  technical  examples  presuppose  some 
knowledge  of  mechanics  or  electricity.  It  is  not  intended  that  any 
one  student  should  work  through  them  all,  but  that  each  student  should 
select  those  examples  which  interest  him  most. 

F.   M.   SAXELBY. 
-^«y.  1905. 


PREFACE   TO   THE   FIFTH   EDITION 

In  this  Edition  a  number  of  sections  have  been  re-written,  and 
new  sections  on  Hyperbolic  Functions  (§  121b),  the  Resolution  of 
Compound  Periodic  Oscillations  into  their  Simple  Components  (§  139a), 
and  the  Tabulation  of  Definite  Integrals  (§  133a),  as  well  as  many 
examples,  have  been  added. 

The  treatment  of  Indefinite  Integrals  in  Chapter  XXVIII.  and 
of  Differential  Equations  in  Chapter  XXIX.  has  been  amplified,  so 
as  to  make  the  book  suitable  for  a  first  course  in  the  Calculus.  The 
course  of  mathematical  development  during  the  last  few  years  makes 
it  still  more  evident  that  some  direct  intuitional  method  is  most 
appropriate  for  the  beginner  in  the  Calculus.  The  demands  which 
a  rigorous  treatment  make  upon  the  student's  knowledge  are  be- 
coming more  exacting.  For  example,  it  is  found  that  a  knowledge 
of  the  Theory  of  Sets  of  Points  is  necessary  to  a  rigorous  treatment 
of  integration,  and  this  is  quite  out  of  reach  of  the  beginner,  even  if 
he  intends  to  specialise  in  the  study  of  mathematics.  Much  more  is 
it  out  of  the  question  for  the  student  whose  chief  interest  is  in 
applied  science.  While  the  value  and  importance  of  rigorous  treat- 
ment are  becoming  more  evident,  it  is  at  the  same  time  becoming 
more  evident  that  such  treatment  must  be  postponed  to  an  advanced 
stage  in  the  student's  course,  and  is  indeed  only  possible  to  the 
mathematical  specialist. 

F.   M.  SAXELBY 

August^  191 1 

PREFACE   TO   THE   SIXTH    EDITION 

In  this  Edition  a  Chapter  on  Complex  Numbers  and  a  number  of 
fresh  examples  have  been  added,  and  the  section  on  Hyperbolic 
Functions  has  been  extended. 

July,  1919- 
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SUGGESTED   COURSE   OF   READING 

This  course  is  adapted  to  the  syllabus  of  the  Board  of  Education, 
For  the  Lower  Examination  students  should  read  through  the  follow- 
ing course : — 

Logarithms  and   introduction    to  trigonometry,  including   solution   of 
right-angled  triangles  :  Chapters  L,  IL,  IIL,  §§  22,  23,  28,  29,  30. 

Use  of  formulae  and  equations  :  Chapters  V.,  VL 

Use  of  squared  paper  :  Chapters  VIL,  VIII.,  IX. 

Rates   of  increase  and  differentiation:    Chapters  X.,  XL,  §§  99-106, 
XIV.,  XV. 

Graphic  methods  of  integration  :  Chapter  XVII. 
Addition  of  vectors  :  Chapter  XX. 

Solid  geometry  of  points  and  straight  lines:  Chapters  XXIL,  XXIII., 
§§  191-192. 

Determination  of  volumes  and  centres  of  gravity  by  graphic  methods  : 
Chapters  XXIV.  §§  197-199,  201,  XXV.,  omitting  examples  CVIL, 

ex. 

For  the  Higher  Examination  students  will  require  the  whole  of  the 
book. 
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CHAPTER   I 

LOGARITHMS 

1.  As  numerical  computation  plays  an  important  part  in  the  methods  used 
in  this  book,  the  student  should  have  a  thorough  working  knowledge  of  the 
use  of  four-figure  logarithms,  and,  if  he  has  not  such  a  knowledge,  should 
work  carefully  through  this  chapter. 

It  is  assumed  that  the  student  is  familiar  with  the  proofs  of  the  following 
laws  of  indices,  where  m  and  n  are  positive  whole  numbers : — 

;i:*'  X  j:^  =  ;r"»  + "  ;  e.g.  x^  x  x^  =  x^ 
x'^  -T-  x^  =  x*^-'^"',  e.g.  x^  -i-  x^  =  X 

2.  Fractional  and  Negative  Indices. — The  student  already  knows  that 
x^  —  xxxxx-y  x'^i=xxxxxxxxxxxxx;  and,  in  general,  when 
«  is  a  positive  whole  number  x^  =  xxxxxxx.  .  .to«  factors. 

The  question  now  arises  :  What  meaning  is  to  be  given  to  expressions 

such  as  ;r  ,  ;r  ,  x-%  etc.,  and,  in  general,  to  x^  when  n  is  negative  or  a 
fraction  ? 

x"*  cannot  have  the  same  meaning  when  «  is  a  fraction  as  it  has  when  n 
is  a  positive  whole  number,  but  we  choose  a  meaning  such  that  x**y  when  n  is 
a  fraction,  shall  satisfy  the  same  laws  of  indices  as  are  already  known  to  hold 
good  for  the  case  when  «  is  a  positive  whole  number. 

The  product  of  two  integral  powers  of  x  is  obtained  by  adding  the  indices, 

and  if  x"   obeys    the    same    rule    we   must   have   x    x  x    =  x     "  —  x. 

Therefore  ji*  is  a  quantity  which  gives  x  as  the  product  when  multiplied  by 
itself,  i.e. — 


Similarly 

and 

In  general 

so  also 

a  ? 

i.e.  x^  is  the  cube  of  the  square  root  of  :r,  and,  in  general,  x^  is  the  /* 
power  of  the  g^  root  of  x, 
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X.* 

:  X 

^  = 

-.  X^  X  X" 

K.*  = 

.« 
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-.i^-i^ 

ff  negative  powers  obey  the  same  index  law  of  multiplication  as  positive 
powers,  we  must  have 

and.-.;r-»  =  ^  =  i5 

and  in  general  x~p  —  — 

i.e.  a  negative  power    is   equal    to   the    reciprocal   of  the   corresponding 
positive  power. 

Note  in  particular  that 

:,  x^  —  x  y.  -  —  \ 

X 

whatever  the  value  of  x ;   i.e.  the  zero  power  of  any  quantity  is  equal  to 
unity. 

Examples. — I. 

1.  Write  down  the  values  of  4^,  9*   16*,  27*   144^,  961  ,  729^. 

3         k. 

2.  Write  down  the  values  of  4^^  i6^^\  81*,  27^,  loo^'S. 

3.  Write  down  the  values  of  2-*,  3-2,  5-2,  27"^,  125"^,  49I3~».« 

4.  Find  the  values  of  lo-^,  io~2,_io°,  10  ,  lo^,  10    ,  lo". 

3.  Logarithms. — Definition :  Uy  =  rt*,  then  x  is  called  the  logarithm  of 
y  to  the  base  a.  This  is  denoted  by  the  abbreviation  logai'.  In  words,  the 
logarithm  of  a  number  to  any  base  is  the  index  of  the  power  of  the  base 
which  is  equal  to  that  number. 

The  statements  y  =  a*  and  x  =  \ogay  are  two  different  ways  of  expressing 
the  same  fact  ;  e.^.  we  know  that  100  =  lo^  ;  this  fact  may  also  be  expressed 
by  saying  that  2  is  the  logarithm  of  100  to  the  base  10. 

In  the  same  way,  we  know  that 

8  =  2^ ;  z.e.  3  =  loga  8 

2  =  42  ;  i'^'  \  =  log4  2 

o'l  = Y  =  ioo~2  ;  i.e.  -I  =  logioo  o-i 

1002 

and  so  on. 

Examples. — II. 

WMte  down  the  values  of  the  following  quantities  :' — 
1.  log4  2.  2.  logs  3-  3.  log„9  3.  4.  logx,  512. 

5.  logioo  10,000,000.     6.  logj^.  7.  log,oO-i.  8.  log,,  I. 

9.  log.  3-162.  10.  logic  31*62.  11.  logio  0-3162. 

a 

4.  The  three  laws  of  indices  given  in  §  i  may  be  expressed  in  logarithmic 
form. 

I.  The  logarithni  of  the  product  of  two  numbers  is  the  sum  of 
their  logarithms. 
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If  a  and  b  be  the  two  numbers,  and 

logx  a  =  m,  log:e  b  =  n 
then  a  —  x*^,  and  d  =  x^ 
and  .*.  ^z/5  =  x*^+» 

i,e.  by  the  definition  of  a  logarithm 

logx  ab  =  m  +  n  =  log,  «  +  log,  ^ 

Thus,  if  we  have  a  table  of  logarithms  to  any  base,  we  can  substitute 
addition  for  multiplication. 

Example. — We  know  from  tables  that  logj^  2*53  =  o"403i,  and   logj^  3-64  = 
0-5611 

.*.  logio  2*53  X  364  =  0-4031  +  0-5611  =  0-9642 

and  from  the  tables  we  find  that  this  is  the  logarithm  of  9-208  to  base  10 

/.  the  product  2*53  X  3*64  =  9-208 

II.  The  logarithm  of  the  quotient  of  two  numbers  is  the  difiFerence 
of  their  logarithms. 

With  the  same  notation  as  before,  we  have 

a      x*^       ^  _ 
b      x^ 

i.e.  logx  -  -  m-  n  -  log,  a  -  log*  b 
Thus  we  can  substitute  subtraction  for  division. 

Example. — To  find  ^— ^,  we  have 
2'53 

logjo  \^^  =  logjo  364  -  logio  2-53 

=  0-5611  —  0-4031 
=  0*1580 

We  find  from  the  tables  that  0*1580  is  the  logarithm  of  1-439  to  base  lO 

•••  !!='•«' 

III.  The  logarithm   of  the   n'*'  power  of  a  number  is  equal  to 
n  times  the  logarithm  of  the  number. 

Let  m  -  logx  ^,  then  a  -  j^ 
and  rt«  =  {x"'Y  =  jr™** 
i.e.  logx  ipT)  =  mn  =  n  X  log,  a 

This  law  enables  us  to  perform  many  arithmetical  operations  which  could 
not  easily  be  performed  by  direct  arithmetical  methods. 

Example. — To  find  the  value  e/"(2-53)^'. 

We  know  that  logio  2*53  =  0*4031 

then  logio  (2*53P'  =  1*3  X  logio  (2*53) 

=  1*3  X  0-4031  =05240 
From  the  tables  we  find  that  0-5240  is  the  logarithm  of  3*342  to  base  10.      We 
conclude  that  (2-53)i"'  =  3*342. 
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5.  Use  of  Tables. — Tables  of  logarithms  to  base  lo  are  given  at  the 
end  of  the  book.  Some  explanation  is  necessary  as  to  the  arrangement  and 
use  of  these  tables. 

The  integral  part  of  the  logarithm  of  a  number  to  base  lo  may  be  found 
by  considering  the  two  integral  powers  of  lo  between  which  the  number  lies  ; 
thus,  343*2  lies  between  lo^  and  lo*,  and  therefore  its  logarithm  lies  between 
2  and  3  ;  0*00342  lies  between  o-oi  and  o  001,  />.  between  lo-^  and  10-^ ; 
and  therefore  its  logarithm  lies  between  —  2  and  —  3. 

The  decimal  part  of  the  logarithm  of  a  number  is  given  in  the  tables. 

Thus,  to  find  log  343*2,  we  find  the  first  two  figures,  34,  on  the  left-hand 
side  of  the  tables  ;  the  next  figure,  3,  is  found  at  the  top.  In  the  horizontal 
line  opposite  to  34,  and  in  the  column  under  3,  we  find  5353.  This  is  the 
decimal  part  of  log  343.  To  account  for  the  next  figure,  2,  we  notice  that  in 
the  table  of  differences,  at  the  right-hand  side  of  the  tables,  the  difference 
for  2  in  the  horizontal  line  opposite  to  34  is  given  as  3. 

This  must  be  added  to  the  value  5353  already  found  to  correspond  to  343. 
Thus  we  find  that  the  decimal  part  of  logio  343'2  is  0-5356.  We  have  seen 
above  that  logio343'2  lies  between  2  and  3,  and  therefore  log  343*2  =  2*5356. 

It  will  be  noticed  that  the  arrangement  is  somewhat  different  in  the  part 
of  the  tables  corresponding  to  numbers  whose  first  significant  figure  is  i. 

The  logarithms  here  increase  so  rapidly  with  the  numbers  that  two  sets 
of  differences  are  required  for  the  interval  between  two  numbers  whose 
second  significant  figures  differ  by  i. 

Thus  to  find  log  126*3,  we  know  as  before  that  the  integral  part  is  2.  To 
find  the  decimal  part,  we  get  as  before  the  value  1004  corresponding  to  126. 

The  difference  for  3  must  now  be  sought  in  the  horizontal  line  opposite 
to  the  value  1004  already  found ;  this  difference  is  10,  and  therefore  the 
decimal  part  of  the  logarithm  is  0*1014,  and  log  126*3  =  2*1014. 

To  find  the  decimal  part  of  log  125*3  on  the  other  hand,  we  should  look 
for  the  difference  for  3  in  the  upper  line  opposite  to  0969,  which  corresponds 
to  the  first  3  significant  figures,  125,  of  the  number  whose  logarithm  is  to  be 
found.     This  difference  is  11,  and  thus  we  get  log  125*3  =  2-0980. 

Since  10°  =  i,  logio  1  =  0,  and  therefore  the  logarithm  of  any  number 
less  than  i  is  negative.     This  is  true  for  logarithms  to  any  base  whatever. 

It  is  found  convenient  to  keep  the  decimal  part  of  all  the  logarithms 
positive,  and  to  restrict  the  negative  sign  to_the  integral  part.  Thus,  if  the 
logarithm  of  a  number  is  —  0*3,  we  write  it  1*7,  i.e.  —  i  +  o'y  ;  if  a  logarithm 
is  —  3*7,  we  write  it  4*3,  i.e.  —  4  +  0*3. 

This  device  enables  us  to  use  the  same  tables  for  all  numbers,  whether 
greater  or  less  than  i.  For  any  number  less  than  i  may  be  obtained  from 
a  number  greater  than  i  having  the  same  digits  by  dividing  by  10  an  exact 
number  of  times. 

This  is  equivalent  to  subtracting  a  whole  number  from  the  logarithm 
without  altering  the  positive  decimal  part  of  the  logarithm. 

Thus  0-03432  is  obtained  from  343*2  by  dividing  by  10*. 

.•.  log  0*03432  =  log  343*2  -  log  10* 
=  2*5356-4 

=  2*5356 

Note  that  the  decimal  part  of  the  logarithm  is  unaltered.  Thus  the 
logarithm  of  0-03432  could  be  found  directly  from  the  tables  by  first  finding 
as  before  the  decimal  part  of  the  logarithm  of  3432>  and  prefixing  the  integer 
2,  because  003432  lies  between  10-^  and  lo-^. 

Example. — To  find  log  0*01594  from  the  tables. 

In  the  horizontal  line  opposite  to  15,  and  in  the  column  under  9,  we  find  2014. 

The  difference  for  the  next  figure  4  in  the  horizontal  line  opposite  to  2014  is  11. 
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Adding  this  to  2014,  we  get  2025  as  the  decimal  part  of  log  0-01594.  Since  the 
number  lies  between  o'l  and  o'oi,  its  logarithm  lies  between  i  and  2. 

/.  log  0*01594  =  2*2025 

e.  Alitilogaiithnis. — When  the  logarithm  of  a  number  is  given  and 
we  wish  to  find  the  number,  we  may  of  course  use  the  table  of  logarithms, 
but  it  is  more  expeditious  to  make  use  of  a  separate  table  of  antilogarithms. 
This  table  gives  the  number  corresponding  to  any  given  logarithm  to  base 
10.     The  arrangement  is  similar  to  that  of  the  table  of  logarithms. 

Example. — The  logarithm  of  a  certain  number  is  fomtd  to  be  2*0361 ;  to  find  the 
number. 

We  find,  by  using  the  table  of  antilogarithms  in  the  same  way  as  we  used  the 
table  of  logarithms,  that  the  antilogarithm  of  0-0361  is  1086.  'fhese  are  the  signifi- 
cant figures  of  the  result,  but  we  do  not  yet  know  the  position  of  the  decimal  point. 
This  is  found  by_ considering  the  integral  part  of  the  logarithm.  Since  the  logarithm 
is  made  up  of  2  and  a  positive  decimal,  it  lies  between  i  and  2,  and  therefore  the 
number  lies  between  o*i  and  o'oi,  i.e.  the  number  is  o-oio86. 

7.  Napierian  Logarithms.— Logarithms  to  base  10  are  used  for 
numerical  calculations,  but  the  student  will  also  meet  with  logarithms  to 
base  (f,  where  ^  is  a  quantity  defined  by  means  of  the  series 

I  I  I 

I  +  I  + X + +  .  .  . 

1x2      1x2x31x2x3x4 

It  can  be  shown  that,  however  many  terms  of  this  series  are  taken,  the 
sum  is  never  greater  than  a  definite  limiting  value  e  —  2*718  .  .  .,  and  that 
the  sum  may  be  made  as  nearly  equal  to  e  as  we  please  by  taking  a  suffi- 
cient number  of  terms  of  the  series.  The  quantity  e  is  accordingly  defined 
as  the  limit  of  the  sum  of  the  series. 

T  »  T 

I    +     I     + 


1X2         1x2X3    '    1X2x3x4 

as  the  number  of  terms  is  indefinitely  increased.  The  quantity  e  will  be 
more  fully  treated  in  Chapter  XXIX.,  when  the  student  is  in  a  better 
position  to  understand  the  theory  of  the  subject. 

Such  logarithms  are  variously  called  natural,  Napierian,  or  hyperbolic 
logarithms.  The  reason  for  the  occurrence  of  this  base  will  appear  to  the 
student  at  a  later  stage  in  his  work. 

The  logarithm  of  a  number  to  base  e  is  obtained  from  its  logarithm  to 
base  10  by  multiplying  by  2*3026. 

To  verify  this  from  the  tables,  let/  be  the  logarithm  of  a  number  « to  base 
10.     Then,  by  the  definition  of  a  logarithm,  n  —  10^. 

We  find  from  the  tables  that 

logio^  =  log,o  2718  =  0-4343 
.*.  e  =  IOO«43 
i_ 

and   10  =  ^0''^343  =  ^2  3026 

.•.  substituting  n  =  ^a-302«p 

i.e.  log,  n  -  2-3026/  =  2*3026  logio  n 

Examples. — III. 
Find  from  the  tables  the  values  of  the  following  logarithms  to  base  10  >— 

1.  Log  200,  log  20,  log  2,  log  0*0002. 

2.  Log  7837,  log  783-7,  log  78*37,  log  7*837,  log  0*7837.  log  0*07837, 
log  0*007837. 
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3.  Log  2-156  X  io«,  log  2-156  X  io-<,  log  2-156  X  lo-^ 

4.  Log  3-142,  log  0-2965,  log  46-72,  log  7-864,  log  11-32,  log  11-72,  log  0-01568, 
log  0-002374. 

5.  Find  the  numbers  which  have  the  following  logarithms  to  base  10  : — 

3-1562,  2-3010,  1-4771.  0-5631, 1-2759, 3-3648,  2-7649. 

6.  Find  the  values  of  the  following  logarithms  : — 

Log«  2-31,  log*  3-57,  log,  4-62,  log,  8-86. 

8.  The  methods  of  working  with  logarithms  and  of  arranging  the  work 
will  be  understood  from  the  following  examples  : — 

Example  (i). — Evaluate  1-362  x  23*54  x  13*05. 
log  1-362  =  0*1342 
log  23-54=  1*3718 
log  13-05  =  1-1155 


adding,  log  1*362  X  23-54  X  13-05  =  2-6215  =  log  418*3 
.*.  the  required  product  =  418-3 

log  31  '35  =  L'4962  log  2*534  =  0*4038 

log  0-003621  =  3*5588  log  76*52  =  1*8838 

adding,  log  31*35  X  0-003621  =  ro55o  log  2-534  X  76'52  =  2-2876 

2*2876 


subtracting,  log  x  =  4*7674  =  log  0*0005853 
31-35x0*003621^ 
2*534  X  76-52  ^  ^^ 

Example  {'^).— Evaluate  (o*o326)i"2. 

log  0*0326=      2*5132 

1*2 


1*2  X  0-5132  =       0-6158 
1-2X2=  —2-4 


log  (o-0326)i"2  =     2*2158  =  log  0*01644 

/.  (0*0326)^''^  =        0*01644 

In  the  above  we  have  to  multiply  a  number  which  is  partly  positive  and  p>artly 
negative  by  a  positive  number.  We  multiply  the  two  parts  separately,  and  add  the 
results  with  their  proper  signs. 

Example  {^).— Evaluate  (o-03i4)-*"». 

Consider  a  negative  power  as  the  reciprocal  of  the  corresponding  positive  power. 

(0*0314)-^-^  =^^.^3'^)., 

log  (0*0314)  =  2*4969 
2*1 


I '0435 
.4*2 


log  (0*0314)2-1  =  4-8435 
log  I  =  0*0 


log  (0*0314)-"  =  3*1565  =  log  1434 
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The  value  of  log  (o*03i4)-*>  in  the   last  line  is  obtained   by  subtracting  log 
(0*0314)2*^  from  log  I. 


Example  {<,).— Evaluate  XJit^z'^. 

Vi32T-=  (132-5)* 

log  132*5  =  2*1222 

log  (132-5)*  =  \  log  132-5  =  0*7074  =  log  5*098 

/.    1/132-5  =  5-098 

Example  {6).— Evaluate  ^o ■01325. 

log  0*01325  =  2*1222 
log   Vo*OI325  =  J(2*I222) 

=  j(3  +  1*1222) 

=  1*3741  =  log  0*2367 

.*.  5/0*01325  =  0*2367 

Here  we  have  to  divide  2_by  +  3.  As  we  wish  to  keep  the  decimal  part  of  the 
quotient  positive,  we  write  3"+  i  for  2",  so  that  the  negative  part  can  be  divided 
exactly  by  3. 

In  working  with  four-figure  logarithms  it  is  found  that  the  results  are 
more  likely  to  be  accurate,  especially  in  long  calculations,  if  all  logarithms 
are  set  down  in  vertical  columns,  as  in  the  above  examples. 

Examples. — IV. 

Evaluate  the  following  expressions  to  as  close  a  degree  of  accuracy  as  the  use  of 
four-figure  tables  will  permit : — 

1.  0*035621  X  25780.  2.  0-013640  X  153-27.  3.  225*85  X  179. 

_      2*006  a    152*05641 

4.1362x0*0251.  ^-^^^^Ss*  ®-^^353^- 

7   5346-257  8    462*17  .  9.  12*36  X  21*5  . 

1386497  *  I-I2534  ^  ,32-9 

0-0065  X  136 

10.  0-0352  X  125  X  0*000561.  11.  ^^i^^-^^e^^' 

j2   0*1639x52100x0*0253.  13    ^—  14    .j^:^^^ 

0*00035  X  1*0264 


15.  ^3615^  16.  XlWJS'  17.  ^0*03615.  18.  Vo*oo65i. 

19.  V217.  20.  V2-I7.  21.  V2512.  22.  V25I-2. 

23.  ^25^  24.  Vr5i2.  25.  2i3-«.  26.  (0*059)1-*. 

27.  (i*34)°**^-  28.  (o*o35i)-2«.    ,  29.  (o*i754)-2-«. 

30.  (o*i854)-o-.o«3.  31.  (o*oi625)-25».  32.  (0*0532)1-*. 

33.  (o*o65i)-3'».  34.  73615.  35.  12-0-8. 

36.  (1*333)-"^.  37.  (25*6i)-i-«'.  38.  (i-305)-2*36. 

39.  (0*036) -0023.  40.  (o*32655)-2-3«».  41.  (o*2543)-oo25_ 

42.  (log,  2*963)-2-»».  43.  {p' 2^61)^10^^-^.  44.  (o*3489)ooi«. 

,  (i*036)-a-« 

45.  (o*i043)-i-2».  46.  ^  x  (1*052)-*-  47.      y-^^    - 

43      356200  40      25*63  X  0*00036  gQ    1357  X  (o*2i)« 

■   V^TX^i*  •  (o*oi25)»  X  logio  29*3*  logio3i'3 

_,    ,         ^  ,,  .  „         Ko  34iX^"^6x252*\       gg   55x^0*062^x53^ 

51.  59*32  X  (logio  26i)«.        52.  (,.o3)«  x  logic  15-71  00035 x (20*o6)-^-» 
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TRIGONOMETRY—MEASUREMENT   OF  ANGLES-^ 
TRIGONOMETRICAL  RATIOS  OF  ONE  ANGLE 


9.  Measurement  of  Angles. — Draw  two  straight  lines  OX  and  OY  at  right 
angles.  If  XO  and  YO  are  produced  to  X'  and  Y'  they  divide  the  plane  in 
which  they  lie  into  four  quadrants,  XOY,  YOX',  X'OY',  Y'OX. 

Suppose  the  straight  line  OP  starts  from  the  position  OX,  and  moves  so 

that  P  describes  a  circle  about  O 
as  centre  in  a  direction  opposite  to 
that  of  the  motion  of  the  hands  of 
a  clock,  then  the  line  OP  is  said 
to  generate  the  angle  XOP  as  it 
passes  round. 

The  angle  XOY  is  divided  into 
90  equal  parts,  called  degrees,  and 
for  any  position  of  P  the  angle  XOP 
is  measured  by  the  number  of  de- 
grees through  which  OP  has  turned. 
One  degree  is  divided  into  60 
minutes,  and  one  minute  into  60 
seconds. 

The  quadrants  are  numbered, 
the  1st,  2nd,  3rd,  and  4th,  after  the 
order  in  which  OP  passes  through 
them. 

When  OP  is  in  the  2nd  quadrant 
YOX'  it  makes  an  obtuse  angle  with 
OX;   when    OP    is   in  the   3rd   quadrant   X'OY'  the   angle   XOP  is   still 
measured  in  the  same  direction,  passing  through  OY. 

Similarly,  when  OP  is  in  the  4th  quadrant,  XOP  means  the  angle  between 
OX  and  OP  traced  out  in  a  counter-clockwise  direction  through  OY  and 
OX',  and  not  the  acute  angle  between  OX  and  OP. 

When  OP  comes  again  to  its  original  position  OX,  it  may  go  on  revolving 
round  O  in  the  same  direction,  so  that  it  may  generate  an  angle  as  large  as 
we  please :  e.g.  an  angle  of  750°  is  one  which  is  formed  when  the  line  OP 
starts  at  OX,  and  makes  two  complete  revolutions,  and  then  turns  through 
30°  in  addition. 

10.  Positive  and  Negative  Angles. — If  the  line  OP  revolves  in  a 
counter-clockwise  direction  as  in  the  last  §,  the  angle  which  it  generates  is 
said  to  be  positive.  If  OP  starts  from  the  position  OX,  and  revolves  through 
the  positions  OY',  OX',  OY,  in  the  same  direction  as  the  hands  of  a  clock,  it 
is  said  to  generate  a  negative  angle. 

A  negative  angle  may  contain  any  number  of  degrees  ;  e.g.  an  angle  of 
—  135°  is  formed  when  OP  revolves  through  the  4th  quadrant  XOY'  and 
halfway  through  the  3rd,  Y'OX',  in  a  clockwise  direction. 


Fig. 
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Similarly  -  tooo°  =  -  ii  x  90°  -  10°,  and  therefore  an  angle  of  -  1000° 
is  formed  when  OP  turns  through  1 1  right  angles  in  a  clockwise  direction, 
and  then  continues  to  revolve  through  10°  in  addition.  Thus  the  generating 
line  of  an  angle  of  —  1000°  is  in  the  ist  quadrant. 

11. — Circular  Measure  of  Angles. — Angles  may  also  be  measured  in 
circular  measure.    When  P  moves  a  distance 
XP  equal  to  the  radius  OX  along  the  circum- 
ference of  the  circle  XYX',  the  angle  XOP 
which  OP  generates  is  called  a  radian. 

It  can  be  proved  that  when  P  moves 
completely  round  the  circle  XYX'  to  its  first 
position  X,  the  whole  circumference  traced 
out  by  P  is  equal  to 

27r.OX  =  27r.XP 

where  v  is  equal  to  3*1416  .  .  . 

And  since  the  angle  XOP  is  proportional 
to  the  arc  XP, 

OP  generates  an  angle  which  =  2ir.  XOP 

=  2T  radians 
/.  360**  =  2ir  radians 

and  I  radian  =  ^-^  =  57*2958° 


We  shall   usually  find  it  sufficiently  accurate   to  take  i   radian  equal 
to  57-3°. 

It  is  useful  to  remember  the  following  values  : — 

2  right  angles  =  180°  =  ir  radians  ; 
I  right  angle    =    90°  =  -  radians  ; 


60°  =  -  radians  j  30°  =  g  radians  ;  45 


°  —  -  radians. 
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The  values  in  radians  of  angles  from  0°  to  90°  are  given  in  the  tables. 

Example  (i). — To  express  125°  in  radians. 
We  have  57'3°  =  i  radian 

I2C 

125°  =  —f-  =  2- 18  radians 
Using  the  tables,  we  have 

125°  =  90°  +  35"  =  1*5708  4-  0*6109  =  2*1817  radians 
Similarly,  to  convert  radians  to  degrees  multiply  by  57*3,  or  use  the  tables. 


Example  (2). — A  flywheel  of  2'$-ft.  radius  is  revolving  at  120  revolutions  per 
minute^  what  is  the  speed  of  a  poifit  on  its  rim  ? 

Any  radius  of  the  wheel  turns  through  120  revolutions  per  minute  =  2  revolutions 
per  second  =  4ir  radians  per  second. 

By  the  definition  of.  a  radian  we  know  that  when  the  radius  turns  through  one 
radian  its  extremity  moves  through  a  distance  equal  to  the  radius,  i.e.  through  2*5 
feet. 

Therefore,  in  one  second  a  point  on  the  rim  of  the  wheel  travels  through 
4ir  X  2*5  =  31*42  feet  per  second,  and  the  speed  of  a  point  on  the  rim  is  31  42  feet 
per  second. 


lO 
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Examples. — V. 

1.  Draw  figures  to  show  the  following  angles,  and  express  them  in  radians : — 

152°,  205°,  -270°,  300°,  -840°,  1350^ 

2.  Draw  a  figure  to  show  angles  of  i,  2,  3,  4,  and  5  radians. 

3.  Make  a  protractor  to  measure  angles  less  than  two  right  angles  correct  to 
o'l  radian. 

•  4.  Draw  figures  to  show  angles  of  1*3  and  2*9  radians,  and  express  them  in 
degrees. 

5.  Find  the  length  of  the  arc  which  subtends  an  angle  of  41**  at  the  centre  of  a 
circle  of  11 -ft.  radius. 

6.  A  flywheel  of  3-ft.  radius  is  revolving  at  260  revolutions  per  minute  :  what  is 
the  speed  of  a  point  on  the  rim  ? 

7.  The  earth  moves  round  the  sun  once  a  year  in  a  circle  (approximately)  of 
92*8  X  10*  miles  radius  :  find  its  velocity  in  miles  per  second. 

8.  The  earth  revolves  round  its  axis  once  in  24  hours  :  through  what  decimal  of » 
a  radian  does  it  revolve  in  one  second  ?    Find  the  speed,  in  feet  per  second,  of  a  point 
on  the  equator.     Radius  of  earth  =  3963  miles. 

9.  The  armature  of  a  dynamo  is  i  foot  in  diameter,  and  is  revolving  at  iioo 
revolutions  per  minute.    What  is  the  speed  of  a  point  on  the  outside  of  the  armature  ? 

10.  Through  what  angles  do  the  large  and  small  hands  of  a  clock  respectively 
turn  between  I1.15  a.m.  and  2.30  p.m.  ;  and  between  3.44  a.m.  and  7.31  p.m.  ? 

11.  What  are  the  angles,  measured  in  a  positive  direction  from  the  minute  to  the 
hour-hand  of  a  clock,  at  the  following  times:  3.7,  6.10,  7.15,  9.25? 


12.  Co-ordinatea  of  a  Point. — If  a  point  is  supposed  free  to  move  about 
on  a  surface,  we  require  to  know  two  quantities  before  we  can  determine  its 
position  ;  e.^.  to  fix  the  position  of  a  point  on  the  earth's  surface  we  specify 

its  latitude  and  longitude,  i.e.  its 
distances  measured  in  degrees 
from  the  equator  and  the  meridian 
of  Greenwich. 

In  the  same  way  the  position 
of  a  point  on  a  plane  is  fixed  when 
its  distances  from  two  straight 
lines  in  the  plane  are  known. 

From  any  position  of  the  point 
P  in  §  9  draw  PN  perpendicular  to 
the  axis  X'OX. 


Let;r 
and^ 


ON  measured  from  O  to  N 
NP  measured  from  N  to  P 


Then  x  and  y^  taken  with  their 
proper  signs,  are  called  the  rec- 
tangular co-ordinates  of  the  point 
P^y  is  called  the  ordinate  and  x 
the  abscissa  of  the  point  P. 

Tl\e  signs  are  chosen  as  fol- 
lows f — 

Fia  3.  ;r  is  positive  when   measured 

from  left  to  right  in  the  direction 

X'OX,  and  negative  when  measured  from  right  to  left  in  the  direction  XOX'., 

y  is  positive  when  measured  upwards  in  the  direction  Y'OY,  and  negative 

when  measured  downwards  in  the  direction  YOY'. 

Thus,  when  P  is  in  the  first  quadrant, 

X  =  ON  and  is  positive, ^^  =  NP  and  is  positive 
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When  P  is  in  the  second  quadrant, 

X  is  negative,^  is  positive 

When  P  is  in  the  third  quadrant, 

X  is  negative,  y  is  negative 

When  P  is  in  the  fourth  quadrant, 

X  is  positive,  y  is  negative 

P  is  described  as  the  point  {x^  y) ;  e.g.  the  point  (2,  3)  is  the  point  whose 
abscissa  is  2  and  ordinate  3. 

Polar  Co-ordinates. — The  position  of  the  point  P  is  also  determined  if 
we  know  the  length  r  of  the  line  OP  and  the  angle  XOP  =  0,  which  it 
generates  in  passing  from  OX  to  its  position  OP.  These  are  called  the 
polar  co-ordinates  of  the  point  P. 

e  is  measured  positively  in  a  counter-clockwise  direction  from  OX  to  OP, 
and  r  is  measured  from  O  to  P  and  taken  positive  in  all  four  quadrants. 

P  is  described  as  the  point  (r,  e) ;  e.g.  the  point  (2,  25°)  is  the  point  for 
which  r  =  2  and  B  =  25°. 


Examples.— VI. 

1.  Draw  a  figure  to  show  the  positions  of  the  points  whcs-  rectangular  co-ordinates 
are  given  as  follows  :  (2,  3) ;  (5,  2)  j  (3,  i) ;  (-3,  2) ;  (-5,  -3)  j  (-4,  3) ;  {2,  -3) ; 

(r3»  -3-2);  (-4'3.  -3'4).     ..,,.,., 

2.  Show  in  a  figure  the  positions  of  the  points  whose  polar  co-ordinates  are  given 
as  follows  :  (i,  15°) ;  (2,  30*) ;  (2,  64°) ;  (2,  110°) ;  (2,  220°) ;  (2,  300°) ;  (2,  -60°) ; 
(2,  -100°). 

3.  Find  by  measurement  from  your  figure  the  polar  co-ordinates  of  the  first 
6  points  in  Example  i . 

4.  Find  by  measurement  the  rectangular  co-ordinates  of  the  first  6  points  in 
Example  2. 

13.  Trigonometrical  Ratios  of  an  Acute  Angle. — Let  B  be  any  acute 

angle  NOP,  let  ON  =  x  and  NP  =  jj/be  the  rectangular  co-ordinates  of  P, 

and  let  OP  =  r.     Then  the  trigonometrical  ratios  of  the  angle  B  are  defined 

as  follows : — 

NP     y 
sine  e,  wntten  sin  B  =  ^  =  - 

«      ON      X 
cosine  »,  wntten  cos  B  =  ^  =  - 

.       .  «       NP      y 

tangent  «,  wntten  tan  B  =  -  -  =<- 

«      OP      r 
cosecant  «,  wntten  cosec  B  =  —  =  - 

.      OP      r 
secant  «,  wntten  sec  B  =  —  =  - 

«      ON      X 
cotangent  ^,  written  cot  B  =  jy^  =  - 

Example  (i). — Find  by  a  graphic  method  the  sine,  cosine^  and  tangent  ^35*. 

This  is  most  conveniently  done  on  squared  paper.  The  student  should  draw  the 
figure  on  a  large  scale,  and  verify  the  measurements  for  himself. 

Take  two  axes,  OX  and  OY,  at  right  angles,  and  set  off  the  angle  XOP  =  35*' 
by  means  of  a  protractor. 
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With  centre  O  and  radius  equal  to  unit  length  on  some  convenient  scale,  cut  off 
OP,  and  draw  PN  perpendicular  to  OX. 
Then  we  have 

NP 
«in35°  =  op  =  '^P  =  °'574 

ON 
cos  35°  =  OP  =  ON  =  0819 

NP      o'574 
tan  ^t:°  =  r^u  =  -4^  =  0700 
^^       ON      0819         ' 

Note  that  when,  as  in  this  example,  we  take  OP  as  the  unit  of  length,  the  sine 
and  cosine  of  Q  are  equal  to  the  rectangular  co-ordinates  y  and  x  of  the  point  P. 

Note. — The  notation  sin-^  x  is  used  to  denote  an  angle  whose  sine  is  x,  e.g.  35°, 
or  o-6i  radian  is  a  value  of  sin-^  0-574.  Similarly,  cos-i  x  and  tan-^  x  denote  angles 
whose  cosine  and  tangent  are  equal  to  x. 

Example  (2). — Find  the  acute  angle  whose  tangent  is  equal  to  0'8. 
Here  we  require  to  find  the  angle  6,  so  that  we  may  have 

ON 

The  student  should  draw  the  figure  for  himself. 

Using  squared  paper,  set  off  on  the  axis  of  x  the  length  ON  equal  to  unity  on 
some  convenient  scale.  On  the  ordinate  passing  through  N  set  off  NP  equal  to  o'8 
on  the  same  scale.  Join  OP.  Then  NOP  is  the  required  angle.  We  find  by 
measurement  that  the  angle  NOP  =  387°. 


Examples. — VII. 

1.  Set  off  on  the  axis  of  x,  ON,  =  l,  ON,  =  2,  ON,  =  3.  Draw  any  straight 
line  OP  in  the  first  quadrant.     Erect  ordinates  N^P,,  NjPj,  NjPj,  meeting  OP  in 

|V|  p      IM  P      N  P 
Pi,   Pj,  and  P,.     Find  by  measurement  the  values  of  Wp-»    ^p*'    nV*'    ^^^ 

N  P     N  P     N  P 

compare  them.     Also  measure  qVt',  /-/kt^»   rffsr*'  ^"^^  compare. 

What   do  you  infer  from  this  experiment  with  respect  to  the  sine  and   tangent  of 
an  angle  ? 

2.  Find  by  construction  the  values  of  sin  25*^,  cos  40°,  tan  65°,  sin  44°,  tan  45°, 
cos  75°, 

3.  Find  by  construction  the  values  of  the  following  acute  angles  in  degrees  : 
sin-^  o*39,  sin-i  0*89,  cos"^  o*6,  cos-io'85,  tan"^  0*4,  tan-i  07,  tan-^  173,  tan-^  5. 

14.  Trigonometrical  Ratios  of  an  Angle  greater  than  a  Right 
Angle. — When  the  angle  NOP  is  greater  than  a  right  angle,  its  trigono- 
metrical ratios  are  defined  in  the  same  way  as  in  §  13,  but  it  is  also 
necessary  to  take  account  of  their  signs. 

We  shall  consider  the  signs  of  the  trigonometrical  ratios  when  the 
generating  line,  OP,  of  the  angle  0  lies  in  each  of  the  four  quadrants  (Fig.  3). 

When  OP  is  in  the  first  quadrant,  x^y.,  and  r  are  all  positive,  and  there- 
fore the  ratios  of  the  angle  XOP  are  all  positive. 

When  OP  is  in  the  second  quadrant,  we  have 

X  negative,  >/  positive,  and  r  positive 

In  what  follows,  ON,  NP,  and  OP  represent  the  nufnerical  v^\\.\ts  of  the 
lengths  of  the  lines  indicated  without  taking  account  of  direction. 
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sin  d 

r  ' 

+  NP 

-  +  op- 

4-  sin 

POX 

cos  B 

_  X 

~  r 

-ON 
-  +OP  ~ 

-  cos 

POX 

tan  e 

X 

+  NP 
-  -ON  ~ 

-  tan  POX 

^3 


When  OP  is  in  the  third  quadrant,  we  have 

X  negative,^  negative,  and  r  positive 


.    ^     y      -NP 


cos  9 


r  ~  +  OP 


-  sin  X'OP 

-  cos  X'OP 


V       —  NP 
tan  e  =  '^  =  — ^  =  +  tan  X'OP 
X       —  ON 


When  OP  is  in  the  fourth  quadrant,  we  have 

X  positive,  y  negative,  and  r  positive 

V       -  NP 
sin  e  =-^  =  — S£  =  -  sin  POX 


cos  fl  = 
tan  tf  = 


r      +OP 
£_  +ON 

r  ~ 

y 

X 


+  OP 
-  NP 
+  ON 


+  cos  POX 
-  tan  POX 


We  have  here  expressed  the  ratios  of  the  angle  6  when  the  generating 
line  OP  is  in  any  quadrant  in  terms  of  the  ratios  of  an  acute  angle. 


Example. — To  construct  an  angle  in  the  third  quadrant  whose  sine  is  —  ^3,  and  to 
find  by  measurement  its  cosine  and  tangent. 

This  is  most  easily  done  on  squared  paper. 

Take  two  axis,  OX  and  OY,  at  right 
angles.  We  require  to  find  a  point  for  which 
y=  -5,  andr=  13. 

Take  a  point  M  on  the  axis  of  y,  such  that 
OM  =  -5,  and  draw  MP  parallel  to  XOX'. 
Then  all  ppints  for  which  y  =■  —5  lie  on  the 
straight  line  MP. 

To  make  r  =  13,  with  centre  O  and  radius 
13,  describe  a  circle  cutting  MP  at  P  in  the 
third  quadrant.     Join  OP. 

Then  XOP  is  the  required  angle  in  the 
third  quadrant  whose  sine  is  —  ^^. 

To  find  the  cosine  and  tangent   of  the  angle   XOP,  draw  PN   perpendicular 
to  OX'. 


FxG.  5. 


Then,  by  measurement,  the  value  of  :r  for  the  point  P  =  ON  =  —  la 
and  /.  cosXOP=-=  -^| 


tanXOP=^  =  r=JL 
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Examples. — VIII. 

1.  Construct  an  angle  of  40**.    Find  by  measurement  its  sine,  cosine,  and  tangent. 

2.  Construct  an  angle  of  140**.    Find  by  measurement  its  sine,  cosine,  and  tangent. 

3.  Construct  an  angle  of  220°,  and  find  its  sine,  cosine,  and  tangent. 

4.  Construct  an  angle  of  310°,  and  find  its  sine,  cosine,  and  tangent. 

5.  Construct  an  acute  angle  whose  sine  is  |^,  and  find  its  cosine  and  tangent. 

6.  Construct  an  angle  in  the  second   quadrant  whose  sine  is  |,  and  find  bj 
measurement  its  cosine  and  tangent. 

7.  Construct  an  angle  in  the  third  quadrant  whose  sine  is  —I,  and  find  its  cosine 
and  tangent. 

8.  Construct  an  angle  in  the  fourth  quadrant  whose  sine  is  — |,  and  find  its  cosine 
and  tangent. 


15.  To  find  the  Sine,  Cosine,  and  Tangent  of  any  Angle  from  the 
Tables. — The  results  of  the  last  paragraph  give  us  the  method  of  finding 
the  trigonometrical  ratios  of  an  angle  of  any  size  from  tables  which  give 
the  values  of  these  ratios  for  angles  between  0°  and  90°. 

Draw  a  figure  showing  how  the  angle 
is  generated,  and  thus  find  in  what  quad- 
rant the  generating  line  OP  lies  ;  then 
look  up  in  the  tables  the  numerical  values 
of  the  sine,  cosine,  and  tangent  for  the 
acute  angle  which  OP  makes  with  X'OX, 
and  before  these  place  the  proper  signs 
as  found  in  the  last  paragraph. 

Example  (i). — 71?  find  from  the  tables  the 
values  of  sin  242°  and  tan  242°. 

In  the  figure,  OP  is  in  the  third  quadrant. 

o      -NP 
sin  242" 


Fig.  & 


tan  242*^ 


_  -  sin  NOP  =  -  sin  62" 

—  o'8829  from  the  tables 
-NP 


-ON 


+  tan  62°  =  1-8807 


Example  {2).— Find  the  value  of  cos  (-200°). 

Y 


X'_ 


Trigonometry  15 

The  generating  line  OP  is  in  the  second  quadrant 

-ON 

cos  (-  200°)  =  -Qp-  =  -  COS  PON 

=  —  cos  20**  =  —  o*9397 

When  we  require  to  find  a  trigonometrical  ratio  of  an  angle  which  lies 
between  two  consecutive  angles  in  the  tables,  we  assume  that  a  small  change 
in  the  ratio  is  proportional  to  the  change  in  the  angle,  and  proceed  as 
follows  : — 

Example  {i).—ToJind  sin  \^'^°  from  the  tables. 

We  find  from  the  tables 

sin  16°  =  0-2756 
sin  I5*»  =  02588 

diflference  for  1°  =  o-oi68 
/.  difference  for  o'8*»  =  o-8  X  o-oi68  =  0*0134 

Adding  this  to  sin  15°,  we  get 

sin  15-8*' =  0-2722 


Example  (2). — To  find  cos  221  •4*, 

We  have  cos  221-4°  =  ""COs  41*4**. 

From  the  tables 

cos  41°  =  0*7547 
cos  42°  =  0*7431 


Difference  for  i**  =  o'oi  16 
.*,  difference  for  0*4°  =  0*00464 

Since  the  cosine  of  an  angle  decreases  as  the  angle  increases,  this  difference  must  be 
subtracted  from  cos  41**. 

We  get  cos  41*4°  =  0*75006 
.*.  cos  221*4'*  =  --  0*7501 

A  graphic  method  of  finding  the  ratios  of  an  angle  which  lies  between  two  given 
values,  by  means  of  squared  paper,  will  be  given  in  Chapter  VII. 

Example  (3). — To  find  the  angle  between  o"  and  90°  whose  sine  is  0*6070^ 

We  find  from  the  tables 

sin  38°  =  0*6157 
sin  37°  =  06018 


Difference  for  i**  =  0-0139 

Thus  the  required  angle  lies  between  37°  and  38°. 

Let  the  required  angle  =  37**  +  o(^ 
Then  sin  (37°  +  ^)  =  0-6070 
sin  37**  =  06018 

Difference  for  sP  =  0*0052 
,   X     0*0052 

•  •  -  = —  —  o'374 

I      0-0139         ^'^ 

,•,  the  required  angle  is  37*37**. 
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10.  Trigonometrical  Batios  of  Angles  of  Equal  Numerical  Magni- 
tude but  Opposite  Sign. 

Let  OP  and  OP'  make  angles  9  and  -  d  with  OX. 
Take  OP  =  OP'  =  r. 

Then  for  the  points  P  and  P'  the 
Y  values  of  x  and  r  are  always  the  same, 

whatever  the  value  of  a,  while  the  values 
,  of^'are  of  equal  numerical  magnitude 

r  but  opposite  sign. 


.  sin(-«)  = 
cos(-e)  = 
tan  {-e)  = 


NP' 
OP' 

-NP 
OP 

=  —  sin  0 

ON 
OP"' 

OP 

+  cose 

NP'_ 
ON 

NP 
ON 

=  -  tan  « 

Fig.  8. 


An  even  power  of  any  quantity  does 
not  change  sign  when  that  quantity 
changes  sign,  while  an  odd  power  of 
any  quantity  does  change  sign  with  that 
quantity.  By  analogy,  we  say  that  sin  6 
and  tan  6  are  odd  functions  of  ^,  be- 
cause they  change  sign  when  6  changes 
sign,  while  cos  d  is  said  to  be  an  even 
function  of  0  because  it  does  not  change 
sign  with  0. 


17.  Angles  whose  Generating  Lines  lie  between  Two  Quadrants. 

I.  Ratios  ofo°. 
'  Let  XOP  =  ^  be  a  very  small  angle. 

Then  for  the  point  P  ;r  is  very 
nearly  equal  to  r,  and  y  is  very  small. 
Now  let  OP  move  down  towards  OX. 
Then,  as  0  gets  nearer  and  nearer  to 
the  value  o°,  x  gets  more  and  more 
nearly  equal  to  r,  and  >/  gets  more  and 
more  nearly  equal  to  o. 

/.  cos  0  =  -  approaches  the  value  i 


Fia,  19, 


and  may  be  made  as  nearly  equal  to  i  as  we 
please  by  taking  0  small  enough,  while  sin  0  =  -, 

and  tan  0  =  -  approach  the  value  o  as  9  diminishes. 

Accordingly,  although  we  cannot  construct  an 
angle  of  o°,  we  may  still  say  that 

sin  o°  =  o,  cos  o°  =  i,  tan  o°  =  o 

II.  Ratios  of  90°. 

Suppose  OP  to  be  approaching  OY,  so  that 
0  =  XOP  is  approaching  the  value  90°. 

Then  ^  is  getting  more  and  more  nearly  equal 
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to  r,  so  that  sin  0  =  -  is  approaching  the  value  i,  so  also  x  is  getting  more 
and  more  nearly  equal  to  o,  and  cos  »  =  -  is  approaching  the  value  o. 
Next  consider  the  value  of  tan  ^  =  -• 

Suppose  y  =  i  and  x  = ,  then  tan  6  =  1,000,000 

^^       -^  1,000,000'  '       ' 


Suppose^  =  I  and  x 


10,000,000 


,  then  tan  9  =  10,000,000 


Suppose  y  =  i  and  x  = ,  then  tan  9  =  100,000,000 

'^^       -^  100,000,000 

and  so  on. 

Thus  by  taking  x  small  enough,  and  consequently  B  sufficiently  near  to 
90°,  we  can  make  tan  6  greater  than  any  number  that  can  be  thought  of.  A 
quantity  which  is  greater  than  any  number  that  can  be  thought  of  is  said  to 
be  infinite,  and  is  denoted  by  the  sign  00. 

We  thus  get  the  results 

sin  90°  =  I,  cos  90°  =  o,  tan  90°  =  eo 

III.  Ratios  of  1 8o^ 

Y 


X'^ZI 


N      ^ 


Fig.  II. 


As  OP  approaches  OX' — 

and  0  approaches  the  value  1 8o* 

and/  „  „      o 

as  before  we  get 

sin  180°  =  o,  cos  180°  =  ^^  =  - 1,  tan  180°  =  o 

IV.  Ratios  of  270°. 

As  OP  approaches  OY',  and  9  approaches  the  value  270* 

x  approaches  the  value  o 
and^'  „  „     -r 

and  we  get  sin  270®  =  -  -   =  —  i,  cos  270°  =  o 


i8 


Practical  Mathematics 


By  proceeding  as  in  the  case  of  90°  we  get,  if  we  suppose  OP  to  approach 
OY'  from  the  third  quadrant,  tan  270**  =  +co. 

We  may  here  notice  that  if  we  suppose  OP  to  approach  OY  from  the 


3/ 


Y' 

Fig.  is. 


second  quadrant  in  finding  the  value  of  tan  90°,  the  value  of  x  is  negative, 
and  we  get  tan  90°  =  —  00 . 

Thus  the  tangent  of  an  angle  gradually  increases  from  o  to  00  as  the  angle 
increases  from  o  to  a  right  angle,  and  then  makes  a  sudden  change  to  —  00 
as  the  angle  passes  through  the  value  90°. 

So  also  the  tangent  changes  from  +00  to  —  00  as  the  angle  passes  through 
the  value  270°. 


Examples.— IX. 

Draw  figures  to  show  the  angles  in  the  following  examples,  and  find  from  the 
tables  the  sine,  cosine,  and  tangent  of  each  : — 


1.  175°  210°,  320°,  400°. 

3.  159°,  238°,  294°,  516°. 

5.  23°,  123°,  233°,  312°,  383°. 

7.  -73°.  -160°,  -250°,  -403°. 

Find  the  values  of  the  following  :- 
9.  Sin  267°,  cos  267°,  tan  267°. 


2. 
4. 

e. 

8. 


163°,  213°,  310°,  505°,  1200^ 

163°,  210°,  100°,  200°,  300°. 

113°,  211°,  265°,  293°,  310°. 

-131°,  -283°,  -791°. 


10.  Sin  133*3°,  cos  133-3°,  tan  133-3°. 
11.  Sin  221-4°,  cos  22i-4°,  tan  221*4°.    12.  Sin  311-2°,  cos  311-2°,  tan  311-2°. 

13.  Sin  121-2°,  sin  212*6°,  sin  (-82°). 

14.  Give  the  values  in  degrees,  correct  to  one-tenth  of  a  degree,  of  the  following  : — 

sin-i  0-2147,  sin-i  0*8634,  cos-^  0-3859,  tan-i  i'298s. 
16,  Find    the  values  of   the  following  expressions ;    the  angles    are    given  in 
radians  t — 

Un  ^,  sin  2*53,  cos  5,  cos  3-42,  sin  (-1-571),  cot  (-2-34) 


Trigonometry 


19 


16.  Find    the  values   of  cos   (3:1:  —  i)   for    the   cases   where  x  =  i    radian,    and 
,r  =  5  radians  respectively. 

17.  Find  the  value  of  sin  {ct  +  g),  where  c  =  600^  /  =  oT,  ^=  — o'i745,  and  the 
angle  {ct  +  g)  is  expressed  in  radians. 

18.  Find  the  value  of  sin  {ct  +  g)  where  c  =  400,  /  =  o'Oi,  g  =  I'liyo. 

19.  Construct  angles  of  2  and  3  radians,  and  find  from  the  tables  their  sines,  cosines, 
and  tangents. 


•If  the  sum  of  two  angles  is  a  right  angle 


18.  Complementary  Angles.- 
they  are  said  to  be  complemen- 
tary angles,  and  each  is  called 
the  complement  of  the  other. 

To  find  the  relation  between 
the  ratios  of  an  angle  and  of  its 
complement. 

Let  XOP  =  e  be  any  acute 
angle.     Then  in  the  figure 

NOP  +  OPN  =  90° 

and   OPN    is    the    complement 
oie. 

Accordingly  we  shall  get  the 
values  of  the  ratios  of  the  com- 
plement of  Q  by  interchanging  x 
and  y  in  the  values  of  the  ratios  of  e  given  in  the  definitions  on  p.  1 1. 


p 

ly^ 

V 

y^^ 

'  <L. 1 1 

N 

a; 


Fig. 


sin  (90°  -  e)  =  sin  OPN  =  -  =  cos  » 

cos  (90°  -  «)  =  cos  OPN  =  -  =  sin  » 

tan  (90°  -  0)  =  tan  OPN  =  -  =  cot  e 

sec  (90°  -  0)  =  sec  OPN  =  -  =  cosec  9 

These  results  may  be  expressed  in  the  statement — 

Any  ratio  of  an  angle  is  equal  to  the  co-ratio  of  its  complement. 

This  property  of  complementary  angles  is  made  use  of  in  the  tables. 
Each  angle  between  0°  and  45°  on  the  left-hand  side  is  opposite  to  its 
complement  on  the  right-hand  side,  so  that  the  column  for  any  ratio  of 
angles  from  0°  to  45°  will  also  serve  for  the  co-ratio  of  angles  from  45°  to  90°  j 
e.g.  the  column  of  sines  for  angles  from  0°  to  45°  is  the  same  as  the  column 
of  cosines  for  angles  from  45°  to  90°,  thus  0*4848  stands  as  sin  29°  and  also 
as  cos  61°. 

This  property  of  complementary  angles  may  also  be  proved  for  angles  of 
any  size.  As  an  example  the  student  should  prove  it  for  the  case  of  angles 
between  90°  and  180°. 


19.  Supplementary  Angles.— If  the  sum  of  two  angles  is  180°  they  are 
said  to  be  supplementary  angles,  and  each  angle  is  called  the  supplement  of 
the  other. 

To  find  the  relation  between  the  ratios  of  an  angle  and  of  its  supplement 
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If  OP  generates  an  angle  »,  the  supplement  of  B  which  is  equal  to  i8o°-  e, 
wnll  be  generated  by  a  straight  line  OQ,  rotating,  first  from  OX  to  OX 


through  an  angle  of  i8o°  in  a  positive  direction  and  then  backwards  through 
an  angle  X'OQ  =  ^  in  a  negative  direction,  so  that  XOQ  is  the  supplement 
oie. 

Thus,  as  OP  starts  from  OX  to  generate  the  angle  d,  OQ  starts  at  the 
same  instant  from  OX',  and  the  two  lines  rotate  round  O  in  opposite 
directions  at  the  same  rate,  crossing  each  other  at  OY  and  OY'. 

It  follows  that  whatever  the  value  of  6  the  values  of  y  and  r  are  the  same 
for  the  two  points  P  and  Q,  while  the  values  of  x  are  numerically  equal,  but 
of  opposite  sign. 


,'.  sin 

(i8o° 

-a)  = 

OQ~ 

cos 

(i8o° 

-a)  = 

OM 
OQ 

ON 
OP 

cos  9 

tan 

(i8o° 

-<?)  = 

MQ 
OM 

NP 
ON  ~ 

tan  9 

Note  in  particular  that — 

The  sine  of  an  angle  is  the  same  as  the  sine  of  its  supplement ; 
The  cosine  of  an  angle  is  equal  in  numerical  magnitude  but  opposite  in 
sign  to  the  cosine  of  its  supplement. 


20.  Fomiula9  connecting  the  Ratios  of  an  Angle. 
From  the  definitions  of  the  trigonometrical  ratios  we  get  the  following 
relations ; — 


6CC  ^  =  -  =  - : 

X       X 


I 

cos  9 


(0 
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cosec  9 


cot  B 


r  _  I 

y~  y 

r 
X  _i 

y~y 


I 

sin  6 


I 
tan  e 


(2) 

(3) 


sin  «      r      V  . 

=-  =-L.=  tan* 

cos  B      X      X 


(4) 


Example  {l).—To  verify  from  the  tables  that  cot  56°  = 


tan  56° 


Examples  in  the  verification  of  these  formulae  are  given  in  order  to  fix  them  in  the 
mind  of  the  student.  The  details  of  the  calculation  should  be  set  down  in  full,  as  in 
this  example,  so  that  the  student  may  obtain  a  knowledge  of  the  limits  of  accuracy  in 
working  with  four-figure  tables. 

From  the  tables  we  get  tan  56°  =  1-4826. 

log  1-4826  =  0*1711 
log  1=0-0 

The  tables  give  cot  56°  =  06745 

within  the  limits  of  accuracy  of  the  tables. 

Example  [7).— Verify  from  the  tables  that  ^^"  ^\  -  tan  3i<». 
^  '  ■'■'  •  cos  31 

From  the  tables 

sin  si"  =  0-5150  ;   log  0-5150  =  7-7 118 
cos  31°  =  0-8572  ;   log  0-8572  =  I -9331 


.-.log  ^;|^  =  17787  =  log  06008 

O  65/2 

From  the  tables  tan  31°  =  0-6009 

.   sin  31°      ^  _ 

•  • ^  =  tan  31® 

cos  31°  ^ 

Example  (3). — To  find  the  angle  whose  tangent  is  82*7  correct  to  one-tenth  of  a 
degree. 

The  angle  is  evidently  between  89°  and  90°,  but  cannot  be  found  directly  from  the 
(tables  since  tan  90°  =  00 . 

We  know,  however,  that,  if  x°  be  the  required  angle, 


tan  (90*^ 


cot  X  =  ; =  0-OI2S 

tan  X 


TJvc  tangent   of  a   small  angle   is  very  nearly  proportional  to  the  angle,  and 
jthem(eir^  «ve  may  find  the  tangent  of  (90°  -  *°)  from  the  tables. 
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We  have  tan  i°  =  0*0175 


.-.  90°  -  Jt' 


0'0I2I 
0^0175 

X  =  89-3° 


=  069^ 


21.  In  Fig.  13,  p.  19,  we  have  by  elementary  geometry,  since  ONP  is  a 
right  angle, 

:r^+y  =  r2 *     •    •    (S) 

Dividing  by  r^  we  get 


Va  +  ^2  =  I 

*/.  cos^fl  +  sin2  B  =  I 

Dividing  (5)  by  x^  we  get 


y"      f^ 

+  tan2  e  =  sec2  9 


I  +  ia-^ 


Dividing  (5)  by^^  ^g  gg^ 


7  + '=7 

•.  cot^  e  +  I  =  cosec^  fl 


(6) 


(7) 


(8) 


Example  (i).—To  verify  the  formula  {6)  for  the  case  when  B  =  40^ 
We  find  from  the  tables 

sin  40°  =  0*6428  ;  cos  40°  =  0*7660 
/.  sin^  e  +  cos^  e  =  (0*6428)2  +  (0*7660)' 
=  0*4130  +  0*5866 
=  0*9996 
=  I  to  an  accuracy  of  0*05  % 

By  means  of  these  formulae,  if  one  ratio  of  an  angle  is  given,  all  the  others  can 
be  found. 

PlXAMPLE  (2). — Given  sin  0=o*2  \  find  zcfs>  6  and  t&n  0.     We  shall  assume  that  9 
is  less  than  90°. 


We  have  by  (6)     sin'  6  +  cos'  0  =  i 

/.  cos'  ^  =  I  -  sin'  0=1-  (0*2) 

/.  cos  e  =  V96  =  0*98 

,  ^      ^      sin  0       0*2 
and  tan  9  =     — .  =  — 5  =  0*204 
cos  d      0*98 


I  —  0*04  =  0*96 


We  may  also  proceed  as  follows  : — 


Draw  the  triangle  OPN  so  that  OP 
=  r  =  I,  and  PN  =  0*2,  to  any  con- 
venient scale,  and  ONP  is  a  right  angle. 

Then  sin  NOP  =  0*2 
.-.  NOP  =  e 
and  since  x^  +y  =:f^ 

x^  —r^  —y*  =  I  —  0-04  =  0*96 
/.  X  —  *yo-96  =  0*98 

and  cos  «  =  -  =  0*08 
r         ^ 


tan  B  = 


0-9$ 


0*204 
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If  tan  0  is  given  in  the  first  instance,  vi  e  may  find  sec  d  from  the  formula  (7)  ; 
cos  0  is  then  given  by  (l),  and  sin  6  by  (4), 


Examples.— X. 

1.  Verify  from  the  tables  that  sin'  0  +  cos'  6  =  i  for  the  case  when  0  =  49°. 

2.  Verify  by  numerical  calculation  that ^  =  tan  21^. 

^     ^  cos  23°  •* 

3.  Verify  that  i  +  tan'  25°  =  sec'  25°. 


4.  Verify  that  cot  55^ 


tan  55" 
6.  Verify  that  i  +  cot'  6  =  cosec'  0  for  the  case  when  d  =  25**. 

6.  The  sine  of  an  angle  is  0*3 ;  construct  the  angle,  and  find   its  cosine  and 
tangent. 

7.  The  cosine  of  an  angle  is  0*25  ;  find  its  sine  and  tangent. 

8.  The  tangent  of  an  angle  is  2  ;  find  its  sine  and  cosine. 

9.  Sin  0  =  0*5341  ;  find  cos  0  and  tan  0. 

10.  Cos  0  =  0*4746  ;  find  sin  0  and  tan  0. 

11.  Sec  0  =  7*9604  ;  find  sin  0,  cos  0,  and  tan  0. 

12.  Construct  an  angle  whose  tangent  is  J,  and  find  its  sine  and  cosine. 

13.  Sin  0  =  0*350  :  find  cos  0  and  tan  0. 

14.  Construct  an  angle  whose  sine  is  ^,  and  find  its  cosine  and  tangent. 

15.  Construct  an  angle  whose  tangent  is  ff ,  and  find  its  sine  and  cosine. 

16.  Construct  an  angle  whose  secant  is  f^,  and  find  its  sine,  cosine,  and  tangent. 

17.  Construct  an  angle  whose  cosine  is  ^,  and  find  its  sine  and  tangent. 

18.  Construct  an  angle  whose  tangent  is  -^^^  and  find  its  cosine  and  sine. 

19.  Construct  an  angle  whose  cotangent  is  ^,  and  find  its  sine  and  cosine. 

20.  If  tan  <^  =  ^  find  sin  <p  and  cos  (p. 

z 

21.  If  x'  +^'  +  2*  =  ^,  and  cos  0  =  -,  find  sin  $  and  tan  0  in  terms  of  jr,  ^,  and  ». 


CHAPTER   III 


SOLUTION  OF    TRIANGLES 


22.  A  triangle  may  be  considered  as  made  up  of  three  sides  and  three 
angles.  These  are  called  the  six  parts  of  the  triangle.  When  any  three 
of  the  six  parts  are  given,  one  given  part  being 
a  side,  the  triangle  can  be  constructed  and  the 
remaining  parts  found.  The  process  of  finding 
the  remainmg  parts  when  three  are  given  is 
sometimes  spoken  of  as  solving  the  triangle. 

We  use  A,  B,  C  to  denote  the  angles  of  the 
triangle  ABC,  and  ^,  b^  c  to  denote  the  sides 
opposite  to  the  angles  denoted  by  the  correspond- 
ing letters  ;  thus  a  denotes  the  side  BC  opposite 
to  the  angle  A. 


Fig.  16. 


23.  Solution  of  Right-angled  Triangles. — If  it  is  known  that  one  of 
the  angles,  C,  is  a  right  angle,  this  part  of  the  triangle  is  known,  and  we 
require  to  know  two  other  parts,  one  of  which  must  be  a  side,  in  order  to 

solve  the  triangle. 

I.  Let  one  of  the  angles,  and  one  of  the 
sides  containing  the  right  angle,  be  given  as 
A,  a. 

Then  we  have 

A  +  B  +  C  =  180°,  and  C  =  90° 
/.  A  +  B  =  90°,  and  B  =  90°  -  A 

Thus  B  is  determined. 


Also  -  =  cot  A,  and 
a 

Thus  b  is  determined. 

a 


b  -  acoX  Ik 


To  find  c  we  have  -  =  sin  A,  and  .*.  c  = 


sm  A' 


and  c  is  determined. 


Example.— Z^•/  a  =  27  ft.,  B  =  54°.     Solve  the  triangle. 


A  =  90°  -  B  =  36" 


We  have  A  +  B  =  90° 

b 

-  =  tan  B ;   /.  ^  =  a  tan  B  =  27  tan  54°  =  27  X  r376  =  3715  ft 


Also  —  =  sin  A  ; 


a      _    27 
sin  A      0*588 


=  4-59  ft. 


.-.  A  =  36°  3  =  3715  ft.,  c  =  4  59  ft. 

The  student  should  draw  the  triangle  ABC  to  acaJ.e  fwax  the  given  data,  and  find 
the  values  of  b,  e,  and  A  by  measurement. 
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II.  Let  one  of  the  angles  and  the  hypotenuse  be  given  as  A,  c 
Then,  as  before,  B  =  90°  -  A. 

-  =  cos  A  :,  b  —  c  cos  A 
c 

-  =  sin  A  ,\  a  =  c  sin  A  • 
c 

Thus  B,  by  and  a  are  determined. 

Example. — La  c  =  3*4  ft.,  B  =  29°.     Solve  the  triangle. 

We  have  A  =  90°  -  B  =  61° 

tf  =  f  cos  B  =  <:  cos  29°  =  3*4  X  0*8746  =  2*975  ft* 
^  =  ^  sin  B 
.♦.  A  =  61°,  a  -  2*975  ft.,  b  =  1*649  ft. 

The  student  should  verify  these  results  by  construction  and  measurement. 

III.  Let  the  two  sides  containing  the  right  angle  be  given  as  a,  A 

Then  tan  A  =  r- 

B  =  90°  -  A 

—  =  sm  A,  and  c  -  - — r- 
c  sm  A 


or  ^  =  j^c^  4-  i^ 
Thus  A,  B,  and  c  are  determined. 


Example. — Let  a  —  y^/t.^  b  =  2*6y?.    Solve  the  triangle, 

'^-  b      2*6  ~ 
A  =52*5°;   B 


tan  A  =  I  =  |:|  =  1*307  =  tan  52-5«» 


f  =  Va'  +  ^'  =  V3'4'  +  2*6«  =  4*28  ft. 
/.  A  =  52*5°,  B  =  37*5°,  c  =  4*28  ft. 

Verify  by  construction  and  measurement. 

IV.  Let  the  hypotenuse  and  one  other  side  be  given  as  r,  a. 


Then  sin  A  =  — 


c 

B  =  90°  -  A 

—  =  sin  B  :,  b  =  c  sin  B 


or  /z2  +  ^2  =  ^2  .^  b=  ^c^-  a* 

Thus  A,  B,  and  b  are  determined. 


Example.— Z^/  c  =  5*4//.,  b  =  2*6//.     Solve  the  triangle. 
We  have  sin  B  =  -  =  —  =  0*4815  =  sin  28*8°,  and  /. 

A  =  90°  -  28*8°  =  6i-2** 
a  =  V<r»  -  b*  -  V29*i6  —  6*76  =  473  ft. 
.*.  B  =  288°,  A  =  61 -2°,  a  =  4*73  ft. 

Verify  by  construction  and  measurement. 
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Examples. — ^XI^ 

ABC  is  a  triangle  having  a  right  angle  at  C.    Solve  the  triangle,  having  given  the 
following  data.     In  each  case  verify  your  result  by  construction  and  measurement. 


1.  A  =  32°;  «=  17  ft. 
3.  B  =  49°  ;  f  =  27  ft. 
5.    *  =  55  ins. ;  ^  =  167  ins. 


^,  A=56°;  3  =  3-8  ft. 

4.   ^  =  3"4  ins.  ;  a  =  27  ins, 

6.  tf  =  32  ins.  J  £•  =  98  ins. 


24.  The  Sides  of  a  Triangle  are  Proportional  to  the  Sines  of  the 
Opposite  Angles. 


a.    N 


Fig.  18. 


In  the  triangle  ABC  draw  AN  perpendicular  to  BC  or  BC  produced 
Then  in  both  figures 


.     -       AN      .    ^      AN 
Sin  D  =  — ;  sin  C  =  — 7- 
c  0 


•  A'  'J-  .  sin  B  _    r        b 

•  •  dividing  we  get  ^^^-^  =  _  =  ^ 


X 

sin  C 


AN 


that 


Similarly,  by  dropping  a  perpendicular  from  B  on  AC,  we  may  prove 


and  similarly 


sin 

C 

— 

c 

sm 
sin 

A 
A 

a 

a 

sin 

B 

b 

Thus  the  sides  of  a  triangle  are  proportional  to  the  sines  of  the  opposite 
angles  ;  or 

-^£_  =  ^  =  _^ cn 

sin  A      sm  B      sin  C  •         \  v 


Example. — To  verify  the  formula  I.  numerically » 

Let  ^  =  2,  r  =  3.  With  any  point  A  as  centre,  describe  two  circles  of  radii 
3  and  2.  Draw  any  straight  line  DE  to  cut  the  circles  in  B  and  C  respectively. 
Join  AB  and  AC. 

Measure  the  angles  at  B  and  C,  and  calculate  the  ratio  - — p.     Compare  this 

b      2 
with  the  ratio  -  =  -• 

c     3 
Then  draw  the  straight  line  DE  in  another  position,  so  that  it  still  cuts  the  two 

drcles.     Find  -; — j^  as  before,  and  compare  with  the  ratio  - 
sm  \^  *  t 
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In  an  actual  case  it  was  found 

B  =  34^C  =  56-4« 
.  sin  B  ^   sin  34°    _  0^5592  ^ 
"  sin  C       sin  56*4°      0*8329  ' 

while  -  =  ?  =  o'666  .  .  . 
c      ** 

Similarly,  by  drawing  DE  in  other  positions,  so  that  B  and  C  are  on  the  re- 

A 


Fig. 


19. 


spective  circles,  and  therefore  b  and  c  have  always  the  same  values,  we  find  that  -; — ^ 
'^  sin  C 

is  always  equal  to  -  within  the  limits  of  experimental  error  in  drawing. 

This  formula  may  be  used  in  the  following  cases  of  solution  of  triangles. 

25.  I.  Given  two  angles  and  a  side  as  B,  C,  b. 

Since  A  +  B  +  C  =  180°,  A  =  180°  -  B  +  C,  and  is  determined. 
We  now  know  all  three  angles. 
To  find  c  we  have 

c     sin  C  ^  sin  C 

b~  s\nB  •*•  ^~^sin  B 

and  can  be  calculated,  since  all  quantities  on  the  right-hand  side  of  this 
equation  are  known. 
To  find  a  we  have 

tf     sin  A  b  sin  A 


:.a  = 


b~  smB  •"*-    sin  B 

We  have  now  expressed  A,  ^,  and  ^,  in  terms  of  known  quantities. 

Example.— /«  the  triangle  ABC  given,  B  =  49*,  C  =  63<>,  b  =  36-3.    Find  A, 
c,  and  a. 

In  this  and  subsequent  examples  the  logarithmic  working  has  been  shown  in  full, 
as  an  example  to  the  student  of  how  his  work  should  be  set  down. 

Since  A  +  B  +  C  =  180° 

A  =  i8o°  '  (B  +  O)  =  xSqO  -  (490  +  6f)  =  68<» 
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To  find  a  we  have 

a  _  sin  A  , 
b      sin  B' 

^  __  3  sin  A  _  36-3  sin  68®  _  36*3  X  0*9272 
sin  B           sin  49*^                07547 

log  36-3  =  1*5599 
1020-9272=  I '9672 

1-5271 
log  07547  =  I '87 78 

To  find  c  we  have 

log  a  =  1-6493  =  log  44-60 
/.  tf  =  446 

c      sin  C 
i      sinB 

b  sin  C  _  36-3  sin  6f  _  36-3  X  0-8910 
"^       sin  B           sin  49°                0-7547 

log  36-3  =  r5599 
log  0-8910  =  1*9499 

1-5098 
log  0-7547  =  1-8778 

log  c  =  1*6320  =  log  42-85 
/.  c  =  42-85 
Thus  the  required  values  are 

A  =  68°,  c  =  42-85,  a  =  44*6 

The  student  should  construct  the  triangle  from  the  given  values,  and  find  the 
ralues  of  a  and  b  by  measurement. 

The  percentage  error  of  the  measured  as  compared  with  the  calculated  value 
should  be  found  and  stated. 

26.  II.  Given  two  sides  and  the  angle  opposite  one  of  them,  as  b,  c^  B. 

Draw  AB  equal  to  the  given  value  of  ^. 

Make  the  angle  ABC  equal  to  B.    With 

centre  A  and   radius   equal   to  the  given 

value  of  b  describe  a  circle.     This  will  in 

general  cut  BC  in  two  points,  C,  C^ 

If  ^  is  less  than  ^,  these  points  are  both 
on  the  same  side  of  B.     Join  AC,  AC^ 
Thus  there  are  two  possible  triangles, 
J^JG.  ao.  ABC,  ABCS  having  the  given   values  of 

b^  c^  and  B. 
If  b  is  greater  than  ^,  only  one  of  the  points  of  intersection,  C,  is  on  the 
same  side  of  B  as  the  given  angle  ABC. 

In  this  case  there  is  only  one  triangle  satisfying  the  given  conditions. 
If  the  circle  of  radius  b  touches  BC  the  two  triangles  ABC  and  ABC* 
coincide,  and  we  have  a  right-angled  triangle  ABC. 

If  we  find  that  b  is  shorter  than  the  perpendicular  from  A  to  BC,  the 
circle  will  not  reach  the  line  BC,  and  there  is  no  possible  triangle  having 
the  given  values  of  b,  c,  and  B. 

Whenever  two  sides  and  the  angle  opposite  one  of  them  are  given,  the 
student  should  first  draw  the  figure  to  scale  ;  he  will  then  see  what  solutions 
to  look  for. 

To  solve  the  triangle  by  calculation  we  proceed  as  follows  : — 

sin  C      <:  c  sin  B 

ThTB^I  .-.  smG  =  -y— 
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Since  c,  d,  and  sin  B  are  known,  this  gives  sin  C.  Since  angles  in  both 
the  first  and  second  quadrants  have  their  sines  positive,  this  value  of  sin  C 
may  correspond  to  either  of  two  values  of  C,  one  the  acute  angle  ACB,  and 
the  other  its  supplement,  ACB. 

In  Fig.  20,  for  example,  we  should  find  from  the  tables  the  value  of  ACB 
corresponding  to  the  value  of  sin  C,  but  the  angle  AC*B,  which  is  the 
supplement  of  ACB,  has  the  same  sign,  and  is  a  possible  solution.  The 
figure  will  always  show  what  values  to  take. 

Taking  first  the  acute  angle  ACB  as  the  value  of  C,  we  now  have 

A  =  180''  -  (B  +  C) 

The  side  BC  may  now  be  found  from  the  formula 

a      sin  A  ^  6  sin  A 

d  ~  sin  B  •"•  ^  ~  sin  B 

We  have  now  found  all  the  parts  of  the  triangle  ABC. 
Similarly,  taking  the  obtuse  angle  ACB  as  the  value  of  C,  we  may  solve 
the  triangle  AC^B. 

Example  (i). — /«  t/ig  triangle  ABC,  given  b  =  5"63i,  t  =  4732,  B  =  47°, 
findO. 


B  c 

Fig.  21. 
By  construction  we  find  that  there  is  only  one  possible  solution, 

sin  C  _  f 

VVe  have  - — ^  —  j 

sin  B      0 

.  ci-n  n  -  ^^^^^  -  473^  X  07314 

, ,  sin  \j  = ; > 

b  5-631 

log  4732  =  o;675i 
log  07314=  1-8641 

0-5392 
log  5-631  =  0-7506 

log  sin  C  =  7-7886  =  log  0-6146 
,".  sin  C    =  0-6146  sin  38°  =  0'6i57 

sin  37**  =  o-6oi8  sin  37**  =  0*6018 

difference  =  0*0128  difference  for  i®  =  0*0139 

/.  C  =  (37  +  li|)°  =  37-9° 

Verify  by  construction  and  measurement. 
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Example  {2).— Given  a  =  25*2,  b  —  31*6,  A  =  z'f.find  B  and  O. 
By  construction  we  see  that  there  are  two  possible  solutions. 

sin  B^_  ^ 
sin  A      a 

.  sin  B  =  '^^^"^  =  31  "6  X  0-3907 
•'  a  252 


We  have 


log  31-6 
log  0:3907 


Fig. 

[•4997 
•5919 


i'09i6 

log  2S'2  =  1-4014 

log  sin  B  =  7*6902  =  log  0*4900 
/,  sin  B  =  0*4900  =  sin  29*3° 
and  B  =  29*3® 

This  is  the  angle  CBA  =  CB*B  in  the  figure. 

/.  CB'A  =  180°  -  CB^B  =  180° 

and  the  possible  values  of  B  are  29*3°  and  150*7°. 

If  B  =  29*3°,  C  =  180°  -  (A  +  B)  =  127*7°  =  ACB 
If  B  =  150*7°,  C  =  180°  -  (A  +  B)  =  6*3°  =  ACB^ 

Compare  these  results  with  the  values  found  by  construction  and  measurement. 


Examples. — XII. 
Solve  the  triangle  ABC  completely  when  the  following  data  are  given  ^— 

1.  A  =  28°,  B  =  35°,  ^  =  6.  2.  A  =  58°,  B  =  73°,  b  =  342 

3.  A  =  75°,  B  =  43°,  b  =  5462  yds.  4.  A  =  85°,  B  =  42°,  a  =  4-65. 

Given— 

5.  b=  5*631,  c  =  4*732,   B  =  47°,  find  C. 

e.  <r  =  351  ft.,  b  =  432  ft.,  B  =  39°,  find  A  and  C. 

T.  a=  125-2,  b  =  131*6,  A  =  23°,  find  B  and  C. 

8.  a  =  29*1,  b  =  30*2,  A  =  26°,  find  B  and  C. 

9.  a=  12*2,  b  =  16*1,  A  =  39°,  find  B  and  C. 

10.  a  =  3*471,  i  =  2*689,  A  =  21°,  find  B,  C,  and  c. 
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11.  a  =  3*21,  b  =  265,   B  =  31°,  find  A,  C,  and  e, 

12.  a  =  256  ft.,  A  =  64°,  B  =  31°,  find  d  and  c, 

13.  a  =  3,  ^  =  4,  A  =  32°,  find  B,  C,  and  c. 

Solve  the  triangles  in  which 

14.  a  =  2*561,  c  =  3*261,  A  =  41". 

15.  A  =  120°,  C  =  29°,  d  =  252  yds. 

16.  a  =  35*6,  i  =  47*2,  B  =  55°. 

Given — 

17.  a  =  2*71,  c  =  3*75,  C  =  64%  find  6  and  A. 

18.  a  =  2*1,  6  =  3*4,  A  =  32°,  find  B  and  C. 

19.  i  =  4*6i,  c  =  3*74,  C  =  41°,  find  A  and  B. 


27.  c^  =  a^  +  3^  -  2ab  cos  C. 

In  the  triangle  ABC  let  two  sides  a  and  ^,  and  the  angle  C  between  them, 
be  given.     To  find  the  remaining  side  c» 

Draw  BN  perpendicular  to  AC.  g 

I.  Let  the  angles  A  and  C  be  acute. 
Then,  since  BNA  is  a  right  angle, 

AB2  =  BN2  +  NA'  =  BN2  +  (AC  -  CN)» 

=  BN2  +  CN2  +  AC2  -  2AC  .  CN 

=  BC2  +  AC2  ~  2AC .  CN        C 

But  AB  =  ^ ;  BC  =  <r ;  AC  =  3 

CN  ^ 

cos  C ; 


Fig.  23. 


and 


BC 


CN  =  «  cos  C 

/.  substituting  <:2  =  a^  +  ^  _  ^ab  cos  C 


(11.) 


II.  Let  the  angle  C  be  obtuse. 


Fig.  34. 


AB2  =  BN2  +  AN2  =  BN2  +  (AC  +  CN)« 
=  BC2  +  AC2  +  2AC .  CN 

But  CN  =  ^  cos  BCN  =  a  cos  (180°  -  C)  =  -«  cos  C 
?.  substituting  ^2  =  ^2  +  ^2  _,  ^ab  cos  C 


(§  19). 


A  simpler  proof  of  this  formula  will  be  given   in  Chapter  XXI.,  on 
Vector  Algebra.     Similarly,  we  may  prove  that 

^2  =  ^2  ^  ^2  _  2<5^  cos  A 

and  b"^  —  c^  ■\-  c?  —  2ca  cos  B 

If  the  three  sides  of  a  triangle  are  given,  we  may  use  these  formulae  to 
find  the  angles  ;  e.g.  from  I.  we  have 

^2  +  32  ^  ^ 


cos  C  = 


2ab 
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Example  {i).— Given  a  =  3*412,  b  =  2735,  C  =  <,%°,finde, 
tf«  =  a^  +  ^2  _  2.ah  cos  C 

=  (3-412)2  +  (2735f  -  2  X  3'4i2  X  2735  X  0-5736 

log  3-412  =  0-5331  log  2-735  =  0-4370 

2  2 


log  (3*4I2)2  «.  1-0662  =  log  11*65  log  (2735)'  =  0-8740  =  log  7-482 

log  3-412  =  0-5331 

log  2735  =  o'437o 
log  2  X  0-5736  =  log  I -1472  =  0-0596 

log  2ab  cos  O  =  1-0297  =  log  10-71 

/.  «•«=  11-65  +  7-482  -  10-71  =  8-422 

c  —  /v/8'422 
log  8-422  =  0-9254 
log  V8"422  =  0-4627  =  log  2-902 
,*.  c  =  2-902 

Compare  this  with  the  value  obtained  by  construction  and  measurement. 
Example  (2). — Given  a  =  10,  ^  =  5,  r  =  5-86,  find  the  angles. 

We  have  c^  —  a}  ■\- b"^  —  2ab  cos  C 

a»  +  3«  -  c^  _  io«  +  5»  -  5-86" 

*=°'  ^  = ^b ^71^5— 

100  +  25  —  34-34  _    ^^ 
^ 100       °'9o66  =  cos  25» 

/.  C  =  25«» 

To  find  B  when  C  has  been  found,  it  is  better  to  use  the  sine  formula  I.,  as  it  is 
more  suitable  for  calculation  with  logarithms. 

sin  B  _  3 

We  have  - — ps  =  - 

sm  C      c 

,     .     _      ^  sin  C      5  X  0-4226 

/,  sm  B  = =  ^ ^ 

e  5-86 

2-1 130  .    ^  .  « 

=       gg    =  0-3606  =  Sin  21-1® 

/.  B  =21-1° 

A  =  i8o°-(B  +  C)  =  i8o«-46-i<'=  i33-9«»    , 
/.  the  required  angles  are 

A  =  133-9°,  B  =  21-1°,  C  =  25° 

Compare  with  the  values  obtained  by  construction  and  measurement,  and  find  the 
percentage  errors. 

Note  that  the  error  of  the  graphic  method  is  often  considerable  with  small  angles, 
especially  with  angles  less  than  30°. 


Examples. — XIII. 


1.  a  =  3-2,  *  =  4-31,  C  =  56°  ;  find  c. 

2.  a  =  3,  <J  =  5,  C  =  42°  ;  find  c,  A,  and  B. 
8.  a  =  1-3,  b  =  4-5,  C  =  157-5  ;  find  A  and  c, 
4.  tf  =  3-412,  b  =  2-735,  C  =  55° ;  find  c. 
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5. 

a 

=  2793,  b  -- 

6. 

a 

=  4-356,  b  -. 

7. 

a 

=  5'634,  ^  = 

8. 

b 

=  346-1  ft., 

9. 

b 

=  2-31,  c  = 

10. 

a 

=  5-62,  b  = 

11. 

b 

=  322  yds., 

12. 

b 

=  331  yds., 

13. 

a 

=  5,  b  =  4. 

14. 

a 

=--  3-6,  6  = 

15. 

a 

=  5,  ^  =  7, 

16. 

a 

=  51  yds.,  I 

17. 

a 

=  2,b=3, 

18. 

a 

=  5-32,  b  = 

19. 

a 

=  31  ft-,  b  ■- 

=  3746,  C  =  7i°;  findr. 

6-231,  C  =  42°;  findr. 

=  2-718,   B  =  69°;  Undb. 

c  —  200  ft.,  A  =  60°  ;  find  a, 
:  4*32,  A  =  37°  ;  find  a. 
:37i,  C=65°;  find^. 

c  —  254  yds.,  A  =  53°  ;  find  a. 

c  —  567  yds.,  A  =  76°  ;  find  a. 

C  =  59°  ;  find  B  and  A. 
2'5,  c  —  4-9  ;  find  the  angles, 

f  =  9  ;  find  A. 
/J  =  62  yds.,  C  =  72°;  findf. 

c  =  4  ;  find  the  angles. 

3*74,  c  =  4-36  ;  find  the  angles. 

:  42  ft.,  C  =  62°  ;  find  c. 


28.  Area  of  a  Triangle. — To  find  the  area  of  a  triangle  in  terms  of  any 
two  sides  and  the  angle  between  them. 

Let  a,  dy  and  C  be  given.  g 

Draw  BN  perpendicular  to  AC. 


Then 


BN 


sin  C,  and  BN  =  d;  sin  C 


Area  of  triangle  =  |  (base  x  height) 

=  ^.d.BN  A 

=  ^d  .a  sin  C  =  \  ab  sin  C 

Similarly  it  can  be  proved  that 


Area  of  triangle  =  \bc  sin  A  =  \ca  sin  B 

_  i\  (product  of  two  sides  into  sine  of 
""  \        angle  between  them)    .... 


(III.) 


Example. — In   triangle   ABC,   given    a  =  22*3   ins.,  b  —  35-6  ins.,  C  =  49°, 
find  the  area. 

Area  =  \ab  sin  C  =  J  X  22*3  X  35'6  sin  49** 
=  II-I5X3S6XO-7S47. 
log  1115  =  1-0472 
log  35-6  =  1*55  H 
iog  0-7547  =  1-8778 


log  {X^b  sin  C)  =  2-4764  =  log  299-5 
,*.  Area  =  299-5  square  inches 


29.  Given  three  sides  of  a  triangle,  to  find  its  area. 
We  have  area  =  \ab  sin  C 


The  relation  cos  C 


^2  ^.  ^2  _  ^2 

T gives  cos  C  in  terms  of  the  sides. 


From  this  we  find  sin  O  —  1^1  —  cos^C,  and  substitute  in  the  formula  for 
the  area. 


Example. — To  find  the  area  of  a  triangle  whose  sides  a,  b,  and  c  are  4,  3,  and 
2  ins.  in  length  respectively. 
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fl'  +  ^'  -  g»  _  i6  +  9  -  4      T 

cos  C  = — -T = ~ — -  =  * 

2ab  24  ° 

sin  C  =  Vi  -  cos^  C  =  fji'^^^  =  0-4841 
.*.  area  =  ^ad  sin  C 

=  1.4.3.  0-4841  =  2*9046  sq.  ins. 

Verify  by  construction  and  measurement. 

It  may  also  be  proved  that  the  area  of  a  triangle  is  equal  to 


where  s  = 


a/s{s  -  a){s  -  dXs  -  c) 
a  +  b  +  c 


2 
We  shall  here  show  that  this  formula  is  equivalent  to  the  preceding, 

,,,    ,                        a  +  b  +  c             b  +  c-  a 
We  have  s.—  a  —  —  b  = 

2  2 

...    ,           ,       c  ■\-  a  —  b                 a  •\-  b  —  c 
similarly  s  —  b  — ,  j  —  r  = 


/.  ^s{5  -  d){s-b){s  -c)  =  i^/{a-^b+c){a+b-c){a-b-\-cX-a-Vb-\-c) 

=  iv/2<^2^  +  2^y  +  2^2^2  _  ^4  _  ^4  _  ^4    ^y 

multiplying  out 


iV4«2^'-(«*+^*+'^  +  2^''^'-2^^^-2^V) 


=iV'-c~^.~; 


^^^Vi  -  cos*-^  C  =  \ab  sin  C 

area  of  triangle  ABC,  as  already  proved 


Example. — In  the  example,  p.  33,  we  have 


*  —  «  =  o*5  J  J  —  ^  =  1*5 ;  J  —  f  =  2'5 

,*.  area  =  /s/s{s  —  a)(j  —  b)(s  —  e) 


=  n/4-5XO-5X  1-5  X  2-5 

=  W9XSX3X  1  =  i  V15  =  2-9046 

which  agrees  with  the  value  found  in  the  above  example. 

Examples. — XIV. 
Fmd  the  area  of  the  triangle  ABC,  when  the  following  data  are  given  f 

1.  a  =  3572  ft.,  6  =  4621  ft.,  C  =  59°. 

2.  o  =  2784  ft.,  6  =  3685  ft.,  C  =  82°. 

3.  c  =  31-6  ft.,  a  =  21-25  ft.,  B  =  16°. 

4.  ^  =  331  yds.,  £  =  567  yds.,  A  =  76®. 

5.  fl  =  562  ft.,  6  =  343  ft.,  C  =  65°. 
e.  a  =  51  yds.,  b  —  62  yds.,  C  =  72**. 
7.  tf  =  5  ft.,  b  =  ^  ft.,  <r  =  9  ft. 
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8.  a  =  3-5  ft.,  d  =  27  ft.,  c  =  4-3  ft. 

9.  a  =  2*5  ft.,  d  =  3-8  ft.,  c  =  2-3  ft.  ;  find  B  and  the  area. 

10.  a  =  4-32  ft.,  3  =  671  ft.,  c  =  9-32  ft.  ;  find  C  and  the  area. 

11.  a=  I  ft.,  ^  =  3  ft.,  c  =  2'5  ft.  ;  find  the  three  angles  and  the  area. 

12.  a  =  5  ft.,  6  =  6  ft,,  «■  =  7  ft.  J  find  A  and  the  area. 

13.  Prove  the  relation 


sin  A 
a 


sin  B 
i 


sin  C 


by  means  of  the  formula  III.,  for  the  area  of  a  triangle, 

30.  Miscellaneous  Problems  on  Solution  of  Triangles. 

Definition.— Th.e  elevation  of  an  object  which,  is  higher  than  the 
eye  of  the  observer,  is  the  inclination  to  the  horizontal  of  the  straight 
line  joining  the  eye  of  the  observer  to  the  object. 

If  we  suppose  a  telescope  to  be  first  horizontal,  and  then  to  be  turned  in 
a  vertical  plane  till  the  top  of  a  hill  can  be  seen  through  it,  the  angle  through 
which  it  is  turned  is  the  elevation  of  the  top  of  the  hill. 

The  depression  of  an  object  which  is  lower  than  the  eye  of  the 
observer  is  the  inclination  to  the  horizontal  of  the  straight  line 
joining  the  eye  of  the  observer  to  the  object. 

If  a  telescope  is  placed  in  a  horizontal  position  on  the  top  of  a  hili  and 
then  turned  downwards  in  a  vertical  plane  till  some  object  below  can  be 
seen  through  it,  the  angle  through  which  the  telescope  is  turned  is  the 
depression  of  that  object. 

Example  (i). — A  and  B  are  two  points  in  the  same  horizontal  plane^  and  in  the 
same  straight  line,  with  the  foot  of  a  tower^  CD.  From  B  the  elevation  of  the  top  C  of 
the  tower  is  23°  ;  from  A  it  is  39°.  AB  =  50//.  Find  the  height  of  the  tower  and  its 
distance  from  A. 

Let  the  height,  CD,  of  the  tower  be  h^  and  let 
AD  =  ;r. 


Then 


AD 


DC      h 
BD  _.y  +  5o 
DC  h 


%  =  cot  DAC  =  cot  39**  =  I  "2349 

=  cot  DBC=cot  »3°=2'35S9 


/,  subtracting,  ^ 


A=: 


height  of  tower 


[•1210 
=  44-6  ft. 
x  =  hx  1-2349  =  55*1  it. 
44-6  ft.     Distance  from  A  =  55*1  ft. 


In  problems  on  the  solution  of  triangles,  the  student  should,  whenever  possible, 
verify  his  results  by  construction  to  scale. 


Example  {2).— From  the  deck  of  a  ship  the  elevation  of  the  top  of  a  mountain  is 
46°,  and  from  the  masthead  it  is  44°.  The  mast  is  120  ft.  high.  Find  the  height  of  the 
mountain  above  the  deck. 

In  the  figure,  AB  is  the  mast  ;  E  is  the  top  of  the  mountain  j  D  is  a  point  at  the 
level  of  the  deck  vertically  under  E. 
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Let  ED  =  /5. 


AD=;p. 

E 


We  have  -  =  tan  46° 

X 


[20 


•035s 

tan  44°  =  09657 


'^      .      1-^      .•        120 
/.  subtracting, 


0*0698 

120 
0*0698 


:,h-x  tan  46°  = 


[20  X  1*0355 
0*0698 


1780  ft. 


Example  (3). 


The  area  of  the  cross-section  of  a  rectangular  prism  is  92*30 
sq.  ins.  What  is  the  area  of  a  section  making  an 
angle  ^25°  with  the  cross-section  ? 

(Board  of  Education  Examination,  1904.) 

Let   ABCD   be   the  cross-section,    ABEF   the 
section  whose  area  is  required. 

area  ABEF  ^  AB^BE  ^  BE  ^ I 

area  ABCD      AB  .  BC      BC 


Then 


•.  area  ABEF  = 


AB^BE 
AB.BC 

92-30  _ 


cos  25^ 


COS  EBC 
lOi'Ssq.  ins. 


Fig.  2ja. 

area  of  cross-section 
area  of  any  section  A 


In  a  similar  way  it  may  be  shown  that,  for  a  prism 
of  any  shape, 


COS  (angle  between  A  and  cross-section) 


Examples. — XV. 

1.  A  ladder,  35  ft.  long,  is  resting  against  a  wall.  The  foot  of  the  ladder  is 
found  by  measurement  to  be  6  ft.  3  ins.  from  the  wall.  What  is  the  height  of  the 
top  of  the  ladder  above  the  ground  ? 

2.  A  vertical  cliff  is  452  ft.  high.  From  the  top  of  the  cliff  the  depression  of  a 
boat  at  sea  is  18°.     What  is  the  distance  of  the  boat  from  the  foot  of  the  cliff? 

3.  Fropi  a  boat  1250  ft.  from  the  base  of  a  vertical  cliff,  the  elevation  of  the  top 
of  a  cliflF  is  observed  to  be  15°.     Find  the  height  of  the  cliff. 

4.  The  shadow  of  a  tree  is  37  ft.  long  when  the  elevation  of  the  sun  is  39°. 
What  is  the  height  of  the  tree  ? 

5.  From  a  point  A  the  elevation  of  the  top  of  a  chimney  is  27°.  From  B  it  is 
14°.  BA  =120  ft.,  and  is  horizontal,  in  the  same  straight  line  with  the  foot  of  the 
chimney.     Find  the  height  of  the  chimney. 

6.  From  a  point  A  on  the  bank  of  a  river,  a  post  further  down  the  stream  on  the 
opposite  side  is  seen  in  a  direction  making  an  angle  of  58°  with  the  bank.  From  a 
point  B,  72  ft.  up  the  stream,  the  post  is  seen  in  a  direction  making  an  angle  of  35°' 
with  the  bank.     The  banks  are  straight  and  parallel.     Find  the  width  of  the  river. 

7.  From  the  lower  windows  of  a  building,  which  are  15  ft.  above  the  ground,  the 
elevation  of  a  balloon  is  56°  ;  from  an  upper  window,  92  ft.  above  the  first,  the 
elevation  is  48°.     What  is  the  height  of  the  balloon  aVove  the  ground  ? 

8.  Observations  to  find  the  height  of  a  mountain  are  taken  at  two  points,  A  and 
B,  3521  ft.  apart,  at  the  same  level,  and  in  the  same  vertical  plane  with  the  top ;  the 
elevation  of  the  top  at  A  is  54°,  and  at  B  37°.     Find  the  height  of  the  mountain. 

8.  From  a  milestone  on  a  straight  road  going  from  E.  to  W.,  a  distant  church 
tower  is  seen  in  a  direction  10°  W.  of  N.     From  the  next  milestone  it  is  seen  in  a 
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direction  15°  E.  of  N.     Find  the  shortest  distance  from  the  church  to  the  road,  and 
the  distance  from  the  church  to  the  first  milestone. 

10.  There  is  a  district  in  which  the  surface  of  the  ground  may  be  regarded  as  a 
sloping  plane  ;  its  actual  area  is  3*246  sq.  miles.  It  is  shown  on  the  map  as  an  area 
of  2'875  sq.  miles.     At  what  angle  is  it  inclined  to  the  horizontal? 

(Board  of  Education  Examination,  1904.) 

31.  Example  (i). — JFrom  a  telegraph  post  A,  a  kouse  appears  to  be  35°  W.  of  N. 
From  the  next  telegraph  post  B,  the  house  appears  to  he  20°  W.  of  N.     If  the  line  BA 
is  88  yds.  long  in  a  direction  10°  W.  of  N.^  find  the  distance  of 
the' house  from  A. 

Let  C  be  the  position  of  the  house.     We  require  to  find  AC. 

In  the  triangle  ABC  we  have  the  side  AB  equal  to  88  yds. 
We  shall  find  the  angles  ACB  and  CBA,  and  then  solve,  the 
triangle  by  the  formula  (I),  p.  26. 

We  have  ABC  =  20°  -  io<»  =  io*» 
CAB  =  155° 
BCA  =  180°  -  CAB  -  ABC 


CA 
AB 

CA 


=  180°  -  155= 
sin  ABC  ^ 
sin  BCA 
AB  sin  lo* 


IS** 


sm  IS*- 
log  88  =  r944S 
log  0-1736  =  I -2395 

2*1840 
log  0-2588  =  1-4130 


sin  15° 

_  88  X  0-1736 
02588 


log  AC  =  1*7710  =  log  59*oa 
,*.  AC  =  59-02  yds. 


Ftg.  s8. 


Example  (2). — At  a  point  C  the  elevation  of  the  top  of  a  tower  is  51°. 
D  on  the  side  of  a  hill,  in  the  same  vertical  plane  as  C  and 
the  tower,  the  elevation  of  the  top  is  72°.  The  slope  of  the 
hill  from  C  through  D  to  the  foot  of  the  tower  is  20°  to 
ihe  horizontal,  and  the  distance  CD  is  ^2  ft.  Find  the 
height  of  the  tower. 

Let  A  B  be  the  tower  of  height  h. 
Then  the  angle  CAB  =  90°  -  51°  =  39* 
the  angle  DAB  =  90°  -  72°  =  18° 


At  a  point 


CB_ 

h 

DB_ 
h 
But  we 

sin  CAB  _ 
sin  BCA 
sin  DAB 
sin  BDA 
have  CB  - 

sin 

.sin 
sin 

DB 

39\ 

18° 
52- 
=  CD 

,  h  sin 
••    sin 

.   po      >^  sin  39° 

•^^-    sin  31° 

.               >6sini8o 

•  •  ^^  -    sin  52° 

=  52  ft. 

39°  _  h  sin  18°  _ 
31°         sin  52° 

52 

sin  39°  _  sin  iS'' 
sin  31°      sin  52° 

0-6293  _  0-3090 

Fio.  39, 


Sa 


0-8298 


0*5150     0-7880 
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-  log  0-6293  =  27989  log  0-3090  =  r49oo 

log  0*5150  =  1-7118  log  0-7880  =  1-8965 

0-0871  1-5935 

=  log  I  -2220  =  log  0-3922 

03922 

0-8298 

log  52  =  £-7160 
log  0-8298  =  1-9190 

log  k  =  1-7970  =  log  62-66 
/.  A  =  62-66  ft. 

T/ie  top  P  of  a  kill  is  observed  from  two  points  A  and  B,  2150  //, 
apart.  The  dez<ation  of  P  at  t^  iz  30°,  The 
angles  PAB  and  PBA  are  71°  and  62°  re- 
spectively. Find  the  height  of  thi  hill  above  the 
level  of  t^. 

In  the  triangle  APB  we  have  given  two 
angles  and  the  base  AB  ;  by  the  sine  formula 
we  can  find  the  side  AP  ;  from  this  and  the 
angle  PAN  we  find  the  height  PN  =  h. 

The  angle  APB  =  180°  -  71°  -62°=  47°. 

In  the  triangle  APB 

AP  _  sin  PBA 

AB      sin  APB 

AP  _  AB  sin  PBA  _  2150  X  sin  62° 

'^^~      sin  APB      ~        sin  47° 


Also  in  the  triangle  APN 

,%  A  =  AP  sin  30' 


-j-^  -  sin  PAN 
AP 


sm  47" 
_  2150  X  0-8829  X  0-5  _  2150  X  0-4415 

0-7314  0-7314 

log  2150  =  3-3324 
log  0-4415  =  I  6449 

2*9773 
log  0-7314  =  I -8641 

log  A  =  3'"32  =  log  1298 
/.  h-  1298  ft. 


Examples. — XVI. 

1,  From  a  milestone  on  w,  straight  road  going  from  S.  to  N.,  the  direction  of  a 
church  tower  appears  to  be  48°  W,  of  N,  From  the  next  milestone  the  tower  is  seen 
in  a  direction  63°  W,  of  S,  Find  the  distance  of  the  church  tower  from  the  first 
milestone,  and  the  shortest  distance  betw^n  the  church  tower  and  the  road. 

If  the  elevation  of  the  top  of  the  tower  from  the  first  milestone  is  2°,  find  its 
height, 

SL  A  tower,  PQ,  stands  on  a  hill  which  is  inclined  to  the  horizontal  at  an  angle 


Solution  of  Triangles  39 

of  16°.  At  two  points,  A  and  B,  on  the  side  of  the  hill,  and  in  the  same  vertical 
plane  as  the  top  of  the  tower,  the  elevations  of  the  top  of  the  tower  are  65°  and  79°. 
AB  =  121  ft.     Find  the  height  of  the  tower. 

3.  A  tree  stands  on  the  top  of  a  hill  which  has  a  uniform  slope  of  9°  to  the 
horizontal.  At  points  A  and  B  on  the  hill,  in  the  same  vertical  plane  as  the  tree, 
the  elevations  of  the  top  of  the  tree  are  found  to  be  62°  and  72°  respectively. 
AB  =  I3'2  ft.      Find  the  height  of  the  tree. 

4.  Observations  to  find  the  height  of  a  mountain  are  taken  at  two  stations,  A  and 
B,  3521  ft.  apart.  The  elevation  of  the  top  P  at  A  is  54°.  The  angles  PAB  and 
PBA  are  65°  and  41°  respectively.     Find  the  height  of  the  mountain. 

5.  Find  the  height  in  a  similar  case  to  that  of  the  last  example,  when  AB 
=  7251  ft,,  elevation  of  P  at  A  is  43°,  PAB  =  35°,  PBA  =  49°. 

6.  Find  the  height  when  AB  =  4635  ft.,  elevation  of  P  at  A  is  38°,  PAB  =  65°, 
PBA  =  82°. 

7.  Find  the  height  when  AB  =  $321  ft.,  elevation  of  P  at  A  is  45°,  PAB  =  67°, 
PBA  =  73°. 

8.  Find  the  height  when  AB  =  i32i  ft.,  elevation  of  P  at  A  is  46°,  PAB  =  61°, 
PBA  =  75°. 

9.  In  a  survey  it  is  required  to  continue  a  straight  line,  AB,  past  an  obstacle  ;  a 
line,  BD,  100  yds.  long  is  measured  at  right  angles  to  AB.  From  D  the  lines  DP 
and  DQ  are  set  off  so  that  BDP  =  46°,  BDQ  =  59°.  Find  the  lengths  of  DP  and 
DQ,  so  that  PQ  may  be  in  the  same  straight  line  with  AB. 

10.  Slieve  Donard  is  seen  from  Skiddaw  in  a  direction  16°  S.  of  W.,  and  from 
Snowdon  in  a  direction  46°  W.  of  N.  If  the  distance  in  a  straight  line  from  Skiddaw 
to  Snowdon  is  118  miles  in  a  direction  18°  W.  of  S.,  find  the  distance  from  Skiddaw 
to  Slieve  Donard,  and  from  Snowdon  to  Slieve  Donard. 

11.  A  base  line  AB  is  measured  in  a  direction  N.  to  S,,  and  found  to  be  125  yds. 
long.  A  church  tower  appears  in  a  direction  60°  W.  of  S.  from  A,  and' 70°  W.  of 
N.  from  B,     Find  the  distance  of  the  church  tower  from  B. 

12.  A  is  a  pier-head,  L  is  a  lighthouse,  AL  is  known  to  be  2*5  miles  in  a  direction 
due  N.  A  ship  sails  from  A  to  C  in  a  north-easterly  direction.  At  C  the  lighthouse 
appears  in  a  direction  80°  W.  ofN.     How  far  has  the  ship  sailed  from  A  to  C  ? 

13.  A  hexagonal  steel  bar  measures  i  inch  "across  the  flats."  Find  the  area 
of  an  oblique  section  of  the  bar  by  a  plane  making  an  angle  of  70°  with  its  length. 
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32.  Sine  of  the  Sum  of  Two  Angles. — It  is  a  common  mistake  of  beginners 
to  think  that  the  sine  of  the  sum  of  two  angles  is  equal  to  the  sum  of  their 
sines.  It  is,  of  course,  obvious  from  the  geometrical  definition  of  a  sine  that 
this  is  not  so.  Also,  taking  a  numerical  example,  we  find  from  the  tables 
that 


sin  io° 
sin  io°  +  sin  30° 


0*1736,  sin  30°  =  0*5000 

o  6736,  while  sin  40°  =  06428 


We  require   then   to  find    an   expression    for    sin   (A  +  B)    when    the 


trigonometrical  ratios  of  A  and  B  are  given 


33.  To  prove  that  sin  (A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B. 

Let  A  and  B  be  any  acute  angles. 

Construct  the  angles  ROP  and  ROQ 
equal  to  A  and  B  respectively  on  opposite 
sides  of  the  straight  line  OR. 

Draw  PRQ  perpendicular  to  OR. 

Let  OP  =  /,  OR  =  r,  OQ  =  q. 

Then  A  OPQ  =  A  OPR  +  A  ORQ 

I  pq  sin  (A  +  B)  =  \  pr  sm  tK  +  \  rq  sin  B 


sin  (A  +  B) 


sm  A  +  -  sin  B 


q  ■  p 

sin  A  cos  B  +  cos  A  sin  B     (i) 

34.  To  prove  that  sin  (A  -  B)  =  sin  A  cos  B  -  cos  A  sin  B. 

Let  A  and  B  be  acute  angles,  A  being 
greater  than  B.     Construct  the  angles  ROP 
and  ROQ  equal  to  A  and  B  respectively  on 
X    ^js,^^  the  same  side  of  the  straight  line  OR. 

--'\\^\  p  Draw  PQR  perpendicular  to  OR. 

'  A\  n  ^C  Let  OP  =  /,  OQ  =  q,  OR  =  r. 

Then  A  OPQ  =  A  OPR  -  A  OQR 

I  pq  sin  (A  -  B)  =  ^/r  sin  A  -  ^  qr  sin  B 

f  f 

sin  (A  —  B)  =  -  sin  A  —  —sin  B 
^  P 

—  sin  A  cos  B  — cos  A  sin  B    (2) 


85.  cos  (A  +  B)  =  cos  A  cos  B  —  sin  A  sin  B 

cos  (A  —  B)  =  cos  A  cos  B  +  sin  A  sin  B 


(3) 
(4) 
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Let  A  and  B  be  acute  angles.  Then  the  complement  of  A  will  also  be 
acute,  and  in  the  formulae  for  sin  (A  +  B)  we  may  write  the  complement 
(90°  -  A)  instead  of  A.     We  get 

sin  (90°  -  A  +  B)  =  sin  (90°  -  A)  cos  B  +  cos  (90°  -  A)  sin  B 
.*.  sin  {90°  —  (A  -  B)}  =  cos  A  cos  B  +  sin  A  sin  B 
that  is,  cos  (A  —  B)  =  cos  A  cos  B  +  sin  A  sin  B 

since  any  trigonometrical  ratio  of  an  angle  is  equal  to  the  co-ratio  of  its 
complement.     Similarly 

sin  (90°  -  A  -  B)  =  sin  (90"  -  A)  cos  B  -  cos  (90"  -  A)  sin  B 
that  is,  cos  (A  +  B)  =  cos  A  cos  B  -  sin  A  sin  B 

Note  that  these  formulae  have  not  yet  been  proved  for  any  values  of  the 
angles  A  and  B,  but  only  for  the  case  when  the  angles  A  and  B  are  acute. 
A  general  proof  for  any  values  of  A  and  B  will  be  given  in  Chapter  XXL, 
on  Vector  Algebra. 

Example. — To  verify  the  formula  for  sin  (A  —  B)  for  the  case  when  A  =  83°, 
B  =  39°,  by  computation  from  the  tables. 

sin  (A  —  B)  =  sm  A  cos  B  —  cos  A  sin  B 

When  A  =  83°,  B  =  39°,  this  becomes 

sin  44°  =  sin  83°  cos  39''  —  ccs  83°  sin  39° 

=  09925  X  07771  —  0-1219  X  06293 
=  o"77 13  -  0-0767  =  0-6946 

log  0-9925  =2*9967  log  0-1219  =  ro86o 

log  0-7771  =  I  8905  log  0-6293  =  ^7989 

log  0-7713  =7-8872  log  0-0767  =  2-8849 

From  the  tables  we  find  sin  44°  =  0-6947. 

38.  Tan  (A  +  B)  =    **°  *  +  t''"  B 


—  tan  A  tan  B 
We  have 


X*    .   «N      sin  (A  +  B) 
'""<*  + ^) -cos  (A +  B) 


__  sin  A  cos  B  +  cos  A  sin  B 
""  cos  A  cos  B  —  sin  A  sin  B 

Dividing  the  numerator  and  denominator  of  this  fraction  by  cos  A  cos  B, 

we  get 

sin  A  ,  sin  B 

/A    .    tjN         cos  A      cos  B 
tan  (A  4-  B)  = 


__  sin  A    sin  B 
cos  A  *  cos  B 
tan  A  +  tan  B 
I  —  tan  A  tan  B 


(5) 
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Similarly  tan  (A  -  B)  =  ^^"  ^^  ""  ^l 
'         ^  ^      cos  (A  -  B) 

_  sin  A  cos  B  —  cos  A  sin  B 

cos  A  cos  B  +  sin  A  sin  B 

sin  A  _  sin  B 

_     cos  A      cos  B 

"       ,  sin  A    sin  B 

cos  A  *  cos  B 


—    tan  A  —  tan  B 
~  I  +  tan  A  tan  B 


(6) 


37.  The  following  examples  are  important  in  the  study  of  oscillations 
in  mechanics : — 


Example  (i). — Lei  x  =  a  sin pt  +  b  cos  pt for  any  value  of  t  where  a,  3,  andp  are 
constant  numbers  ;  show  that  this  is  the  same  as  x  —  K  sin  {pt  +  g)  if  the  values  of  A 
and  g  are  properly  chosen. 

(Board  of  Education  Examination,  1901.) 

We  have  A  sin  (//  +  ^)  =  A  cos  ^  sin  pt  +  ^  sin  g  cos  pt. 

To  make  this  the  same  as  a  sin  pt  -{■  b  cos  pt  for  any  value  of  /,  we  must  choose  A 
and  gy  so  that 

A  cos  ^  =  tf ;  A  sin  ^  =  ^ 

Construct  a  right-angled  triangle  whose  base  is  a  and 
height  b. 

Let  its  hypotenuse  be  equal  to  A,  and  the  angle  at  the 
base  be  equal  to  g.     Then,  evidently 

tf  =  A  cos  ^,  ^  =  A  sin  ^ 

Therefore  A   and  g  have    been  chosen    to  satisfy 
the  condition  (i),  and,    with  these  values  of  A  and  g^ 
a  sin  //  +  b  cos  //  is  the  same  as  A  sin  (//  +  g)  for  ,any 
value  of  /. 
To  calculate  A  and  g  we  have 


A  =  V«'  +  ^'  ;  tan  ^  =  - 


Example  (2). — To  express  *  =  3  jm  4^  +  7  cos  4/  in  the  form  A  sin  (4/  -|-^), 


Similarly,  if 


We  have  A  =  V9  +  49  =  7 '616 

tan  ^  =  I  =  tan  66-8° 
,',g=  66"8°  =  i'i66  radians 
,\x=  7'6i6  sin  (4/+  i*i66) 


j;  =  3  sin  4/  —  7  cos  4/ 
we  have  A  =  7616  ;  Ian  g=  — 


^  =  -  tan  66-8° 


/.   if  we  take  the   numerically  smallest    angle  which  has    its    tangent   equal  to 
-^,^=-1-166 

and  ;«:  =  7*6i6  sin  (4/ —  I'i66) 
The  reason  for  expressing  the  angle  {pt  +  g)  in  radians  will  appear  at  a  later  stage. 
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Examples. — XVII. 

The  student  should  work  through  the  following  examples  in  verification,  in  order 
to  fix  the  formulae  of  this  chapter  in  his  memory,  and  also  to  gain  a  knowledge  of  the 
degree  of  accuracy  attainable  in  working  with  four-figure  tables. 

1.  Verify  from  the  tables  the  formulae  for  sin  (A  +  B)  and  sin  (A  —  B),  when 
A  =  60°,  B  =  30°. 

2.  Verify  the  formula  for  cos  (A  +  B)  for  the  case  when  A  =  15°,  B  =  31°. 

3.  Verify  the  formula  for  sin  (A  —  B)  for  the  case  when  A  =  37°,  B  =  34°. 

4.  Verify  the  formula  for  cos  (A  •-  B)  for  the  case  A  =  42°,  B  =  43°. 

5.  Verify  the  formula  for  tan  (A  +  B)  when  A  =  12°,  B  =  15°. 

6.  Given  tan  (A  +  B)  =  2,  tan  A  =  0*5  ;  find  tan  B. 

7.  Given  sin  A  =  §,  sin  B  =  f ;  find  sin  (A  +  B). 

8.  Given  sin  A  =  ff ,  cos  B  =  J?  ;  find  sin  {A  -f  B)  and  cos  (A  +  B).  Also 
construct  the  angles  A,  B,  and  A  +  B  ;  measure  their  sines  and  cosines,  and  verify 
from  the  measured  values, 

9.  Given  tan  A  =  |,  tan  B  =  ;^jy ;  find  tan  (A  +  B). 

10.  Given  sin  A  =  f ,  cos  B  =  |f ;  find  cos  (A  -  B). 

11.  Given  cos  A  =  A|,  sin  B  =  ^  ;  find  sin  (A  +  B)  and  tan  (A  +  B). 

12.  Given  sin  A  =  ||,  tan  B   =^  ;  find  cos  (A  -i-  B). 

13.  Express  2  sin  2/  +  3  cos  2/  in  the  form  A  sin  (2/  +  ^),  expressing  the  angle  g 
in  radians. 

14.  Express  3  sin  it  —  2  cos  2/  in  the  form  A  sin  (2/  -V  g). 

15.  Express  45  sin  (27r«/)  +  28  cos  {2-nnt)  in  the  form  A  sin  (2ir«/  +  ^. 

16.  Express  35  sm  — 12  cos  -—  m  the  form  A  sm  (  — -  +  ^ ). 

P  P  \  P  / 

17.  Given  tan  (A  —  B)  =  0*0893,  and  tan  A  =  0*4  j  find  the  angle  B  to  the 
nearest  degree. 

18.  If  tan  9  =  — -|- ^,  find  »?„  having  given  that  Wi  =  |,  tan  0  =  f . 

38.  To  prove 

sin  2A  =  2  sin  A  cos  A 
cos  2A  =  cos^  A  —  sin^  A 

2  tan  A 
^'^^^  =  l-tan^A 

If  in  the  equation 

sin  (A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B 

we  put  B  =  A,  we  get 

sin  (A  +  A)  =  sin  A  cos  A  +  cos  A  sin  A 
or  sin  2A  =  2  sin  A  cos  A (7) 

If  in  the  equation 

cos  (A  +  B)  =  cos  A  cos  B  —  sin  A  sin  B 

we  put  B  =  A,  we  get 

cos  (A  +  A)  =  cos  A  cos  A  —  sin  A  sin  A 
or  cos  2A  =  cos^  A  —  sin^  A ,    ♦    (8) 


This  gives  cos  2A  in  terms  of  cos  A  and  sin  A. 
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To  find  cos  2 A  in  terms  of  cos  A  only,  we  have 

sin^  A  =  I  -  cos*  A 
,•.  cos  2A  =  cos*  A  —  (i  —  cos^  A)  =  2  cos*  A  —  I       .    •    (9) 

To  find  cos  2A  in  terms  of  sin  A,  we  have 

cos*  A  =  I  —  sin*  A 

cos  2A  =  (i  ~  sin*  A)  —  sin*  A  =  i  —  2  sin*  A   ,     .     .  (10) 


If  in  the  relation 


/A    .   D\        tan  A  +  tan  B 

tan  (A  +  B)  = r— =- 

^  ^       I  -  tan  A,  tan  B 


we  put  B  =  A,  we  get 

.          2  tan  A                »  ,     ^ 

^^"  "^  =  I  -  tan*  A ^"> 

If  in  the  relation 

cos  2A  =  2  cos*  A  —  I  =  I  —  2  sin*  A 

we  write  —  for  A,  we  get 

A  A 

cos  A  =  2  cos* 1  =  1  —  2  sin*  —      •    ,    •    .    (12) 

2  2 

These  equations  enable  us  to  find  the  cosine  or  sine  of  the  half  of  an 
angle  when  the  cosine  of  that  angle  is  given. 

Example  (i). —  To  find  the  sine  and  cosine  of  80°,  having  given  the  sine  and  cosine 
o/^oP. 

sin  40°  =  0*6428  ;   cos  40°  =  07660 
/.  sin  80"  =  2  sin  40°  cos  40°  =  2  x  0*6428  X  07660  =  0*9847 


From  the  tables  sin  80°  =  o* 

cos  So**  =  2  cos'  40°  -  I  =  2(o'766o)»  -  i  =  i*i735  -  i  =  o'i73S 
By  the  tables  cos  80°  =  0-1736.' 

Example  (2). — Given  tan  45°  =  i,  find  tan  90®. 
tan  9 
which  agrees  with  §  17. 


,  nx  2  tan  45"         2 

tan  900  =  tan  (2  X  45°)  =  Y^TTIK^o  =  -  =  00 


Examples.— XVIII. 

1.  Calculate  the  values  of  the  sine  and  cosine  of  60®  by  the  formulse  of  this 
paragraph,  having  given  sin  30°  =  0*500,  cos  30°  =  0*866. 

2.  Calculate  the  values  of  the  sine  and  cosine  of  56°,  having  given  sin  28° 
=  0*4695,  cos  28°  =  0*8829,  and  compare  your  results  with  the  tables. 

3.  Given  cos  A  =  0*4,  calculate  cos  2A. 

4.  Given  cos  A  =  0*3,  calculate  sin  2A, 

5.  Given  sin  A  =  |,  find  sin  2A,  cos  2A,  tan  2A.     Verify  your  result  by  con- 
structing the  angles  A  and  2A,  and  finding  the  sine  and  cosine  of  sA  by  measurement. 
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6.  Given    tan    A  =  ^|,    calculate    tan    2A,    and    verify    by    construction    and 
measurement. 

7.  Given  tan  A  =  0*25,  calculate  tan  2A. 

8.  Given  sin  45°  =  -^,  calculate  cos  90°. 

9.  Given  sin  A  =  0*85,  calculate  cos  2A  and  sin  2A,  and  verify  by  construction. 

10.  Given  sin  A  =  J,  calculate  sin  2A,  cos  2A,  and  tan  2A. 

11.  Given  cos  A  =07,  find  sin  2 A  and  cos  2A. 

12.  Express  a  cos  [2irnt)  +  b  cos  (4ir«/)  in  terms  of  cos  (2vni). 

13.  Given  cos  66°  =  0*4067,  calculate  cos  33°  and  sin  33°  by  formula  (12),  and 
compare  with  the  tables. 

/^ 

14.  If  A  is  an  acute  anj^le,  and  cos  A  =  0*28,  calculate  cos  — . 

A 

15.  If  A  is  an  acute  angle,  and  cos  A  =  o*68,  calculate  sin  — . 

A  A 

16.  If  sin  A  =  f|,  and  A  is  acute,  calculate  sin  —  and  cos  -,  and  verify  by 

construction  and  measurement. 

39.  To  express  the  Sum  or  Difference  of  two  Sines  or  Cosines  as 
a  Product. — The  following  results  have  been  proved  : — 

sin  (A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B 

^  sin  (A  -  B)  =  sin  A  cos  B  -  cos  A  sin  B 

cos  (A  +  B)  =  cos  A  cos  B  -  sin  A  sin  B 

cos  (A  -  B)  =  cos  A  cos  B  +  sin  A  sin  B 

By  addition  and  subtraction  we  get 

sin  (A  +  B)  +  sin  (A  -  B)  =  2  sin  A  cos  B 
sin  (A  +  B)  -  sin  (A  -  B)  =  2  cos  A  sin  B 
cos  (A  +  B)  +  cos  (A  -  B)  =  2  cos  A  cos  B 
cos  (A  +  B)  -  cos  (A  -  B)  =  —2  sin  A  sin  B 

LetA  +  B  =  P,A-B  =  Q 

P  +  O 

Then  2A  =  P  +  Q  ,  A  =  —^ 

P  -  O 
2B  =  P  -  Q,  B  =  —^ 

And  the  above  formulae  become 

.    P  +  Q  P  -  Q 

sin  P  +  sm  Q  =  2  sm •  cos  — - — 

2  2 

.«.^  P+Q.P-Q 

sm  P  -  sm  Q  =  2  cos  — — ^  .  sm  — - — 

p  4.  Q  P  -  Q 

cos  P  +  COS  Q  =  2  COS —  .  COS ~ 

2  2 

.    P  +  O  P  -  Q 

COS  P  -  cos  Q  =  -  2  sm ^  .  sin  — — ^ 

22 

These  formulae  are  important,  and  should  be  remembered. 
They  may  be  expressed  in  words  as  follows. : — 

Sum  of  two  sines  =  twice  sin  (half-sum)  •  cos  (half-difference) .     (13) 

Difference  of  two  sines  =  twice  cos  (half-sum)  •  sin  (half-difference)  .     (14) 

Sum  of  two  cosines  =  twice  cos  (half-sum)  •  cos  (half-difference) .     (15) 

Difference  of  two  cosines  =  -  twice  sin  (half-sum)  •  sin  (half-difference)  (16) 
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Note. — In  finding  the  difference  in  the  above  formulae  it  is  understood  that  the 
two  angles  are  taken  in  the  same  order  on  both  sides  of  the  equation  ;  eg.  if  we  put 
cos  P  before  cos  Q  in  finding  the  difference  of  two  cosines  in  formula  (i6),  we  must 
also  put  P  before  Q  in  finding  the  sine  of  half  the  difference. 

Example. — To  express  sin  15°  —  sin  11°  as  a  product 

.*      o       .        o               15°+  "°  •    15°--  "° 
sm  15°  —  sm  II**  =  2  cos  -"^ sm  ^ 


To  verify  this  we  have,  substituting  the  values  from  the  tables, 

sin  15°  —  sin  11°  =  0-2588  —  0-1908  =  o-q6So 
2  cos  13°  sin  2**  =  2  X  0*9744  X  00349  =  00680 

Example. — To  express  cos  11°  —  cos  17°  as  a  product. 

jjOlji-O  jjO  jmO 

cos  11°  —  cos  ly*'  =  —  2  sin — — '—  sin '-— 

'  2  2 

=  —  2  sin  14°  sin  (—  3°) 

=  2  sin  14°  sin  3° 

To  verify  we  have,  from  the  tables, 

cos  11°  —  cos  17°  =  0-9816  —  0-9563  =  0*0253 
2  sin  14°  sin  3°  =  2  x  0-2419  x  00523  =  0-0253 

Examples.— XIX. 

Express  the  following  as  products,  and  verify  by  the  tables  ; — 

1.  Sin  65°  +  sin  58°  2.  Sin  74°  -  sin  46°.  3.  Sin  45°  -  sin  77^ 

4.  Cos  16°  -  cos  54°.  5.  Cos  47°  -  cos  19°.  6.  Cos  39°  +  cos  27°. 

7.  Cos  155°  + cos  20°.  8.  Cos  200°  -  cos  135°.  .  -       .  - 

10.  Sin  300°  +  sin  200°.       11.  Cos  400°  —  cos  200°. 

12.  Prove  that  cos  105°  +  cos  15°  =  cos  45°. 

13.  Prove  that  sin  45°  +  sin  15°  =  cos  15°. 

14.  Prove  that  sin  3A  +  sin  5A  =  2  sin  4A  cos  A. 

15.  Prove  that  cos  3A  =  cos  A  —  2  sin  A  sin  2 A,  and  verify  from  the  tables  for 
the  case  when  A  =  20°. 


40.  To  express  tlie  Product  of  Two  Sines  or  Cosines  as  a  Sum  or 
Difference. — Reversing  the  equations  obtained  in  the  last  paragraph,  we 
get 

2  sin  A  cos  B  =  sin  (A  +  B)  +  sin  (A  —  B) 
2  cos  A  sin  B  =  sin  (A  +  B)  -  sin  {A  -  B) 
2  cos  A  cos  B  =  cos  (A  +  B)  +  cos  (A  —  B) 
2  sin  A  sin  B  =  cos  (A  -  B)  -  cos  (A  +  B) 

These  relations  may  be  expressed  in  words  as  follows : — 

Twice  the  product  of  a  sine  and  cosine  =  sin  (sum)  +  sin  (difference)     (17) 

Twice  the  product  of  two  cosines  =  cos  (sum)  +  cos  (difference)    (18) 

Twice  the  product  of  two  sines  =  cos  (difference)  —  cos  (sum)    (19) 

Note  that  the  first  of  these  statements  includes  the  two  equations  above, 
giving  2  sin  A  cos  B,  and  2  cos  A  sin  B,  if  it  is  understood  that  in  finding  the 
difference  A  —  B  or  B  —  A,  we  take  the  angles  in  the  same  order  as  that 
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in  which  they  occur  on  the  left-hand  side  of  the  equation.  —  sin  (A  --  B)  in 
the  second  equation  above  is  then  equal  to  sin  (B  —  A) ;  i.e.  it  is  equal  to 
the  sine  of  the  difference  between  the  two  angles. 

Example. — To  express  sin  31°  cos  45°  as  a  sum  or  difference. 

By  (17)  sin  31°  cos  45°  =  i(sin  (31°  +  45°)  +  sin  (31°  -  45°)} 
=  i(sin  76°  -  sin  14°) 

To  verify  tiis  we  find,  from  the  tables, 

sin  31°  cos  45°  =  0*5150  X  07071  =  0*3642 
J  {sin  76°  —  sin  14°)  =  ^(0*9703  —  0*2419)  =  0*3642 


Examples. — XX. 
Express  each  of  the  following  as  a  sum  or  difference,  and  verify  by  the  tables. 

I.  Sin  45°  cos  31°.  2.  Sin  50°  sin  30°.  3.  Sin  25°  sin  45°. 
4.  Cos  25°  cos  54°.  5.  Cos  62°  cos  35°.  6.  Sin  15°  cos  54° 
7.  Sin  123°  cos  54°.  8.  Cos  142°  sin  80°.  9.  Sin  115°  sin  170°. 
10.  Cos  200°  cos  300°. 

II.  Express  as  a  sum  or  difierence  a  sin//.  3  sin  (  //  +- j. 

12.  Express  sin  Zirnt  sin  (2ir«/  4-  ^)  as  a  sum  or  difference,  and  verify  numerically 
for  the  case  «  =  lo,  /  =  ooi,  g  —  0*3491  radian. 


CHAPTER   V 

USE   OF  FORMULAE 

41.  It  is  one  of  the  objects  of  an  exact  science  to  express  the  connection 
between  different  physical  quantities  by  means  of  formulae,  and  a  great  part 
of  the  practical  work  of  applied  science  consists  in  the  evaluation  of  such 
formulae.  In  carrying  out  any  particular  calculation  we  have  to  notice  (i) 
the  degree  of  accuracy  with  which  the  data  are  given  ;  (2)  the  degree  of 
accuracy  in  the  result  needed  for  the  purpose  m  hand.  It  is  evidently 
meaningless  to  carry  out  a  calculation  to  more  significant  figures  than  the 
accuracy  of  the  data  will  warrant,  while  it  is  a  waste  of  time  to  carry  it  out 
to  more  figures  than  are  needed.  It  is  a  common  fault  of  beginners,  while 
possibly  making  large  errors  in  the  magnitude  of  a  result,  to  be  unduly 
solicitous  about  carrying  out  the  calculation  to  a  large  number  of  significant 
figures. 

In  engineering  calculations  an  accuracy  to  three  or  four  significant 
figures,  such  as  can  be  obtained  with  a  good  lo-inch  slide  rule,  will  usually  be 
found  sufficient. 

As  accurate  numerical  working  is  extremely  important  in  applied  science, 
a  number  of  examples  in  the  evaluation  of  more  complicated  formulae  is  given 
in  this  chapter. 

The  degree  of  accuracy  aimed  at  is  that  which  can  be  secured  by  using  a 
table  of  four-figure  logarithm^. 

Example  ( i ) .—Calculate  the  value  of 


Having  given  that  v^  —  10,  z/j  =  3,  «  =  o'9,  p^  —  3000,  and  p^v^  =  p^v^ 

o- 


have  W  =  3000  XioO»^^^,,,^o,^ 


log  10  =  I 
,*.  log  io<'^  =  o'9  =  log  7 '943 
log  io"'i  =  o'l  =  log  1*259 
log  3  =  0-4771 
.*.  log  3"'^  =  0-04771  =  log  I -116 

.*.  W  =  30000  X  7943  (1259  ~  i-ii6) 
=  238290  X  0-143  =  340S0 

Example  (2). — Calculate  the  value  of  ae-^  sin  {nt  -\-  g) 

when  fl  =  5,  i  =  44,  /  =  0*005,  n  =  looo,  g  =  1-22 17 
The  angle  is  measured  in  radians. 

ae-^  =  5  X  (2-7i8)-o-ffl 
log  2-718  =      0-4343 


log  (2-7i8)-0'22  =  _  009555  =  I "90445  =  log  0-8025 
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/.  flr-*'  =  5  X  o'8o25  =  4*0125 
«/  +^  =  (5  +  1*2217)  radians 

=  (5  X  57'3  +  70)  degrees  by  tables 
=  356-5° 
fin  {«/  +  i)  =  sin  (356*5°)  =  -  sin  3*5° 

=  —  0*06105 
log  4-0125  =0*6033 
log  0*06105  =  2*7857 

log  (4*0125  X  006105)  =  1*3890  =  log  0*2449 
.'.  ae-f^  sin  («/  +g)  =  —  0*245 

Example  (3). — 

//<(>=  1*0565  log^—zrrz  +  9  X  10-7 f-  _  502*96/)  +  o'o-902 

2/ J  7  \  2  / 

find  the  value  of  <p  when  t  =  393*7  to  as  high  a  degree  of  accuracy  as  can  be  obtained 
with  four-figure  tables. 

Calculations  of  this  type  occur  in  many  problems  on  the  steam-engine 

t  =  3937 


fo565log.^-^y:- 


log.3937^  6  1        3937 

i».  273*7        ^  ^"  273*7 

logio  3937  =  2-5952 
logio  2737  =  2'4373 

log,.  ^  =  0-1579 

•0565  log,  — ^  =  1-0565  X  2*3026  X  0-1579 

log  1-0565  =0-0238 
log  2-3026  =  0-3622 
log  0-1579  =  1-1984 


log„(io565log.2-^)=  1*5844  =  log,,  0-3841 


,•.1-0565  log.  ^^  =  0-3841 ..•(«) 


9  X  10-7^--  502*96/ j  =  9  X  lo-vf  -  -  502*96  j 


=  9  X  10-^  X  3937(196-85  -  502*96) 
=  -3543*3  X  306*11  X  10-' 


log  3S43'3  =  3*5494 
log  306*11  =  2*4858 


log  (3543'3  X  306-11)  =  6-0352  =  log  1085000 

/.  9  X  io-'(^^-S02-96A= -0-1085 (*) 

/,  combining  (a)  and  {b) 

<p  —  0-3841  —  0*1085  +  0*0902  =  0*3658 
♦  •*.  0  =  0-366  to  3  significant  figure 
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The  student  who  has  not  had  much  practice  with  logarithms  will  find  that 
he  is  particularly  prone  to  make  arithmetical  mistakes  in  working  from 
complicated  formulae  of  this  kind  where  logarithms  occur  in  the  formula 
itself.  The  only  way  to  ensure  accuracy  is  to  set  out  every  step  of  the 
working  clearly,  so  as  to  show  every  figure  used  in  the  calculation  and  the 
reason  for  its  appearance.  This  process  may  seem  long,  but  it  will  be  found 
to  save  time  in  the  long  run. 

42.  Variation. — If  we  examine  the  graduations  on  a  spring  balance  we 
find  that  they  are  situated  at  equal  distances  apart.  If  we  alter  the  weight 
so  that  it  is  multiplied  by  any  number  «,  then  the  extension  of  the  spring,  as 
measured  from  its  length  when  no  weight  is  attached,  is  multiplied  by  the 
same  number  n.  We  describe  this  connection  between  the  two  variable 
quantities  by  saying  that  the  extension  varies  as  the  weight.  We  may 
express  this  fact  by  means  of  a  formula.  Suppose  we  find  that  the  divisions 
representing  successive  pounds  are  \  inch  apart,  then,  if  e  be  the  number 
expressing  the  extension  of  the  spring  in  inches  when  supporting  a  weight 
W  lbs.,  it  is  evident  that  e  is  always  numerically  equal  to  ^W  ;  i^.  the 
equation  e  =  ^W  expresses  the  fact  that  e  varies  as  W. 

In  general,  if  A  varies  as  B,  we  may  write  A  =  kB  where  k\s  z.  constant 
quantity,  which  does  not  change  as  A  and  B  vary  ;  in  the  above  example  the 
constant  k  is  \.  Simple  variation  such  as  this  is  the  simplest  way  in  which 
two  variable  quantities  can  be  connected  together,  but  there  are,  of  course, 
many  other  possible  modes  of  connection. 

If  we  enclose  a  portion  of  a  gas  in  a  tube  and  change  the  pressure  to 
which  it  is  subjected,  while  keeping  its  temperature  constant,  we  find  that,  if 
the  pressure  be  changed  so  that  its  value  is  multiplied  by  any  number  «,  then 
the  volume  is  changed  so  that  its  value  is  divided  by  the  same  number  fi. 
We  describe  this  connection  by  saying  that  the  volume  varies  inversely  as 
the  pressure. 

It  may  be  expressed  in  a  formula  by  writing  V  =  p,  for,  if  we  put  nV  for 

k       V 
P  in  this  equation,  V  becomes  — =r  =  -. 

Similarly,  if  a  variable  quantity  A  depends  on  two  variable  quantities  B 
and  C,  in  such  a  way  that  A  =  >^BC,  we  say  that  A  varies  jointly  as  B  and  C, 

or,  if  A  =  -^,  we  say  that  A  varies  directly  as  B  and  inversely  as  C. 

The  sign  oc  is  used  to  denote  the  words  "  varies  as,"  thus  "  A  oc  B " 
means  "  A  varies  as  B." 

Example  (i). — The  volume  of  a  gas  varies  inversely  as  the  pressure  and  directly  as 
the  absolute  temperature.  If  a  certain  quantity  of  a  gas  measures  500  c.c.  at  temperature 
13°  C,  and  pressure  754  mm.^  what  is  its  volume  at  pressui-e  784  fnm.  and  temperature 
29°  C. 

The  absolute  temperature  T  is  obtained  by  adding  2737  to  the  temperature 
Centigrade. 

RT 
We  assume  v  —  —-  where  R  is  some  constant 
P 
When  T  =  2867,  and  /  =  754,  we  have  v  =  500 

*      ,   ,.,  ,.                  R  X  2867 
»*,  substituting  500  = 

n       500  X  754 
^~      2867 
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«,*,  when  T  =  3027,  and/  =  784 

R  X  3027  _  500  X  754  X  30-7 
784       -       2867  X  784 
=  508  cc. 

Example  {2).— In  any  class  of  turbine  P  is  the  power  of  the  waterfall,  H  the 
height  of  the  fall,  and  n  the  rate  of  revolution.  It  is  knmon  that  for  any  particular 
class  of  turbines  of  all  sizes  n  oc  'H}"^  P-0"B. 

In  the  list  of'a  particular  maker  I  take  a  turbine  at  random  for  a  fall  of  ^  ft., 
100  H.P.,  50  revolutions  per  minute.  By  means  of  this  I  find  that  I  can  calculate  nfor 
all  the  other  turbines  on  the  list. 

Find  nfor  afallof2oft.  and  75  H.P. 

(Board  of  Education  Examination,  1901.) 

We  have  n  =  kW^  P-o-» 
When  H  =  6  and  P  =  icx),  «  =  50 

/.  50  =  /& .  6i'25  loo-o"  =  -.6^-^ 
10 

when  H  =  20  and  P  =  75  we  have 
Hi^   500  X  2oi-2g 

=  ^-(3-333)^'« 

log  3*333  =  0-5228 
log]3'333P'^  =  f  log  3*333  =  0*6535 
log  V3  =  i  log  3  =  i{o-477i)  =  0-23855 

71-26 


log  '-^     ,-     =  0-4149    =log2'599 
/,  n  =  260  to  3  significant  figures 


Examples. — XXI. 

1.  The  weight  of  a  cylinder  of  metal  varies  as  its  length  and  the  square  of  its 
diameter.  A  cylinder  lo  ins.  long  and  4  ins.  in  diameter  weighs  30  lbs.  ;  find  the 
weight  of  a  cylinder  of  the  same  metal  12  ins.  long  and  6  ins.  in  diameter. 

2.  The  weight  of  a  sphere  varies  as  the  cube  of  its  diameter.  If  a  sphere  of 
diameter  5  ins.  weighs  16  lbs.,  find  the  diameter  of  a  sphere  which  weighs  50  lbs. 

8.  The  electrical  resistance  of  a  wire  varies  as  its  length,  and  inversely  as  the  area 
of  its  cross-section.  The  resistance  of  icxx)  yards  of  No.  7  copper  wire  of  cross- 
section  15-659  sq.  mm.  is  1-0056  ohms  ;  find  the  resistance  of  i  mile  of  No.  10  wire 
of  cross-section  8-301  sq.  mm. 

4.  The  force  between  two  magnetic  poles  varies  jointly  as  their  strengths,  and 
inversely  as  the  square  of  the  distance  between  them.  If  two  poles  of  strengths  6  and 
10  units  repel  one  another  with  a  force  of  2*4  dynes  when  placed  5  cm.  apart,  with 
what  force  will  two  poles  of  strengths,  5  and  12,  repel  one  another  when  placed 
7  cm.  apart? 

5.  The  heat  produced  in  a  conductor  of  resistance  R  when  a  current  of  strength  C 
passes  through  it  for  a  time  t,  varies  directly  as  (i)  the  square  of  the  current,  (2)  the 
resistance,  (3)  the  time.  A  current  of  5  amps,  was  sent  through  a  wire  of  10  ohms 
resistance  for  two  minutes,  and  the  heat  developed  was  found  ».o  be  12,500  units.    How 


52  Practical  Mathematics 

much  heat  is  developed  when  a  current  of  7  amps,  passes  through  a  resistance  of 
6  ohms  for  3  minutes?  How  much  heat  is  developed  when  i  amp.  passes  through 
I  ohm  for  I  second  ? 

6.  If  a  number  of  sources  of  light  give  the  same  intensity  of  illumination  at  any 
point,  the  candle  power  of  any  source  varies  as  the  square  of  its  distance  from  that 
point.  A  photometer  screen  is  placed  between  a  standard  lamp  of  two-candle 
power  and  a  lamp  A  whose  candle-power  is  required,  so  that  the  intensity  of  the 
illumination  is  the  same  on  both  sides  of  the  screen.  If  the  screen  is  121  cm.  from 
the  standard  lamp,  and  354  cm.  fronj  A,  what  is  the  candle-power  of  A  ? 

7.  The  resistance  F  lbs.  of  the  air  to  the  flight  of  a  bullet  of  diameter  d  inches  at 
velocity  v  ft.  per  sec.  may  be  taken  to  vary  as  d"^  {7j  —  800),  when  v  is  greater  than 
1 100.  Given  that  when  </ =  0'303  in.,  and  v  =  2000,  F  =  i'532;  find  F  when 
d  =  o'5  in.,  and  v  =  1500. 

8.  The  greatest  horse-power  that  can  be  transmitted  by  a  rope  on  a  certain  pulley 
varies  as  T^  **,  W"*",  where  T  is  the  greatest  tension,  and  W  the  weight  of  the  rope 
per  foot  of  length.  When  T  =  918  lbs.,  and  W  =  0*36  lbs.,  the  greatest  H.P.  trans- 
mitted is  42*2  ;  find  a  formula  for  the  greatest  H.P.  transmitted  for  any  values  of  T 
and  W. 

9.  If  D  inches  is  the  deflection  in  the  middle  of  a  beam,  supported  at  the  ends 

WL* 
and  loaded  in  the  middle,  then  D  =  ^  -^^  where  W  =  load  in  lbs.,  L  =  length 

(inches),  E  =  modulus  of  elasticity  of  beam  in  pounds  per  square  inch,  I  =  moment 
of  inertia  of  section. 

For  a  wrought-iron  bar  of  rectangular  section,  2  ins.  deep  and  i  in.  wide,  I  =  ^, 
E  =  29  X  10*.  If  the  supports  are  5  ft.  apart,  find  the  deflection  caused  by  a  load 
of  2  tons. 

10.  With  the  same  data  find  the  modulus  of  elasticity  of  phosphor  bronze,  when 
it  is  found  that  a  bar  i  in.  wide  and  2  ins,  deep,  which  is  supported  at  two  points 
3  ft.  apart,  is  deflected  0*233  in.  in  the  middle  by  a  load  of  I  ton. 

11.  If  Q  is  the  maximum  quantity  in  cubic  feet  per  hour  of  gas  of  specific  gravity 
G,  which  can  be  supplied  through  pipes  of  diameter  D  inches,  and  length  L  yards, 
under  a  pressure  of  H  inches  of  water, 

DocQ0-4(GLPH-" 

It  is  found  that  a  pipe  of  diameter  i  in.,  and  length  10  yds.,  will  supply  298  c.  ft. 
per  hour  of  gas  of  specific  gravity  0'45,  under  a  pressure  of  0*4  in.  of  water.  Find 
the  maximum  quantity  in  cubic  feet  per  hour  of  gas  of  sp.  gr.  0*45,  which  can 
be  supplied  through  a  pipe  100  yds.  long  and  I'S  in.  diameter,  under  a  pressure  of 
075  in.  of  water. 

12.  Find  the  pressure  needed  to  supply  1067  cu.  ft.  per  hour  through  a  pipe 
5000  yds.  long  and  4  ins.  in  diameter  (sp.  gr.  =  045), 

13.  Calculate  the  value  of  (o'i352)-«<»  x  (cos  35°)0"». 

tA      n   y      ^   ^     ^^  i  -.  3*42  X  ^/t6S  X  (r02)« 

14.  Calculate  the  value  of  "^-^ ^^-^ -* 


15.  Evaluate  Vcos  31°  sin  12°  +  (log,,  15 iP"*. 

—  *? 

16.  Find  the  value  of  (k    2  when  a  =  2,  <r  =  2718,  k  =  00036,  /  =  15. 

Calculate  the  value  of  a^~**  sin  («/  +  i)  for  tfie  following  cases  (the  angle 
(«/  -f  g)  is  measured  in  radians) : — 

17.  a  =  6,  i  =  300,  H  =  500,  g  -  01222,  /  =  O'OI. 

18.  a  =  4,  k  =  300,  n  =  500,  t  =  0001,  ^  =  -  01341  radian. 

10.  <z  =  6,  k  =  400,  n  =  1200,  g——  0*5061  radian,  and  /  =  O'OI  and  o'ooi 
e:ispectively. 

20.  T,  is  the  applied  force,  and  T,  the  pull  at  the  fixed  end  of  the  band -brake  of 
a  bicycle ;  x  is  the  length  of  the  band  in  contact  with  the  drum,  and  the  radius  of 
the  drum  is  2  ins.  ;  ft.  is  the  coefficient  of  friction  between  the  band  and  the  drum. 


Then,  if  the  brake  is  fixed  so  that  the  drum  rotates  towards  the  fixed  end,  T,  =  T,  « 
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and  if  it  is  fixed  so  that  the  rotation  is  from  the  fixed  end,  T,  =  Tj  ^    '^.     The  brak- 
ing force  is   the  difference    between  T,  and  T,,     If  jt  =  lo  ins.,  /*  =  0*54,   and 
Ti  =  400  lbs.,  calculate  and  compare  the  braking  forces  in  the  two  cases. 
21.  Calculate  the  value  of 


Log  («j  +  v«i'  -  oJ 


where  2«i  =  2*31  ;  2«,  =  2-82. 

22.  Calculate  the  value  of  the  same  expriession  when  2;/,  =  2T4  ;  2«2  =  2 '50. 

23.  Calculate  the  value  of 


U  tan  9) 


given  C  =  20,   D  =  6,  </  =  3,  Sin  d  =  — -^r-  ;  *  is  measured  in  radians. 

24.  The  pressure  and  volume  of  the  steam  in  a  cylinder  follow  the  law/z/**  =  C. 
If  ^  =  6000  when  z/  =  I,  calculate  the  values  of  /  when  v  has  the  values  2,  3,  and 

4  respectively. 

25.  If/z/^i'  =  C,  and/  =  icx)  when  v  =  l,  calculate  the  values  of  />  when  v  has 
the  values  2,  3,  and  4  respectively. 

28.  If  the  pressure  /  in  lbs.  per  square  inch,  and  the  volume  u  in  cubic  feet  of 
I  lb.  of  saturated  steam,  are  connected  by  the  equation  pu^'^^^  =  479,  calculate  the 
volume  at  pressures  of  20,  lOO,  and  300  lbs.  per  square  inch  respectively. 

27.  If  /m  =  /i  ^  "^  °^'  ^,  find  the  values  of  frn  when  ;>»  =  100  for  the  following 

values  of  r  J  1-333,  I'S,  3,  8,  20. 

28.  Calculate  the  values  of 

when/,  =  100,  J  =  0*9,  and  r  has  the  values  i'333,  I'S,  3,  8,  and  20. 

29.  Given /z/*  =  C,  and  /  =  I  when  z'  =  i,  find  the  values  of  v  when  /  =  f,  and 
i  has  the  values  0*9,  I,  ri3  and  i"37  respectively. 

30.  Calculate  the  values  of  /m  from  the  formula  of  example  28,  when  /,  =  100, 
s  =  I  •0646,  and  r  has  the  same  values  as  in  example  28. 

31.  Calculate  the  value  of 


«  + 


when  C  =  150,  «  =  -  1*13,  v^  =  10,  v^ 
32.  Calculate  the  value  of 

C     iv. 


I  —  » 


when  C  =  147,  n  =  1*37,  Vi  =  0-8,  z'j  =  9- 
33.  Calculate  the  value  of 

when/,  =  15,210,  r  =  5,  7  =  0-9,  /,  =  650,  /,z/,Y  =  A,  »,  =  2. 

34  R  is  the  combined  resistance  of  resistances  r,,  r,,  r,,  ^4  m  parallel. 

R  ~  rirjrjr^ 

What  resistance  must  be  put  in  oarallel  with  resistances  of  5*3,  6*2,  and  7'I  ohms 
to  give  a  combined  resistance  of  i '6375  ohms. 
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35.  Calculate  the  value  of 

given  3  =  8,  a  =  o'o62,  /  =  350. 

36.  Calculate  the  value  of 

Q=iv2F3aj-A,f) 

having  given  ^=  32-2,  b  =  ^,  h^  =  i^,  h^  =  1-5. 

37.  The  entropy  (/>  of  one  pound  of , water  at  absolute  temperature  f  C.  is  given 
by  the  formula 

<^  =  1-0565  log* +  9  X  10-7  (^-  -  502-96/  )  +  O-O0O2 

2737      "  \z       ^      "    J 

Calculate  the  values  of  ^  when  /  has  the  values  2737,  3037,  3337,  3637. 

38.  The  entropy  ^  of  one  pound  of  dry  saturated  steam  at  absolute  temperature 
/°  C.  is  given  by  the  formula 

*  =  log.  j^^  +  'f- 0-695 

Find  the  value  of  ^  when  /  =  4137. 

89.  If  </>  =  0737  loge -^  +  2-875  X  io-\iP  -  1096/)  +  0-648 

274 

calculate  <^  when  /  =  500. 

40.  The  following  formulae  are  used  to  calculate  the  entropy  <p  of  one  pound  of  air 
at  pressure/,  volume  v^  and  absolute  temperature  /°  F.  : — 

^  =  0-1688  log.  ^  +  0-2375  log.  -^ 
^  =  0-2375  log.  ^-^-0-0687  log.  ^ 
^  =  0-1688  log.  —  +  0-0687  log.     ^ 
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/>,  «/,  and  /  are  connected  by  the  equation  pv  —  R/. 

If  R  =  53-2,  and  p  —  6348,  when  v  —  6-195,  calculate  the  value  of  ^  when 
»=  6195. 

41.  Also  calculate  /,  and  from  this  find  the  values  of  ^  given  by  the  second  and 
third  formulae.     Verify  that  the  three  values  thus  found  are  the  same. 

43.  Compound  Interest. — To  find  a  formula  for  the  amount  ;^A  of  ;^P 
invested  for  n  years  at  r  per  eent.  per  annum,  compound  interest,  payable 
annually. 

At  the  end  of  the  first  year  each  ;^ioo  invested  has  become  ;^(ioo  +  r) 


> 
amount 


and  therefore  each  £1  invested  has  become  ;^(  i  +  —  )•     Thus  the 

at  the  end  of  the  first  year  is  ;^(  i  +  ^JP* 

This  is  the  principal  for  the  second  year.     In  the  same  way  it  follows 
that  after  this  has  been  invested  for  another  year  it  becomes. 

i^.  the  amount  at  the  end  of  two  years  is 
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Similarly  the  amount  at  the  end  of  three  years  is 


(-T^)" 


P 

And  the  amount  at  the  end  of  n  years  is 

Y.^KVl?\M.— Find  the  number  of  years  in  which  /400  will  amount  to  £,(iQo  at 
3  per  cent,  compound  interest. 

We  have  P  =  400,  r  =  3,  A  =  600  ;  to  find  «. 

6oo  =  (^§)Moo 

.'.  (i-03)"  =  f88  =  r5 
Taking  logs  we  have 

«  log  (1-03)  =  log  1-5 

log  1-03      00128 
=  1375  years 


Examples.— XXII. 

1.  Find  the  compound  interest  on  ^^227  for  3J  years,  at  4J  per  cent,  per  annum, 

2.  Find  the  amount  of  ^^i 560  in  4  years,  at  2^  per  cent,  compound  interest. 

3.  What  is  the  compound  interest  on  ;^  135  for  5  years,  at  3  per  cent.  ? 

4.  At  what  rate  per  cent,  would  ;,^I40  gain  ;^2o  in  12  years,  at  compound  interest  ? 

5.  How  long  will  it  take  ;^ioo  to  gain;^5o  compound  interest,  at  2 J  per  cent.  ? 

6.  At  what  rate  per  cent.,  compound  interest,  will  ;^ioo  gain  ;^5o  in  25  years  ? 

7.  How  long  will  it  take  jC I2g  to  gain  £1^  at  5  per  cent,  compound  interest? 

8.  A  certain  rare  book  cost  i^d.  in  1620,  and  in  1900  was  worth  ;^ioo.  Was 
this  a  gain  or  loss  on  its  original  price,  supposing  that  the  i^d.  could  have  been 
invested  at  5  per  cent,  compound  interest.  Find  the  amoimt  of  the  gain  or  loss  to  the 
nearest  pound. 

9.  Find  a  formula  for  the  amount  of  ;^P  in  n  years  at  r  per  cent,  per  annum, 
simple  interest. 

10.  The  sum  of  £m  is  invested  in  r  per  cent,  stock  at  £n  per  ;^ioo  share.  Find 
a  formula  for  the  rate  of  interest  obtained  on  the  sum  invested.     Neglect  brokerage. 

11.  Find  a  formula  for  the  true  discount  D  on  a  bill  of  ;^A  due  /t  months  hence 
at  r  per  cent,  per  annum,  simple  interest. 

12.  Find  a  formula  for  the  difference  x  between  the  true  and  the  banker's  discount 
in  example  11. 

13.  The  present  value  of  an  annuity  of  £a  per  annum  for  n  years  at  r  per  cent, 
compound  interest,  is 

^       f        /     100    Vliooa 

Find  the  present  value  of  an  annuity  of  £^2  per  annum  for  20  years,  with  compound 
interest  at  3  per  cent. 

14.  Find  the  present  value  of  an  annuity  of  ;^ioo  per  annum  for  30  years,  with 
compound  interest  at  2  J  per  cent. 

15.  The  average  expectation  of  life  of  a  man  of  60  is  13  years.  What  life  annuity 
can  he  buy  for  ;^iooo  with  compound  interest  at  2 J  per  cent  Neglect  the  profits  of 
the  insurance  company. 


s« 


Practical  Mathematics 


16.  A  man  of  60  has  an  average  expectation  of  life  of  13  years  ;  what  will  it  cost 
him  to  buy  an  annuity  of  ;^loo  a  year  for  the  remainder  of  his  life  with  compound 
interest  at  2J  per  cent.  ? 

17.  y  is  the  cost  price  of  a  machine  which  will  last  n  years.  There  is  also  a 
more  durable  machine  which  will  last  N  years.  If  i  is  the  interest  on  £1  for  I  year 
expressed  as  the  decimal  of  a  pound,  the  price  x  which  may  be  paid  for  the  more 
durable  machine,  so  that  it  may  be  as  cheap  as  the  former  in  the  long  run,  is  given  by 
the  formula 


x=y 


(I  +0^-1 


(l+tT  -(!+/) 


N-« 


If  a  machine  which  lasts  5  years  costs  ;^i8o,  how  much  should  be  paid  for  a  machine 
which  will  do  the  same  work  and  last  20  years,  taking  interest  on  capital  at  4 
per  cent.  ? 


44.  Foriiiula9  in  Mensuration. — The  following  list  of  formulae  in 
mensuration  is  given  here  for  reference,  the  proofs  of  the  simpler  formulae 
are  assumed  to  be  known  to  the  student,  proofs  of  others  will  be  given  at 
a  later  stage. 

The  references  are  to  the  proofs. 

Area  of  a  triangle  =  K^ase)  x  (height) 
=  ^ab  sin  C 


where  s  = 


=  a/s{s  -  a){s  -  b){s  -  c) 
a  +  6  +  c 


(§  29.) 


Area  of  a  trapezium  =  half  the  sum  of  the  parallel  sides  multiplied  by  the 
perpendicular  distance  between  them  =  A  • . 


:  B 


Fig.  34. 


B  A 

Fig.  35. 


In  particular  for  the  case  where  the  two  parallel  sides  are  perpendicular 
to  the  base  AB 

^      N       /           ,.  .  1   N       Ar,       AD  +  BO 
Area  =  (base)  x  (mean  height)  =  AB  x . 

Circumference  of  circle  of  radius  r  —  2wr 

Arc  of  a  circle  subtended  by  an  angle  of  6  radians  at  the  centre  =  r9 

Huygen^s  Rule, — Length  of  arc  of  a  circle  =  — approximately 

where  p  =  chord  of  half  the  arc, 
c  —  chord  of  whole  arc. 
Area  of  a  circle  «  vr'. 
Area  of  sector  of  a  circle  =  \r^9. 
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Area  of  segment  ABC  =  area  of  sector  OACB  -  area  of  triangle  OAB 
=  ^;^(,e  -  sin  e). 

Area  of  segment  less  than  a  semicircle  =  —  +  ^cA  approximately, 

where  /i  =  height  of  segment. 

c 
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Area  of  curved  surface  of  right  circular  cylinder  =  2vrh, 
Volume  of  right  circular  cylinder  =  vr^h. 

h    A-  k 

Volume  of  frustum  of  cylinder  =  nr^-^ ?. 

Volume  of  pyramid  =  J  (area  of  base)  x  (vertical  height) 
For  the  case  of  a  right  circular  cone  this  becomes  ^Trr^h 

=  \  (volume  of  cylinder  of  the  same  height  on  the  same  base)  .    §  199 
k 
Volume  of  frustum  of  pyramid  =  -(A  +  >/AB  +  B) 

where  h  =  height  of  frustum,  and  A  and  B  are  the  areas  of  the  two 
parallel  faces 
For  the  frustum  of  a  cone  A  =  irr^*  ;  B  =  irr^ 

and  volume  =  — {r-^  +  r^r^  +  r^) §  199 


where  r^  and  r^  are  the  radii  of  the  parallel  circular  faces. 
Area  of  curved  surface  of  cone  =  ^(perimeter  of  base)  x  (slant  height) 

=  trrl 

where  r  =  radius  of  base  and  /  =  slant  height.  B 

Area  of  curved  surface    of  frustum  of  cone  = 

7r/(r,  +  rj). 
Volume  of  sphere  =  ^irr^ 

where  r  —  radiu,* §  199 

Area  of  surface  \  _  .  ^a 
of  sphere        /  "  ^''^ 

=  area  of  curved  surface  of  cir- 
cumscribing cylinder 


7t 


h, 


Volume  of  zone  of  sphere  =  -z-{2>{r^  +  r^)  +  A*} 

where  r,  and  r^  are  theradii  of  the  circular  faces. 

For  the  case  rg  s  ^  we  get  the  volume  of  a  segment 


A 

FiG.  38. 
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Surface  of  zone  of  sphere  =  2vrh  (where  r  —  radius  of  sphere) 

=  area  of  curved  surface  of  circumscribing  cylinder  of  the  same  height 


0 

Fig.  30. 


If  a  circle  of  radius  r  revolves  round  a  straight  line  in  its  plane,  so  that 
its  centre  traces  out  a  circle  of  radius  R,  the  solid  which  it  traces  out  is 
called  an  anchor  ring. 
Volume  of  anchor  ring  =  airV^R 
Area  of  surface  of  anchor  ring  =  47r2Rr §210 


Examples.— XXIII. 

1.  What  is  the  diameter  of  a  circular  lake  whose  area  is  3  acres  ? 

2.  A  running  track  is  in  the  form  of  a  circular  ring.  Its  outside  diameter  is  350 
yds.,  and  it  is  6  yds.  wide.     What  is  its  area  ? 

3.  Find  the  area  of  a  sector  of  a  circle  of  radius  3  ft.,  and  angle  56°. 

4.  Find  the  area  of  a  sector  of  a  circle  of  radius  2  ft.,  and  angle  154°. 

5.  A  pyramid  stands  on  a  rectangular  base  2  ins.  by  3  ins.,  and  is  10  ins.  high. 
Find  its  volume. 

6.  The  radii  of  the  circular  faces  of  a  frustum  of  a  cone  are  3  ft.  and  4  ft.,  and 
its  height  is  5  ft.     Find  its  volume. 

7.  With  a  radius  of  6  ins.  describe  an  arc  of  a  circle  of  which  the  chord  is  5  ins. 
long.  Measure  the  required  quantities  and  calculate  the  length  of  the  arc  by  the  two 
given  formulae.     Compare  the  results. 

8.  A  dome  is  in  the  form  of  a  segment  of  a  sphere  of  radius  100  ft.  The  height 
of  the  dome  is  80  ft.     How  many  square  feet  of  lead  would  be  required  to  cover  it  ? 

9.  A  basin  is  in  the  form  of  a  zone  of  a  sphere.  The  bottom  is  a  circle  of  radius 
3  ins.,  the  top  a  circle  of  radius  9  ins.,  and  the  depth  of  the  basin  is  5  ins.  How 
much  water  will  it  hold  ? 

10.  A  piece  of  sheet  zinc  in  the  form  of  a  rectangle  measuring  12  ins.  by  9  ins.,, 
is  found  to  weigh  0*787  lbs.  What  is  its  thickness?  Zinc  weighs  0*252  lb.  per 
cubic  inch. 

11.  Copper  wire  of  size  No.  5,  S.W.G.,  weighs  718  lbs.  per  mile  :  find  the  area 
of  its  cross-section  and  its  diameter.     Copper  weighs  555  lbs.  per  cubic  foot. 

12.  Find  the  weight  per  foot  of  a  lead  pipe  of  i  J  in.  bore  and  ^  in.  thick.  One 
cubic  foot  of  lead  weighs  711*6  lbs. 

13.  A  lead  pipe  of  I  in.  bore  weighs  2*193  ^^s.  per  foot  length.  Find  the  thick- 
ness of  the  metal. 

14.  What  is  the  thickness  of  a  lead  pipe  of  2j  ins.  internal  diameter  if  it  weighs 
7*862  lbs.  per  foot  length  ? 

15.  Find  the  weight  of  an  iron  pipe  12  ft.  longj,  14  i^s.  ea^tcrnal  diameter,  i  ft,, 
internal  diameter.     Weight  of  i  cu.  in.  =  0*27  lb. 
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16.  A  cast-iron  pipe  1*3  ft.  long,  of  10-in.  bore,  and  J  in.  thick,  weighs  121*4  l^s. 
What  is  the  weight  of  a  cubic  inch  of  cast-iron  ? 

17.  A  tube  of  8  ins.  internal  diameter  is  made  of  copper  0*232  in.  thick.  It 
weighs  23' I  lbs,  per  foot  length.     Calculate  the  weight  of  a  cubic  foot  of  copper. 

18.  The  inside  diameter  of  a  wrought-iron  gas-pipe  is  4  ins.  It  is  4  ft.  long,  and 
weighs  31*48  lbs.  Given  that  wrought-iron  weighs  0'28  lb.  per  cu.  inch,  find  its 
outside  diameter. 

19.  Water  flows  at  the  rate  of  4*96  ft.  per  second  through  a  cylindrical  pipe  of 
1 1  ins.  diameter.     What  is  the  supply  in  gallons  per  minute  ?    6\  galls.  =  i  cu.  ft. 

20.  The  outside  diameter  of  a  roller  is  3  ft.,  and  its  outside  width  4  ft.  The 
metal  is  2  ins.  thick  on  the  curved  surface.  It  is  closed  at  the  ends  which  are  plane, 
and  I  in.  thick.  The  axle  and  handle  weigh  11  lbs.,  and  the  metal  of  which  the 
roller  is  made  weighs  437  lbs.  per  cubic  foot.     Find  the  weight  of  the  roller. 

21.  How  many  bricks  will  be  required  to  line  the  sides  of  a  well  30  ft.  deep  and 
4  ft.  in  diameter  ?  Each  brick  measures  9  ins.  by  4^  ins.  by  3  ins.,  including  mortar, 
and  the  lining  is  to  be  4J  in.  thick. 

22.  What  is  the  weight  of  a  hollow  steel  pillar  10  ft.  long,  whose  external 
diameter  is  5  ins,,  and  internal  diameter  4  inches?  What  is  the  diameter  of  a  solid 
pillar  of  the  same  weight  and  length  ?     i  cu.  ft.  of  steel  weighs  499  lbs. 

(Board  of  Education  Examination  in  Naval  Architecture,  1902.) 

23.  A  glass  tube  is  15  cm.  long,  and  its  outside  diameter  is  4  mm.  It  weighs 
4  grms.     What  is  its  inside  diameter  if  i  c.c.  of  glass  weighs  2*52  grms.  ? 

24.  A  single  core  electric  cable  consists  of  a  cylindrical  copper  wire,  surrounded 
by  a  coating  of  insulation,  and  an  outer  coating  of  lead.  The  area  of  the  cross-section 
of  the  copper  is  0*25  sq.  in.,  the  thickness  of  the  insulation  is  o'li  in.,  and  the  thick- 
ness of  the  outer  covering  is  o*  1 1  in.     What  is  the  diameter  of  the  whole  cable  ? 

*  If  I  cu.  in.  of  copper  weighs       0*32  lb. 

,,  ,,       lead  weighs  0*41     „ 

ti  ,,      insulation  weighs  0*034  „ 

find  the  weight  per  foot  of  the  cable. 

25.  Find  the  weight  of  a  segment  of  a  sphere  of  lead.  Height  of  segment  =  3  ins. ; 
radius  of  base  =  lo  ins.     I  cu.  in.  of  lead  weighs  0*408  lb. 

26.  A  hollow  sphere  of  brass  is  found  to  weigh  50  lbs.  Its  external  diameter  is 
10  ins,  ;  what  is  its  internal  diameter  ?     i  cu.  in,  of  brass  weighs  0*3  lb. 

27.  A  hollow  sphere  of  cast-iron  weighs  100  lbs.  Its  inside  diameter  is  o'66  of 
its  outside  diameter.  Find  its  inside  and  outside  diameters,  i  cu.  in.  of  cast-iron 
weighs  0*26  lb. 

28.  Find  the  area  of  the  total  surface  of  the  frustum  of  a  cone  ;  radius  at  base  =  5 
ins.,  radius  at  top  =  3  ins.,  length  of  slant  side  =  4  ins. 

29.  How  many  square  inches  of  tin  will  be  required  to  make  a  cylindrical  can 
4  ins,  high  to  hold  i  quart  =  0*0401  cu,  ft.  ?     There  is  no  lid. 

30.  A  milk  can  is  6  ins.  high,  and  has  a  diameter  of  4  ins.  at  the  bottom.  What 
is  its  diameter  at  the  top  if  it  holds  i  quart  ? 

31.  A  railway  embankment  is  12  ft.  high,  the  top  is  28  ft.  wide,  and  the  sides 
have  a  slope  of  i  in  2  to  the  horizontal.  How  many  cubic  feet  of  earth  are  needed 
to  make  100  ft.  of  the  embankment  ? 

45.  Approximation — Product  of  two  Binomial  Factors. — We  know 
that— 

(I  +:rXi  +j)=  i+x-^-y  +  xy 

Consider  a  case  where  x  =  yxj^u  ^^^  y  =  t^U' 

Then  xy  =  —^  and  is  very  small  compared  with  x  and  ^,  and  may  there- 
fore be  neglected  if  we  only  require  our  result  to  be  correct  to  an  accuracy 
of,  for  example,  one  part  in  one  thousand. 

Thus  we  may  take  i  +  ^  +>'  as  the  approximate  value  of  (i  +  x^i  +jr) 
when  X  and  y  are  small. 
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Example. — The  two  sides  a  and  b^  and  the  angle  C,  of  a  triangle  are  ohset-vedy  and 
the  area  calculated  by  means  of  the  formula^  Area  —  \ab  sin  C. 

If  the  observed  value  of  a  is  2  J  per  cent,  too  large ,  and  the  observed  value  of  b  \\  per 
cent,  too  small ^  what  is  the  resulting  error  in  the  calculated  value  of  the  area  f 

Here  we  have  taken  (i  +  0*025)^  instead  of  the  true  value  of  a,  and  (l  —  0*015)^ 
instead  of  the  true  value  of  b  ;  i.e.  we  have  taken  (i  +  0*025)  (i  —  o-oi<,)ab  instead 
of  ab.  This  is  approximately  equal  to  (i  +  0'025  —  0'0l^)ab  =  (i  +  o'oi)ab,  since 
the  errors  in  a  and  b  are  both  small.  Therefore  the  calculated  value  of  the  area  is, 
approximately,  i  per  cent,  too  large. 

The  error  introduced  by  neglecting  the  term  xy  is  here  0*000375^^,  or  about  0*04 
per  cent.,  and  may  be  neglected,  as  it  is  extremely  unlikely  that  the  errors  in  a  and  b 
are  known  to  this  degree  of  accuracy. 

By  multiplication  we  have 

(i  +  x)(i  -f  /)(i  +  2)  =  I  +  X  +  y  -\-  z  +  xy  +  yz  -k-  zx  -^  xyz 

and  if  x^y  and  z  are  sufficiently  small,  the  last  four  terms  may  be  neglected 
in  comparison  with  the  first  four,  and  we  have 

(i  +  x){i  +  y){i  +z)-i+x-\-y-\rz  approximately 

If  this  result  is  applied  to  the  case  of  small  errors,  as  in  the  last  example, 
we  may  state  it  in  words  as  follows : — 

If  there  are  small  errors  in  each  of  three  quantities,  the  resulting  errot 
in  their  product  is  the  sum  of  the  separate  errors. 

This  result  applies  whether  the  errors  are  positive  or  negative. 

This  method  of  proof  may  be  extended  to  the  case  of  more  than  three 
quantities,  and  it  can  be  shown  in  the  same  way  that,  if  there  are  small  errors 
in  each  of  n  quantities,  the  resulting  error  in  their  product  is  the  sum  of  the 
errors  in  the  separate  quantities,  taken  with  their  proper  signs. 

If  there  is  the  same  small  error  x  in  each  of  n  quantities  it  follows  that 
the  resulting  error  in  their  product  is  nx  approximately. 

This  is  equivalent  to  the  statement  that 

(i  +  x){i  +  x){i  +  x)  ...  ion  factors  =  {i  +  xY  =  i  +  nx  approximately 

We  have  here  taken  «  to  be  a  whole  number.  It  can  also  be  shown  that 
if  X  is  less  than  i,  as  it  must  be  when  it  denotes  a  small  error,  the  state- 
ment that  (i  +  xY  =  1  +  nx  approximately  is  also  true  when  n  is  negative 
or  fractional. 

The  result  of  this  paragraph  may  be  applied  to  the  calculation  of  fractional 
or  negative  powers  of  certain  numbers. 

Example  (i). — To  find  the  value  of  m/i^$. 

We  have  ^145  =  {i44(i  +  lir)}*  =  "(i  +  ^h)* 
!=■  12(1  +  ^  X  yIj)  approximately 
=  12(1  +  ^g)  =  12  +  ijV  =  12-0416 

This  agrees  to  four  places  of  decimals,  with  the  value  of  VmS  found  in  the  ordinary 
way. 

Example  {2).— (1*02)^  =  i  +  6  x  0*02  approximately 
=  112 
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Example  (3).— -r^j^  =  (I'oiS)"' 

Here  x  =  0015,  and  n  =  —  i 
.•,  (roi5)-*  =  I  -  0-015  =  0985  approximately 

Example  (4). .-     -„  -  (i  -  0-002)"* 

Vo-995 

=  I  -H  (—  J)  (—  0*002)  approximately 

=  I  001 

Example  {$).—Find  the  apprpximate  value  of 
I -002  X  0-996 

y  -     2^8 

y  =  \{\  -^  0002)(I  —  o-oo4)(i  +  o-oo4)-i 
=  |(l  +  0*002  —  0004  —  0004) 
—  \{l—  0-006)  =  0497  approximately 

The  student  should  work  out  the  value  oi y  to  6  decimal  places,  and  find  the  erroi 
iL  the  above  approximation. 

Example  (6). — The  radius  of  a  circle  is  found  by  measurement  to  be  3-26  ins.^  and 
the  area  is  calculated  from  this  value.  If  there  is  a  possible  error  of  2  per  cent,  in  the 
observed  value  of  the  radius ^  what  is  the  possible  error  in  the  calculated  value  of  the  area  ? 

If  r  is  the  radius,  the  area  =  irr". 

An  error  of  2  per  cent,  in  r  has  the  effect  of  multiplying  r  by  (i  +  0*02),  and 
therefore  of  multiplying  irr*  by  (l  +  0-02)'  =  i  it  0*04  approximately. 

i.e.  there  is  a  possible  error  of  4  per  cent.  =  0*04  X  ir  x  3*26' 

=  r33sq.  in. 
in  the  calculated  value  of  the  area  of  the  circle. 

Example  (7). — In  finding  the  torsional  rigidity  of  a  wire  by  observing  its  torsional 
oscillations  we  make  use  of  the  formula 

2irl/ 

If  errors  are  made  of 

0-2  per  cent,  too  little  in  the  obsei-ved  value  of  l^ 

2  per  cent,  too  much  in  the  observed  value  ofty 

and  3  per  cent,  too  much  in  the  observed  value  ofr^ 
what  is  the  resulting  error  in  the  calculated  value  of  ni 
The  true  value  of 

/  is  multiplied  by  (i  —  0*002)  to  obtain  the  observed  value,- 
that  of/         „         „        (I+0-02)  „  „ 

»f     r         „        „        (I  +  003)  „  „ 

,•,  the  true  value  of  n  is  multiplied  by  , — nn--      n 

^  -^  (I  +002)*(I  +o-03)< 

^  (I  —  0002)(I  +  0*02)-*  (l  +  003)-* 

=  I  —  0-002  —  2(0*02)  —  4(0*03)  approximately 
:=  I  —  0*162 

4.e.  there  is  an  error  of  16*2  per  cent,  too  little  in  the  calculated  value  of  «. 


Examples.— XXIV. 

1.  Calculate  the  value  of  i*oi  X  1*025  by  the  approximate  method  used  in  the 
preceding  examples,  and  also  by  multiplying  in  full,  and  find  the  error  of  the 
approximate  metiod. 
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I  *02'\ 

2.  Calculate  the  value  of  — ; — ^  by  the  approximate  method,  and  also  by  actnal 

division  to  6  decimal  places,  and  find  the  error  of  the  approximate  method. 

3.  Find  the  value  of  i"002  X  I'ooiS  X  o'ggS,  correct  to  4  decimal  places. 

Find  approximate  values  of  the  following  quantities  : — 


4. 

0-996 

5. 

I -003 

0, 

0*993 

7. 

1-0023 

X  0-9984 

I -002 

0-997' 

I  005 

I 

0016 

8. 

V098. 

9. 

Vl'02. 

10. 

^102. 

11. 

V254. 

12 

.  V730. 

13. 

V224. 

14. 

V217. 

15. 

V728. 

16 

I 
•  98- 

17. 

I 
506- 

18. 

I 

1-009 

19.  An  error  of  i  '5  per.  cent,  excess  is  made  in  measuring  the  side  a  of  a  triangle 
and  an  error  of  i  '8  per  cent,  defect  in  measuring  the  side  d.  What  is  the  resulting 
percentage  error  in  the  area  as  calculated  from  the  formula  J  ad  sin  C  ? 

20.  If  there  is  an  error  of  5  lbs.  in  the  value  of  the  weight  of  i  mile  of  copper 
wire  given  in  example  ii,  p.  $8,  what  is  the  resulting  error  in  the  calculated  value 
of  its  diameter  ? 

21.  If  the  length  of  the  seconds  pendulum  is  increased  by  yt^d  V^^U  ^ow  many 
seconds  will  the  clock  lose  in  a  day  ?    The  time  T  of  a  complete  oscillation  of  a 

pendulum  is  equal  to  27r  .    /  -,  where  /  is  the  length  and  ^  is  a  constant  quantity. 

22.  The  radius  of  a  sphere  is  found  by  measurement  to  be  5  ins.  "What  error 
will  be  caused  in  the  calculated  value  of  the  volume  by  an  error  of  i  per  cent,  in  the 
measured  value  of  the  radius  ?  __ 

23.  The  value  of  ^  is  found,  from  the  formula  T  =  2ir      /£.    T  is  the  time  of  a 

complete  oscillation,  and  /  the  length  of  a  pendulum.     What  will  be  the  error  per 
cent,  in  the  calculated  value  of  g if  the  observed  value  of  T  is  i  per  cent,  too  large? 

24.  If  power  U  ft.  lbs.  per  second  is  transmitted  over  a  distance  /  ft.,  by  water  at 
a  pressure  of/  lbs.  to  the  square  foot,  along  a  pipe  of  radius  r  ft. ;  then 

loss  of  energy      AUV 
energy  put  in  ~  /'r* 

What  is  the  effect  on  this  ratio  of  an  increase  of  5  per  cent,  {a)  in  the  pressure,  {6)  in 
the  radius  of  the  pipe  ? 

25.  If  V  c.c.  per  second  of  a  liquid  of  specific  gravity  j  flow  through  a  capillary 
tube  of  radius  r  and  length  L  under  a  pressure  of  H  cm.  of  the  liquid,  the  viscosity  tj 
of  the  liquid  is  given  by 

'-   8z/L 

What  percentage  errors  are  caused  in  the  calculated  value  of  tj  by  errors  of  i  per  cent, 
in  the  observed  values  of  r,  H,  and  v  respectively  ? 

26.  The  value  M  of  the  magnetic  moment  of  a  magnet  is  calculated  from  the  two 
formulae 


V: 


I,  </,  /,  0  and  T  are  observed  quantities.  If  an  error  of  2  per  cent,  excess  is  made  In 
observing  the  value  of  T,  and  all  the  other  readings  are  correct  to  O'l  per  cent.,  what 
is  the  approximate  error  per  cent,  in  the  calculated  value  of  M  ? 

46.  Units. — The  exact  expression  of  a  physical  quantity  consists  of  two 
parts — the  unit  in  terms  of  which  it  is  measured,  and  the  measure  expressing 
the  number  of  times  the  unit  is  contained  in  the  quantity  :  e.^.  we  speak  of  a 
certain  length  as  5  ft.  or  152*4  cm. ;  in  the  first  case  5  is  the  measure  and 
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one  foot  is  the  unit,  in  the  second  case  152*4  is  the  measure  and  one 
centimetre  is  the  unit.  We  speak  of  a  certain  velocity  as  15  ft.  per  second, 
or  457*2  cm.  per  second  :  in  the  first  case  15  is  the  measure  and  one  foot 
per  second  is  the  unit  of  velocity  ;  in  the  second  case  457*2  is  the  measure 
and  one  centimetre  per  second  is  the  unit. 

Note  that  the  measure  of  a  given  quantity  varies  inversely  as  the  unit  in 
terms  of  which  it  is  measured.  In  the  first  example  above,  when  the  unit  of 
length  is  changed  from  i  ft.  to  i  cm.,  /.<?.  the  unit  is  divided  by  30*48,  then 
the  measure  of  the  given  length  is  multiplied  by  30*48. 

47.  Dimensions  of  Units. — The  various  units  used  in  mechanics,  with 
the  exception  of  the  unit  of  temperature  as  measured  by  expansion  and 
those  units  which  depend  upon  it,  may  be  ultimately  defined  in  terms  of  the 
three  units  of  length,  time',  and  mass. 

These  are  called  the  three  fundamental  units.  Thus,  for  example,  the 
unit  of  velocity  is  the  velocity  of  a  point  which  moves  through  the  unit  of 
length  along  a  straight  line  in  the  unit  of  time.  We  denote  the  three 
fundamental  units  of  mass,  length,  and  time  by  the  symbols  [M],  [L], 
and  [T]. 

If  the  fundamental  units  are  changed,  all  other  units  which  depend  upon 
them  will  in  general  be  changed  as  well. 

The  unit  of  velocity,  for  example,  will  evidently  be  changed  in  the  same 
ratio  as  the  unit  of  length,  and  inversely  as  the  unit  of  time. 

We  express  this  by  saying  that  the  dimensions  of  the  unit  of  velocity 

are[^]. 

Similarly,  since  the  unit  of  acceleration  is  the  acceleration  of  a  point 
moving  so  that  its  velocity  increases  by  unit  velocity  in  unit  time,  its 
dimensions  are 


&-]  =  [^J 


In  general,  when  any  unit  varies  as  the  «th  power  of  a  fundamental  unit, 
we  say  that  it  is  of  n  dimensions  in  that  unit. 

Thus,  for  example,  the  unit  of  volume  is  the  volume  of  a  cube  whose  edge 
is  the  unit  of  length  and  its  dimensions  are  [L^]. 

The  unit  force  causes  unit  mass  to  move  with  unit  velocity,  its  dimensions 


are 


m 


As  an  example,  the  student  may  verify  the  following  statements  from  his 
knowledge  of  mechanics  : — 

The  dimensions  of  the  unit  of  power  are  I -^J 
The  dimensions  of  the  unit  of  momentum  are  I -=-  I 

Those  units  which  are  directly  derived  from  the  fundamental  units  are 
called  absolute  units.  In  some  cases  the  absolute  unit  is  too  small  for 
practical  use,  and  a  special  practical  unit  has  to  be  used. 

E.g.  I  fl.-lb.  per  second  is  the  absolute  unit  of  power  when  32*2  lb.,  i  ft^ 
and  I  second  are  the  fundamental  units ;  but,  as  this  unit  is  small,  the 
horse-power,  which  is  equal  to  550  such  units,  is  used  instead  for  practical 
purposes.     One  erg  per  second  is  the  absolute  unit  of  power  when  i  gim., 
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I  cm.,  and  i  second  are  the  fundamental  units  ;  as  this  unit  is  very  small, 
the  watt,  which  is  equal  to  lo^  such  units,  is  used  for  practical  purposes. 

Example. —  Tht  practical  unit  of  power  in  applied  mechanics  is  l  horse-poxver^  in 
electricity  it  is  I  watt.     Find  the  number  of  watts  in  a  horse-power. 

In  changing  from  the  first  system  of  fundamental  units  to  the  second, 

[M]  is  multiplied  by  — ^ ^^  since  there  are  453*6  grms.  in  a  pound  ; 

[L]  is  multiphcd  by  — ^^^,  since  I  cm.  =  03937  in.  ; 

[T]  is  unchanged ; 

The  dimensions  of  the  unit  of  power  are  I  *-— j-  I 

/.  the  absolute  unit   of  power   b  mult'phed  by X  { —^My  :_ 

^  '  322  X  4536     V    12    y   *° 

changing  from  the  foot,  32*2  lb.,  sec.  system  to  the  cni.,  grm.,  sec.  system. 

550  is  the  measure  of  one  horse-power  in  the  first  system  of  absolute  units,  and, 
since  the  measure  of  a  given  quantity  varies  inversely  as  the  unit  in  which  it  is 
measured,  the  measure  of  one  hurse-power  in  ergs  per  second  is 

550  X  32-2  X  453-6  X  12^  ^       6  ^  ,^,  ^^^^^ 

(o-3937)^  .  '^  ^   ^ 

=  746  watts. 


Examples.— XXV. 

1.  One  erg  is  the  absolute  unit  of  work  when  i  grm.,  i  cm.,  and  i  sec.  are  the 
fundamental  units  ;  one  foot-pound  is  the  absolute  unit  of  work  when  32*2  lbs.,  i  ft., 
and  I  sec.  are  the  fundamental  units.     Find  the  number  of  ergs  in  a  foot-pound. 

2.  One  pound  is  the  absolute  unit  of  force  when  322  lbs.,  i  ft.,  and  i  sec.  are  the 
fundamental  units  ;  one  dyne  is  the  absolute  unit  of  force  in  the  cm.,  grm.,  sec. 
system.     Find  the  number  of  dynes  in  a  pound. 

3.  The  modulus  of  torsion  of  steel  is  8253  kilogs.  per  sq.  mm.  j  what  is  it  in 
tons  per  square  inch  ? 

4.  The  measure  of  the  acceleration  due  to  gravity  is  32*2  absolute  units  when 
I  ft.  and  I  sec.  are  the  fundamental  units.  Find  the  measure  of  this  acceleration 
when  I  cm.  and  i  sec.  are  the  fundamental  tmits. 


CHAPTER  VI 

MISCELLANEOUS  EQUATIONS  AND  IDENTITIES 

48.  In  this  chapter  we  shall  deal  with  certain  portions  of  elementary  algebra 
which  are  of  importance  in  the  applications  of  the  subject.  This  treatment 
is  intended  to  supplement  and  not  to  take  the  place  of  ordinary  text-books 
in  algebra. 

49.  Quadratic  Equations. — To  find  a  formula  for  the  values  of  x  which 
satisfy  the  quadratic  equation. 

ax^  ■\-  bx  -^  c  -  o 
where  a,  b^  and  c  are  any  constant  quantities. 

We  have  ;t^ +-;ir  = 

a  a 

jA 
Add  —K  to  both  sides  of  this  equation 
4^2 


Then 

i.e.  \x 

•  ■ 

-5= 

and^r  = 

c       b* 

~  fl  +  4^" 

b^  -  4ac 

4^2 

±  ^b^  -  &,ac 

2a 

-b±^b^- 
ia 

^ac 

(I) 


This  formula  gives  the  two  roots  of  the  quadratic  equation 
ax^  +  bx  +  c  =^  o  for  any  values  of  a,  by  and  c 
E.g.  Let  3;jr2  +  2;»r  -  4  =  o 

Here  a-  %b  -  ^^c  —  — 4 

and  .*.  X  — j^ — — - 

^  -  ^  -  V^'3  ^  _  j.g25  or  0-868 


60.  Conditions  for  Real,  Equal,  and  Imaginary  Roots. — In  the 
above  example  we  had  no  difficulty  in  calculating  the  roots,  because  the 
quantity  B^  -  A/ic^  under  the  square  root  was  positive,  and  its  square  root 
could  be  found.  It  may  happen  that  b"^  —  ifUc  is  negative;  i.e.  ^  is  less 
than  i,acy  as  in  the  following  example  : — 

r 
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Substituting  in  the  formula  (i)  we  find 


.  _  ~  2  ±  V4  -  48  _  -  I  ±  >/  ~  II 
6-3 

Since  we  cannot  find  any  real  number  whose  square  is  — 11,  the  roots 
of  this  equation  are  said  to  be  imaginary. 

We  shall  find,  however,  at  a  later  stage,  that  for  certain  purposes  we  may 
use  the  imaginary  roots  of  an  equation  as  if  they  were  real,  and  that,  in  the 
applications  of  the  subject,  the  results  have  a  definite  physical  meaning. 

We  may  write  the  above  expression  for  the  value  of  x 

X  =  ^5L_^ ^ =  -  0-33  ±  1-105/ 

where  t  is  used  to  denote  V  -  i. 

If  ^  is  equal  to  ^ac  the  quantity  b^  —  4ac  under  the  square  root  in  (1) 
vanishes,  and  the  two  roots  of  the  quadratic  equation  become  equal,  e.g. : — 

4^1^  —  2o:»r  +  25  =  o 

Substituting  in  (i)  we  get 

20  ±  J  400  —  400  . 

x= — ^^-^ ^^— =  2-5±o 

t.e.  the  two  roots  of  the  equation  are  each  equal  to  2*5. 
Note  that  in  this  case  ax^  +  ^^  +  ^  is  an  exact  square. 
We  have  thus  shown  that  in  the  equation 

ax^  +  dx  +  c  =  o 

If  ^  is  greater  than  4ac  the  roots  are  real  and  unequal  j 
If  <52  is  less  than  4ac  the  roots  are  imaginary  ; 
If  d^  is  equal  to  4ac  the  roots  are  real  and  equal. 


Examples  .—XX  VI. 

Find  the  values  of  ;p  which  satisfy  each  of  the  following  equations,  correct  to  two 
places  of  decimals : — 

1.  2x*  -  3^  +  I  =  o.        2.  3^^  +  lojp  +  2  =  o. 

4.  3^:'  +  5^  -  8  =  o.        5.  ^  —  2x  -  4x^  =  o. 

1.  Sx'-x  +  4  =  o.         8.  23:^2+ 13^;+ II  =0.     9.  rsx^-2Sx  +  s-9^o. 

10.  2-5  X  IQ-'j:*  +  2-1  X  lo';i:  +  4  X  lo*  =  O. 

11.  2'5  X  lo-'x*  +  2  X  10^:*:  +  4  X  10*  =  o. 

12.  2*5  X  io-':p*  +  1*9  X  lo'jF  +  4  X  io«  =  o. 


51.  Solutions  of  Equations -by  Besolutions  into  Factors. — Let  o  and 
$  be  the  roots  of  the  equation 

ax^  +  dx  +  c  =  o 


3. 

5x^- 

-4x 

-6  =  0. 

«. 

3-*". 

4- 

5x^  =  0. 

y. 

1-3^^ 

-2 

•5* +  59 

tnen  a  = >  p  — • 

2a  '  2a 
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From  these  values  we  get 

.  4-  fl  -      ^  .  afl  -  l^-^  +  Aac  _  c 

a  +  A>= ;  afi  =.  s =  - 

a  4a^  a 

Thus,  if  any  quadratic  equation  is  written  in  the  form  ^r^  +  -^  +  -  =  o, 

so  that  the  coefficient  of  x^  is  unity,  and  all  the  terms  are  on  the  same  side  of 
the  equation,  then  the  sum  of  the  roots  is  equal  to  the  coefficient  of  x  with 
its  sign  changed,  and  the  product  of  the  roots  is  equal  to  the  constant  term. 
E.g,  in  the  equation 

x^  -  Sx  +  6  =  0, 

the  sum  of  the  roots  is  5  and  their  product  6.    We  see  that  the  roots  must 
•  be  3  and  2,  and  this  quadratic  equation  may  be  written 

(■*•  -  3)(-*-  -  2)  =  o 

In  general,  it  follows  in  the  same  way  that,  if  o  and  3  are  the  roots  of  a 
quadratic,  the  equation  may  be  written 

{x  -  aXx  -  fi)  =  0 

since  we  know  that  in  the  product  of  these  two  factors  the  coefficient  of  x  is 
—  (o  +  i8)  and  the  constant  term  afi. 

Otherwise,  it  is  evident  that  if  an  equation  can  be  put  into  this  form  it  is 
satisfied  if  either  factor  is  zero,  i.e.  if  x  =  a  or  x  =  fi,  and  therefore  a  and  fi 
are  the  roots. 

Thus,  when  the  factors  of  a  quadratic  expression  can  be  found  by 
inspection,  the  roots  of  the  corresponding  equation  can  be  written  down. 

Example. — So/ve  the  equatum. 

We  notice  that  the  equation  may  be  written 

(2^  -  3)(3^  -  I)  =  o 
This  is  satisfied  either  if 

2J?  —  3  =  o  and  X  —  \ 
or  if  3j:  -  I  =  o  and  x  —  \ 
,*.  the  roots  of  the  equation  are  |  and  \. 

Examples.— X  XVII. 
Solve  the  equations — 

1.  **  +  3*  +  2  =  o.  2.  4F»  +  2Jf  -  3  =  o.  3.  :r»  +  2jr  +  I  =  o. 

4.  j:«  +  5;c+6  =  0.  5.  2j;2  +  6* -  20  =  o.  6.  30:' -  194:  +  6  =  o. 

7.  64;2  +  34- _  45  =  o.  8.  I5jc«-36jr+i2  =  a  9.  770^  +  57^-54=0 

10.  65j;»  -  390^+520=0  11.  x"  -^q"  -  o.  12.  or*  =  m\ 

13.  In  the  equadon 

Lr^  +  Rx  +  1  =  o 

suppose  R  and  K  are  known.     Write  down  the  conditions  which  must  be  satisfied  by 
the  value  of  L  that  the  roots  may  be  real,  equal,  or  imaginary. 

14.  Solve    the    equation     in     example    13     for     the     cases    when     R  =  200, 
K  =  o*5  X  10- ',  and  L  has  the  following  values  : — 

(a)  L  =  0002  ;  (^)  L  =  o*oi  ;  (f )  L  =  o  005. 
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16.  Solve  the  equation  mj^  +  -  =  o. 

16,  If  W,  ^,  and  A  are  known  in  the  equation 

W  T 

g  h 

write  down  the  conditions  which  must  be  satisfied  by  the  value  of  k  that  the  equation 
may  have  real,  equal,  or  imaginary  roots. 

17.  Solve  the  equation  of  the  last  example  for  the  case  when  W  =  i,  ^  =  32*2, 
h  —  \^k  =  002. 


52.  Equations  of  the  Degree  Higher  than  the  Second. — We  shall  not 
here  give  any  general  methods  for  solving  equations  of  degree  higher  than 
the  second,  as  the  student  will  probably  find  the  graphic  method  described 
in  Chapter  VII.  most  suitable  for  any  case  with  which  he  may  meet. 

In  certain  cases,  however,  equations  of  higher  degree  than  the  second 
may  be  easily  solved. 

Example. —  jr*  —  3;f'  —  4  =  o. 

First  solving  this  as  a  quadratic  in  x"y  we  get  x^  =  4,  and  jc*  =  —  i. 
The  case  x^  —  a,  gives  j:  =  +  2,  ox  x  =  —  2 
The  case  x^  —  ^  1  gives  x=  -V  i>J  —  \,  ox  x  —  — V— I 

,*.  the  four  roots  of  the  equation  are  2,   —  2,  V—  i,  —  isf  ^  \. 

We  might  also  proceed  as  follows  :  The  expression  on  the  left-hand  side  of  the 
equation  may  be  resolved  into  factors 

(*-2)(:t  +  2)(j:«  +  l)  =  o 

The  equation  is  satisfied  if  any  one  of  the  three  factors  is  equal  to  zero.  Thus  the 
equation  is  reduced  to  two  equations  of  the  first  degree  and  a  quadratic  equation. 
The  roots  of  these  are  2,  —  2,  ±  V  —  i  as  before. 

We  may  in  this  way  extend  the  method  of  §  5 1  to  equations  of  any  degree. 
If  the  equation  is  arranged  so  as  to  have  zero  on  the  right-hand  side,  and  the 
left-hand  side  can  then  be  resolved  into  factors,  the  equation  is  satisfied  if 
any  one  of  its  factors  is  equal  to  zero.  Thus  the  problem  is  reduced  to  that 
of  the  solution  of  a  number  of  equations  of  lower  degree  than  the  original 
equation. 

It  can  be  proved  that  every  algebraical  expression  of  the  «th  degree  can 
be  resolved  into  real  factors  of  the  first  or  second  degree;  thus  the  expression 
jT*  —  3;r2  —  4  in  the  above  example  has  two  factors  of  the  first  degree  and 
one  of  the  second. 

Each  factor  of  the  first  degree  evidently  gives  a  single  real  root  of  the 
corresponding  equation.  Thus,  in  the  above  example,  we  found  two  real 
roots  2  and  —  2  corresponding  to  the  two  factors  of  the  first  degree.  Each 
quadratic  factor  which  cannot  be  further  resolved  into  real  factors  of  the  first 
degree  gives  two  imaginary  roots  of  the  original  equation  ;  thus,  in  the  above 
example,  the  quadratic  factor  jr^  +  i  gives  the  two  imaginary  roots  ±  /J~^\. 

It  follows  that  the  imaginary  roots  of  any  equation  always  occur  in  pairs. 
It  can  be  shown,  conversely,  that  if  there  is  a  real  root  there  must  be  a 
corresponding  factor  of  the  first  degree,  and  also  that  an  equation  of  the  «th 
degree  has  n  and  not  more  than  n  roots,  real  or  imaginary. 

No  general  rule  can  be  given  for  resolving  an  expression  into  factors,  but 
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if  one  or  more  roots  can  be  found  by  inspection,  we  may  take  out  the 
corresponding  factors  of  the  first  degree  and  the  remaining  factors  may  then 
be  more  easily  found. 

Example. — Solve  the  equation 

jr*  +  za:'  +  2j:'  —  24f  —  3=0 

We  notice  that  this  equation  is  satisfied  when  we  substitute  jt  =  i,  and  therefore 
I  is  a  root  and  x  ~  i  is  a  factor.  By  division  we  find  that  the  equation  may  now  be 
written 

(4f-l)(j:»  +  3*«  +  5jr+3)=0 

The  second  factor  vanishes  when  we  substitute  j:  =  —  i,  and  therefore  contains 
;c  +  I  as  a  factor.     By  division  we  find  that  the  equation  may  now  be  written 

(x-i)(Ar+l)(jt*+2jr  +  3)=o 

Since  2'  is  less  than  4  X  3  X  i,  the  roots  of  jr^  +  2x  +  3  =  o  are  imaginary,  and 
there  are  no  more  real  roots.     The  roots  ofjr'  +  2jr  +  3  =  o  are  —  i  i>\/2  . 1. 

Thus  the  original  equation  reduces  to  two  equations  of  the  first  degree  and  a 
quadratic.     The  roots  are  i,    —  i,  --  i  +  ^2  »,   —  i  —  V2  i. 


Examples.— XXVIII. 
Solve  the  equations 

1.  x»+ar'- io;c  +  8  =  o.         2.  jH  -  74r2  +  7jr+ 15  =0.        8.  4r»  +  jr  -  2  =  o. 
4.  2Ar'  +  7jf«  +  lox  +  8  =  o.  5.  X*  -  Sx^  +  5*'  +  5-*:  -  6  =  o. 

53.  Logarithmic  Solution  of  Equations. 

Example  (I ). — Solve  the  equation 

Dividing  by  S'lx^  ^,  we  get 

0-6275jri"9  =  I 
Taking  logarithms  of  both  sides 

1*2  log  X  +  log  0*6275  =  o 

1'2  log  jr  =  —  log  0*6275 

=  I  —  07976  =  0-2024 
/,  log;):  =  0-1687 

,',  X  =  I  -47,  or  j:  =  o 

Note  that  we  have  divided  out  by  the  factor  x^^,  which  gives  the  root  jr  =  O- 

Example  (2). — Solve  the  equation 

a-53  =  a'SQ*"*' 
Taking  logs  of  both  sides 

log  2-53  =  > '2*  log  3*59 
0-4031  =  1-2*  X  0-5551 
=  *  X  0-6661 
•*.  *  =  0*605 


Examples. — XXIX. 
Solve  the  equations— 

1.  i-2:f6-«  =  2*3^**.  2.  3-95X'""  =  7-81, 

8.  3-2I3B*  =  8-9. 
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6.  Find  the  value  of  »,  to  satisfy  the  equation 

— -—  (z/-"+i  -  »,«+i)  =  220 
«  +  I 

given  C  =  200,  «  =  —  1*13,  z/,  =  9*3. 

6.  If  W  =  A^2  log,  — ,  find  the  value  of  v^  having  given  that  /,  =  2250,  »,  =  10, 

W  =  31,200. 

7.  Find  a  value  of  V  which  satisfies  the  equation  14VI*  =  95(V  —  14)^*. 

8.  Find  a  value  of  x  less  than  i  which  satisfies  the  equation 


s 

2 
—X 

7 


''"-{•-y- 


having  given  that  y  —  1*41. 


54.  Simultaneous  Equations. — We  may  require  to  find  the  values  of 
two  or  more  quantities,  so  as  to  satisfy  two  or  more  conditions.  It  can  be 
proved  that,  in  order  to  determine  the  values  of  any  number  of  unknown 
quantities,  we  must  have  the  same  number  of  independent  equations.  Such 
equations  are  called  simultaneous  equations.  It  is  assumed  that  the  student 
is  familiar  with  the  solution  of  simple  simultaneous  equations.  We  shall 
here  give  some  examples  of  types  which  are  often  found  useful  in  the 
applications  of  algebra  to  geometry  and  physics. 

Example  (i). — Find  the  values  ofm  a?td  c  so  that  the  equation  y  =  mx  +  c  may  bi 
satisfied  when  x  =  l  and y  =  —  3,  and  also  when  x  —  —  1  and y  =  5. 
Substituting  in  the  equation,  we  have 

-3  =  f«  +r 

5  =  -  2W  +  ^ 

Subtracting,  we  get 

3w  =  -  8,  w  =  -  I 
and  by  substitution  e  =  —  \ 

' ,',  the  required  values  are  w  =  --  §,  and  ^  =  —  I" 
and  the  equation  is^=  —\x  —  \ 

Substituting  *  =  i  we  get  _y  =  —  3,  substituting  ;c  =  —  2  we  get  >'  =  5,  thus 
verifying  that  the  equation  now  satisfies  the  required  conditions. 

Example  (2). — Find  the  values  ofx  and y  which  satisfy  the  equations 
y=  2X  +  2,  and  ^«  =  3  +  2x* 

"When,  as  in  this  case,  one  of  two  equations  is  of  the  first  degree,  we  may  always 
eliminate  one  variable  by  substitution. 

Substituting  30:  +  2  for  _y  in  the  second  equation,  we  get 

9*»+i2jc  +  4  =  3  +  2jir' 
7^1:2  +  I2X  +  I  =  o 


_        12  +V144  —  28 

=  —  O'o88  and  —  1*626 
Substituting  these  values  of  x  in  the  first  equation,  we  get_y  =  1736  and  —2*878. 

Example  (3). — D  is  the  density  of  dilute  sulphuric  acid  when  100  parts  by  weight 
contain  S  parts  of  the  pure  acid. 
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Find  a  formula^  connecting  S  and  D,  of  the  form 
S  =  a  +  3D  +  rD' 
where  a,  i,  e  are  constants y  having  given  that 

D  =  1*840  when  S  =  99'20 
D=rso  „  S  =  597o 
D  =  1-07       „     S  =  1019 

Since  the  three  given  pairs  of  corresponding  values  must  satisfy  the  required 
formula,  we  have,  substituting 

99*2    =  a  +  1*843  +  3"386r (i) 

597    =  fl+ r5o3+ 2-25or (2) 

10-19  =  a4-  1*073  +  I 'HS*: (3) 

Subtracting  (2)  from  (i)  and  (3)  from  (2),  we  get 

39*5    =0-343 +1-136^ (4) 

49-51  =0-433  + 1105c (5) 

We  have  now  two  simultaneous  equations  to  find  3  and  c. 
Multiplying  (4)  by  0-43,  and  (5)  by  0*34,  and  subtracting,  we  get 

0*152  =  o'wzdc 

:.c=  1351 

Substituting  in  (4)  we  get 

0*343  =  39*5-  1*534  =  37*97 
.-.  ^  =  1 1 1  -7 

Substituting  the  values  of  3  and  c  in  equation  (i),  we  get 

a  =  99-2  —  205-6  —  4*57 
=  -110-97 

/.  the  required  formula  is  S  =  111-7D  +  r35D'  -  110-97 
To  verify,  substitute  D  =  i  -5  j  we  get 

S  =  59*6a 
(rhich  is  within  o-i  of  the  given  value. 

Example  (4).— F  is  the  frictional  resistance  in  pounds  per  square  inch  in  a  certain 
hearing  running  at  a  velocity  ofVft.  per  minute. 

It  is  known  that  F  and  V  are  connected  by  a  formula  of  the  form  F  =  -JV",  where 
\  and  n  are  constants. 

IfF  =  0-368  when  V  =  105 
and  F  =  0-613  when  V  =  314 

find  the  values  ofk  and  n. 

We  have  F  =  -JV"  .    .    .     ,    , (l) 

Taking  logs, 

log  F  =  «  log  V  +  log  /^ (2) 

For  the  given  values  of  F  and  V,  we  find  from  the  tables  that 

log  F  =7-566  when  log  V  =  2-021 
and  log  F  =  1-7875  when  log  V  =  2-497 

Substituting  in  (2),  we  get 

7-566    =2-02i«  +  log*. (3) 

1-7875  =  2-497«  +  log* (4) 
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Subtracting 

0*2215  =  o'476«,  and  n  —  0*465 

Substituting  this  value  in  equation  (3),  we  find 

log  k  =  ^1-566  —  0*940 

=  2  626  =  log  0*0423 
.*.  k  =  0*0423 

,*,  the  required  formula  connecting  F  and  V  is  F  =  0*0423  \^*^ 

Example  (5). — A  body  is  raised  to  a  temperature  of  20°  and  then  allowed  to  cool ; 
100  seconds  afterwards  its  temperattire  is  fmmd  to  be  11°,  If  9  is  the  temperature  at 
time  t  seconds^  and  it  is  known  that  6  and  t  are  connected  by  an  equation  of  the  form 
d  —  a^^^  where  a  and  b  are  constants ^  and  e  —  2*718,  find  the  values  of  a  and  b. 

We  have  B  =  a^* (i) 

Taking  logs, 

log  6  =  bt  log  e  +  log  a 

=  0*4343'^^  +  log  tf (2) 

It  is  given  that  when  /  =  o,  0  =  20°,  and  log  0  =  i'30io;  also  when  /  =  100, 
*  =  II,  and  log  9  =  I  0414. 

Substituting  in  equation  (2),  we  get 

1*3010  =  log  a (3) 

1*0414  =  43*433  + log  a (4) 

We  have  here  two  simultaneous  equations  to  find  b  and  a. 
From  (3)  a  =  20. 
Substituting  in  (4) 

43'43^  =  -  0-2596  ;  3  =  -  0*00598 

/,  the  required  equation  is  d  =  2or-°  <•<*** 


Examples. — XXX. 

1.  Find  the  values  of  x  and  y,  so  that  the  equation^  =  mx  4*  c  may  be  satisfied 
when  m  =  §  and  ^  =  2,  and  also  when  m  =  \  and  c  =  2*6. 

Verify  your  result  by  substitution. 

2.  Find  the  values  of  m  and  r,  so  that  the  equation  y  =  mx  4-  c  may  be  satisfied 
when  X  —  ^  and^y  =  7,  and  also  when  x  —  3*5  and^  =  6*4. 

3.  X  QXidy  satisfy  the  equation  ax  +  by  +  c  =  o. 

Uy  =  —  4*5  when  x  =  2,  and  y  =  —  10*5  when  .r  =  4,  what  is  the  value  of  y 
when  jr  =  7. 

4.  It  is  given  that  x,  y,  and  z  satisfy  the  equation 

a       b      c 

when  a  =  2,  3=3,  ^  =  4,  and  also  when  a  =  i,  3  =  i,  c  =  i.     Find  an  expression 
for  y  in  terms  of  x. 

6.  Find  the  values  of  x,  y,  and  z  which  satisfy  the  equations 

X  —  2      v— I      z— I 
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and  2*  4-  3uV  4-  2  =  42. 

6.  Find  the  values  of*  and^  such  that  x''  +y*  =  16,  and^*  =  3*  4-  2. 

7.  If  7'  =  i6j-,  andy  =  3jr  —  i,  find  the  values  of  x  and>'. 

8.  y^  =  4ax,  y  =  mx  +  c ;  m,  a  and  c  are  known  constants.  Find  the  relation 
between  e  and  w,  bo  that  these  equations  may  have  equal  roots  in  x  and  equa) 
roots  in  y. 
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9.  Solve  the  equations  :  ^  —  Ixy  +  2>/'  +  8  =  o ;  _y  =  3^  —  I. 

10.  Given  xy  —  ax  -k-  by^  and  y  =  6-47  when  x  —  9*3,  y  —  4*50  when  x  —  i6'2. 
Find  the  value  oiy  when  x  =  1 1  '4. 

11.  \l  y  —  a  '\-  bx  -^^  cx^  where  a,  b  and  c  are  constants ;  and  y  =  10*55  when 
X  —  2*4,  >*  =  54*82  when  x  —  5*9,  y  =  2097  when  x  =  11*3  :  find  the  value  of  ^ 
when  X  =  7*2. 

12.  y  and  jf  are  connected  by  the  equation  y  =  a  ■{ — ~ — .     Find  the  values  of 

the  constants  a,  b  and  <r,  having  given  that  ^  =  41*0  when  x  =  0'6,  y  =  31*91  when 
*=  2*1,  ;>/  =  26*45  when  .r  =  5-4. 

13.  It  is  known  that^  varies  as  some  power  of  x  in  the  following  two  examples  : 
If^  =  26*8  when  x  =  2'B,y  =  189*5  ^hen  x  =  8*3,  find  the  equation  connecting  y 
and  X. 

14.  y  varies  as  some  power  of  x  ;  \iy  =  0*4845  when  x  =  3*5,  y  =  0*1180  when 
;r  =  9*6,  find  the  equation  connecting^  and  x. 

15.  Given  >'  =  a  +  bxf^,  y  =  3*6  when  jr  =  o,^  =  10*46  when  x  =  1*4,  ^^  =  130*3 
when  jT  =  3*7  ;  find  the  value  of^  when  ^  =  2*5. 

16.  V  is  the  speed  of  a  certain  vessel  in  knots  when  the  engines  are  working  at 
P  horse-power.  Find  a  formula  of  the  form  P  =  ^j  +  ^V,  connecting  P  and  V.  It 
is  found  by  experiment  that  P  =  287  when  V  =  5,  P  =  1856  when  V  =  11. 

17.  It  is  known  that/  and  v  are  connected  by  an  equation  of  the  form  />v^  =  C. 
l(p  =  1577  when  V  =  3*5,  and  /  =  447*5  when  v  =  9*6,  find  the  values  of  n  and  C. 

18.  Jn/"  =  C,  p  =  213  when  v  =  2,  p  =  23*4  when  v  =  10.     Find  n  and  C. 

19.  In  Beauchamp  Tower's  experiments  on  friction  it  was  found  that  the  coefficient 
of  friction  in  a  certain  bearing  was  o*oo2i  when  the  speed  was  157  ft.  per  minute, 
and  0*0036  when  the  speed  was  419  ft.  per  minute.  If  the  friction  varies  as  some 
power  of  the  speed,  find  this  power. 

20.  In  Hodgkinson's  experiments  on  the  strength  of  cast-iron  pillars,  a  pillar  of 
2 J  ins.  diameter  and  10  ft.  long  was  found  to  break  with  a  load  of  65,380  lbs.  When 
cut  down  to  7*5  ft.  long,  a  pillar  of  the  same  diameter  and  material  was  found  to 
break  with  a  load  of  100,200  lbs.  If  the  breaking  load  varies  as  some  power  of  the 
length,  find  this  power. 

(Phil.  Trans.,  1841.) 
♦21.  If/  =  a{e  +  3)*,  and  /  =  69*21  when  6=  150,  /  =  79*03  when  e  t=  155,  find 
the  values  of  a  and  b. 


-(s)- 


22.  «  -  I  «.  )        =  0-5S 

;»,  =  210,  V,  =  2*5,  »,  =  10 ;  find  /j. 

23.  li  tv^   —  C,,  zxApv^  =  Cj,  and  7  is  constant,  find  the  equation  connecting 
/and/. 

24.  If  it  is  known  that  /'i»i'^~^  =  /2«','^~\  and  that  1  -  (  ^  )        =  °'25»  ^^^  h* 

having  given  that  /,  =  350. 

25.  The  entropy  <^  of  a  certain  quantity  of  gas  at  pressure  /,,  volume  f,,  tempera- 
ture /»,  is  o.     Its  entropy  at  pressure  /,  volume  »,  temperature  /,  is  given  by 

^=>5  1og.^+Klog.^ 

It  is  known   that  pv  -  R/,  /oi',  =  R/„  R  =  K  -  -&.      Express  <p  (i)  in  terms  of 
volume  and  temperature  ;  (2)  in  terms  of  temperature  and  pressure. 

26.  If  ^  =  fl^,  y  =  24*8  when  x  =  12*5,  and  y  =  540  when  *  =  33 ;    find 
a  and  b. 

27.  y  —  ai>*y  y  —  12*66  when  x  =  6*5,  y  =  1*484  when  x  —  15*8.     Find  a  and  b, 

28.  W  =  w^^^,  W  =  5*35  when  Q  -  i*57r,   W  =  22*9  when  %  -  3*.      Find  the 
value  of  /i. 

29.  u  is  the  coefficient  of  friction  in  a  certain  bearing  at  temperature  /*  F.     If 


*  Examples  21-34  may  be  postponed  to  a  later  stage. 


74 


Practical  Mathematics 


there  is  a  law  of  the  form  n  —  a^*  connecting  ;*  and  /,  find  the  constants  a  and  b. 
Given  fi  =  0*0059  when  /  =  no,  and  /u  =  0*0124  when  /  =  70. 

30.  V  is  the  voltage  at  time  i  across  a  condenser  of  capacity  K,  discharging 


KR 


through  a  resistance  R.  V  =  A<f  ,  where  A  is  constant.  If  the  condenser  is 
allowed  to  discharge  itself  through  the  insulation  resistance  R  of  a  certain  length  of 
cable,  it  is  found  that  V  =  100,  when  /  =  o,  V  =  55  when  t  =  1800,  K  =  |io-«. 
Calculate  the  value  of  R. 

31.  /  is  the  pressure  of  saturated  steam  at  absolute  temperature  t°  C.     The 
following  values  are  found  by  experiment : — 


/ 

1*78 

2o-8o 

ioi"9 

lbs.  per  sq.  inch. 

/ 

324 

384 

439 

degrees  Centigrade. 

Iflog„/  =  A- 


B_C 

/      /' 
Find  the  values  of  A,  B,  and  C. 

32.  In  some  experiments  to  find  the  viscosity  of  a  liquid,  if  /  is  the  distance  through 
which  the  pointer  of  an  oscillating  disc  swings  at  time  /. 

s  =  ag-**  sin  «/  +  ^ 

s  =  648*0  when  /  =  —  radian 

i  =  380*7  when  /  =  ^ 

2« 

/  =  6i6*8  when  /  =  5?  and  !L=  J.* 
2n  n  "^ 

Find  the  vtilue  of  k. 

33.  In  another  experiment  like  that  of  the  last  example 

*  =  469*3  when  /  »  — 


'  —  538*0  when  t—^ 
t  —  477*3  when  / 


2» 


^•5 


ir 

2«      « 

Find  the  value  oik. 

34.  S  is  the  quantity  of  common  salt  which  will  dissolve  in  100  parts  by  weight  of 
water  at  temperature  /°  C. 

There  is  a  formula  connecting  S  and  /  of  the  form 

logS  =  «  +  ^f-^')+^f-^V 
\ioo/        \ioo/ 

Find  the  values  of  «,  by  and  c  from  the  following  data  : — 


s 

3613 

37-25 

38*22 

/ 

25 

60 

80 

55.  Identities. — We  have  said  that  an  equation  of  the  «th  degree  has 
only  n  roots,  ix.  that  it  is  satisfied  by  n  values  oi  x.     If  we  find  that  an 
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equation  involving  an  unknown  quantity  x  in  the  «th  degree  and  a  number 
of  constants,  is  satisfied  by  more  than  n  values  of  x,  it  can  be  shown  that  it  is 
true  for  all  values  oix]  it  is  then  spoken  of  as  an  identity. 
The  sign  =  is  used  to  express  identity,  e.g.  the  equation 

{X  +  iXx  •\-2)=X^  +:^X+2 

is  true  for  all  values  of  x. 

The  coefficients  of  each  power  of  x  must  be  separately  equal  on  the  two 
sides  of  an  identity. 

Example.— /iW  the  value  of  the  product  {x  +  2){x  —  3)(:c*  +  5). 

The  result  will  evidently  be  of  the  fourth  degree  in  x. 

Let  {x  +  2)(jr  -  3)(*«  +  5)  =  Ajc*  +  B;c»  +  Cx*  +  Da:  +  E,  where  A,  B,  C,  D,  E 
are  numbers  which  we  require  to  find. 

Since  this  is  identically  true  for  all  values  of  :r,  A  must  be  equal  to  the  coefficient 
of  jc*  on  the  left-hand  side  of  the  equation.     .*.  A  =  i. 

This  process  is  known  as  equating  coefficients  of  x^. 

Similarly  B  is  equal  to  the  coefficient  of  *'  on  the  left-hand  side  of  the  equation, 
«.<r.  B  =  2  •-  3  =~  I. 

In  the  same  way,  by  equating  coefficients  of  x'  and  x^  and  the  constant  terms,  we 
get 

C=-i,  D=-5,  E=-3o 

and  the  required  product  is  equal  to 

**  -  ^c*  -  jf»  -  54r  -  30 


Examples.  —XXXI. 

Before    reading    the    next    paragraph  the  student   should   work   the  following 
examples : — 

Reduce  each  of  the  following  to  a  single  fraction  in  its  lowest  terms  : — 
1    -^--3_.  2    _3_._5_._2_ 


X  —  1       X  +  2  'x— ^^x  +  $Tx  —  2 

-i-  -  -3-  +  -^.  4.  -1—  +  -5-  _  -i- 

^+1       X  +  2   '   X  -  ^  2x  +  g^  ^x  -  I       x  +  f 


5. 


3  .5  Q       2X  +  7 3_ 

x^  +  2x  +  s'^  x-3  *;c'-4jr  +  9       x-2 


^-  x-2  +  {x-2r^x-t  (X +5)2  + ^  +  5+,  + a* 


3^-_L,    _5_  in  9  8 

I  I 


9     ^     '   4.      3    .  10. 

"•   {x  +  2y  +  x+  I*  5(;r  +  2)       S(2x  - 1) 

11. 


2i{x  +  2)^  28(j;  -  5)        I2(;c  -  I)' 


56.  Resolution  into  Partial  Fractions. — The  student  already  knows 
how  to  express  the  sum  of  a  number  of  fractions  as  a  single  fraction  whose 
denominator  is  the  least  common  multiple  of  the  denominators  of  the  given 
fractions,  as  in  the  above  examples.  It  is  sometimes  necessary  to  carry  out 
the  converse  operation,  i.e.  havmg  given  a  single  fraction,  to  express  it  as  the 
sum  of  a  number  of  simpler  fractions.  This  process  is  spoken  of  as  the 
resolution  of  the  single  fraction  into  partial  fractions.  The  method  will  be 
best  understood  from  a  consideration  of  the  following  examples. 
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Example  (i). — To  resolve  the  fraction — 2~T —  —  ifttc  partial  fractions. 

Resolve  the  denominator  into  its  simplest  factors  x  +  2  and  2j;  —  i.  We  see  that 
X  +  2  and  2jr  —  I  are  possible  forms  of  the  denominators  of  simple  fractions  of  which 
the  given  fraction  is  the  sum. 

Assume  , — ; — r-, — ^ ^  — ; 1- ,  where  A  and  B  are  constants. 

(jr  + 2)(2jf  —  1)       x  +  2       2jr-i' 

Multiply  both  sides  by  the  L.C.M.  of  the  denominators. 
2jr  -  5  ^  K{2x  -  I)  +  Brjf  +  2) 

This  is  an  identity,  and  is  true  for  all  values  of  x.     Assume  *  =  —  2,  and  substitute. 
Then  the  coefficient  of  B  vanishes,  and  we  have 

-  9  =  -  SA         /.  A  =  I 

To  find  B  assume  x  =  \,  and  substitute.  Then  the  coefficient  of  A  vanishes,  and 
we  have 

-  4  =  f  B         /.  B  =  -  f 

.  2^-5 98 

•  •  (^  +  2){2x  -  I)  -  5(jr  +  2)       5(2^  -  I) 

Note  that  this  agrees  with  example  10  above. 

Example  {2).— Resolve  the  fraction  , -r-, — ■ — :  into  Partial  fractions. 

^  {X  -   \){X  •\-  2){X  -  S)  ^  ^ 

I  ABC 

Assume   -. r; r— t; -r  =  ^^ +   — ; —  + ^ 

{X  -  ){x  4-  2){X  -5)        X-'\^X-\-2^X~^ 

.'.  I  =  A(;r  +  2){x  -  5)  +  B(*  -  S){x  -  i)  +  C{x  -  i){x  +  2) 

Let  X  =  1  ;  then,  substituting 

I  =  -  12A  +  0XB  +  0XC     /.  A=-^ 

Let  x  =  —  2;  then  i  =  21B  and  B  =  ^ 
Let  4:  =  5  ;  then  i  =  28C  and  C  =  ^ 


"  {x-i)(x  +  2){x-S)  I2(:c~l)      2r{;r  +  2)      28(^-5) 

This  agrees  with  example  1 1  above. 

Example  (3). — //  sometimes  happens  that  the  factors  of  the  first  degree  in  the 
denominator  are  not  all  different^  one  or  more  factors  being  squared  or  cubed,  as  in  the 

In  this  case  a  fraction  of  the  form as  well  as  a  fraction  of  the  form 


may  occur  among  the  partial  fractions  of  which  the  giyen  fraction  is  the  sum, 

4                               I                           A      ,        B         ,      C       ,      D  . 

Assume- — — ; — -= +- r,  +  — ^ —  + 


(j:  -  l)V  +  2)(x  -  5)   "  j:  -  I      {x-if      x-\-2      ;c-5 

..  ,  =  k{x-\){x  +  2)(x-S)  4-  B(;r  +  2)(:«:-5)  +  C{x-t,)^x-\f  +  D(af-i )«(:«• +  2) 

B,  C,  and  D  may  be  found  by  substituting  suitable  values  of  x  as  before. 

•  If  j:  =  1  we  get  I  =  —  12B  /.  B  =  —  ^ 
If;r=-2  „  i=-63C  /.  C  =  -  ,lg 
If:r  =  S       ,.      i  =  ii2D  /.  D  =  ib 
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Since  the  above  equation  is  an  identity,  the  coefficients  of  each  power  of  x  must  be 
separately  equal  on  both  sides  of  the  equation. 
,*.  equating  coefficients  of  x'  we  get 

o  =  A  + 


"{x-inx+2){x-s)    .i44(-»-i)        I2(*-I)2       63{X-2)^112{X-S) 
In  the  same  way  if  {x  —  i)*  had  occurred  in  the  denominator  we  should  have 
assumed     __     +  . — __    .^  +  r^  as  the  corresponding  partial  fractions. 

ExAMPLS  (4). — //  may  happen  that  the  denominator  cannot  be  completely  resolved 
into  real  factors  of  the  first  degree.  Any  algebraical  expression  can  be  resolved  into  real 
factors  of  the  first  or  second  degree. 

Resolve  .— i"; —     , — r, ^  into  partial  fractions, 

(jr* +;p+ i)(^-6)         ^  •' 

Assume    ■ ,  .    ^— — •*., ^. -?  +    ,  ■    — ; — • 

Multiplying  across  we  get 

3*  +  5  =  A(^2  +  jc  +  I)  +  ^x[x  -  6)  +  C(jr  -  6) 

Substitute  jc  =  6  ;  then  23  =  43A,  A  =  ||. 

Since  no  real  values  of  x  will  make  the  coefficient  of  A  vanish,  the  constants  B  and 
C  must  be  found  by  equating  coefficients  of  powers  of  x. 

Equating  coefficients  of  x^  on  both  sides  of  the  equation,  we  have 

o  =  A  +  B  =  f|  +  B  .-.6=- ft 

Equating  constant  terms 

S  =  A-6C        ...  C=-5^'«^  =  ~B 

•  3^  +  5  -       ^3       _•      23X  +  32 

••(jp«+jc+i)(x-6)      43(-=«^-6)      43(''+*4-l) 

Examples.— XXXII. 

Resolve  into  partial  fractions — 

1        4  2  g  8         3-^ +  8 

^•x«-4  •*«  +  8ar+i5'  •jr'  +  y-^  +  e' 

4       ^  +  5  5    f___.  6. 5-^  +  7 

*•  j:^  +  5*  +  6"  '  x'-x-ZO  (j:-  i)(j:  4-2)(:c  +  3)* 

7  4^^  +  23  0     3-y'  +  4^  -  2 

'•  {7.x  +  i)(^  -  3)(^  +  2)'  •  \x  +  mx  -  2)' 

9.   __4zJL+i_-.  .10. 


{X  -  2){x  +  3){x  +  I)-  {X  -  4){2x  +  i){x  +  3)- 

n  3^  +  2  12   I 

^^-  x>  +  2x'-x-2  -^   •  {x-2){x  +  s){x^4){x+iy 

13.  , "^^ ,.  14.  ^  +  ^+1 


{X  -  3)(*  +  3)(^  -  4)'  ■  (^  +  4){x  +  3)(*  -  I)' 

,-  I 1ft  7^  -  24^:^  +  6x  -  25 

^^'  {X  -  3){x  +  4)(2^  +  I)'  U  -  i)V  ~  4)(*  +  3)' 

IT          7-3^'  +  13-^  +  9  18             &y+" 

^'-  (2*  -  i)(x2  +  3-=P  +  4)'  '  (-  -  2)(:c«  +  *  +  3)* 

10  3^+1 20  ' 

***•  U«  4-  *  +  2){x  -  2)"  '^''-  6'  +  (tf  +  b)0  +  ab- 


CHAPTER  VII 
PLOTTING   OP  FUNCTIONS 


57.  Function. — Consider  the  following  table,  which  gives  the  value  of  the 
coefficient  of  friction  for  certain  bearings  at  different  speeds. 


Velocity  v,  ft.  per  min.  .     . 

I 

3 

5 

7 

10 

IS 

20 

Coefficient  of  friction  /i  .     . 

CIS 

0-I22 

o'io4 

0*092 

0079 

0066 

0058 

We  have  here  two  variable  quantities,  /u  and  v^  connected  in  such  a  way 
that  whenever  v  is  fixed  the  value  of  a*  is  also  fixed.     If  we  choose  any  value 

•15 

/ 

B* 

( 

\ 

\ 

V 

N 

i 

\ 

V 

•10 

^ 

is. 

N 

4.^ 

V 

c 

-Vr 

B 

^ 

=^ 

•^ifc 

"^ 

^ 

^ 

•05 

0 

N 

8  10  la  14 

Fig.  iob 


16 


20 


of  v^  whether  given  in  the  table  or  not,  there  must  be  some  definite  value  of 
/*  corresponding  to  it. 


Plotting  of  Functions  79 

We  express  this  relation  by  saying  that  /i  is  a  function  of  v.  Plot  a 
number  of  points  on  squared  paper  having  values  of  v  for  their  abscissae  and 
values  of  fi  for  their  ordinates  (see  §  12).  £.^.  in  Fig.  40  the  co-ordinates 
of  A  are  i  and  0*15,  the  co-ordinates  of  B  are  10  and  o'o79. 

Draw  a  curve  through  the  points  thus  obtained.  Then,  if  we  choose  any 
value  of  V,  the  probable  corresponding  value  of  /a  is  given  by  the  ordinate  to 
the  curve  which  corresponds  to  the  chosen  value  of  the  abscissa  v  ;  e.g.  when 
V  is  8  we  find  that  the  ordinate  CN,  corresponding  to  the  abscissa  ON,  which 
is  equal  to  8,  is  equal  to  0*087,  /.  /*  is  o"o87  when  the  speed  is  8  feet  per 
minute.  We  say  that  the  curve  AB  represents  m  as  a  function  of  v.  All  the 
functions  with  which  we  shall  have  to  deal  can  be  represented  in  this  way-by 
continuous  curves,  and,  at  the  present  stage,  the  student  should  consider  the 
statement  that  >'  is  a  function  of  x^  as  meaning  that  values  of  y  can  be 
represented  by  the  ordinates  of  a  curve  for  which  corresponding  values  of  x 
are  the  abscissae. 

A  function  of  x  may  be  given  in  the  form  of  an  expression  in  terms  of  x. 
x^,  3-^  +  2x^  +  I,  sin  {2x  +1),  tan  {x  ■{■  i)  are  functions  of  x,  for,  when  any 
value  of  X  is  chosen,  the  value  of  each  of  these  expressions  is  fixed,  and  from 
a  number  of  values  of  x  we  can  calculate  a  number  of  values  of  each  of  the 
above  functions,  and  so  plot  a  curve  giving  the  value  of  the  fimction  for  any 
value  of  X  between  two  chosen  values. 

It  is  not,  however,  necessary  that  we  should  know  any  formula  to  calculate 
y  in  terms  of  x.  We  may  have  merely  a  list  of  observed  values  of  j'  and  Xy 
as  in  the  case  of  fi  and  v  above,  but  so  long  as  a  regular  curve  can  be  drawn 
to  show  the  connection  between  y  and  x  we  speak  of  ^  as  a  function  of  x. 

We  speak  of  y  as  the  dependent  and  x  as  the  independent  variable,  and 
if  the  connection  between  ^^  and  x  is  given  by  an  equation  we  call  this  the 
equation  to  the  curve  representing  _y  as  a  function  of  ;r. 

If,  for  instance,  it  is  given  that  y  =  sx^  -  2x^  +  i,  we  can  calculate  a 
number  of  values  of  y  corresponding  to  selected  values  of  jr,  and  thus  plot  a 
curve  representing  this  equation. 

58.  Interpolation.— When  the  values  of  a  function  of  x  are  given  by 
tables  for  equal  intervals  in  the  value  of  the  independent  variable  x,  we  often 
require  to  find  values  of  the  tunction  between  the  values  given  in  the  tables, 
e.g.  the  table  of  sines  at  the  end  of  this  book  gives  the  values  of  sin  x  at 
intervals  of  one  degree  in  the  value  of  :r;  we  often  require  to  use  this  table 
to  find  the  sines  of  angles  which  do  not  contain  an  exact  number  of  degrees. 
This  process  is  called  interpolation. 

If  the  difference  between  two  successive  values  of  x  is  small,  we  may 
plot  on  a  large  scale  points  representing  the  function  for  the  two  values  of  x 
given  in  the  tables  nearest  on  each  side  to  the  value  of  x  for  which  the 
function  is  required.  We  may  usually  assume,  if  the  values  given  in  the 
tables  are  sufficiently  close  together,  that  the  portion  of  the  curve  representing 
the  function  between  these  two  values  is  a  straight  line.  Joining  the  two 
points  we  may  obtain  from  the  straight  line  the  required  intermediate  value 
of  the  function.  This  is  equivalent  to  taking  a  small  portion  from  the  curve 
representing  the  function,  and  magnifying  it.  In  the  case  of  all  functions 
with  which  we  shall  have  to  deal,  the  portion  of  the  curve  taken  will  be 
approximately  straight  if  sufficiently  magnified. 

Note. — In  the  worked  examples  of  this  and  the  following  chapters  the  measure- 
ments are  taken  from  figures  drawn  on  squared  paper  on  a  much  larger  scale  than  can 
be  used  in  the  figures  of  this  book.  Owing  to  difficulties  of  reproduction,  the  small 
squares  of  the  squared  paper  have  not  all  been  shown.  The  student  should  in  all 
cases  draw  the  figure  for  himself  on  a  large  scale  on  paper  ruled  into  squares  by  thick 
lines  at  intervals  of  I  in.,  and  fine  lines  at  intervals  of  ^q  in. 
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For  this  purpose  the  numerical  data  have  been  given  to  a  higher  degree  of 
accuracy  than  can  be  shown  in  the  figures. 

Example  (i), — Find  the  values  of  sin  25-45°,  sin  42*36°,  sin  65*42°,  sin  81-83°. 

These  values  have  been  selected  so  as  to  test  the  accuracy  of  the  graphic  method 
of  interpolation  at  different  places  in  the  table  of  sines. 

From  the  tables  ^t.  find  sin  25°  =  0*4226,  sin  26®  =  0*4384. 

Plotting  these  values  at  A  and  B,  and  joining  AB,  we  find  that  the  ordinate  to 
the  line  AB  at  the  point  corresponding  to  25*45°  is  0*4297. 
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The  value  given  in  more  complete  tables  is  0*42972. 

In  the  same  way  we  obtain  the  following  results,  which  the  student  should  verify 
by  plotting  the  points  for  himself : — 


Angle. 

Sine  by  plotting. 

Sine  from  tobies. 

42-36° 
65-42° 

8i-83*> 

06737 
0-9092 
0-9899 

0*67379 
0-90938 
O-9898S 

Thus  the  error  is  in  none  of  these  cases  greater  than  00002,  or  about  0'02 
per  cent. 

Since  the  same  table  is  used  to  find  cosines,  it  follows  that  we  may  rely  upon  it  to 
the  same  degree  of  accuracy  in  interpolating  values  of  cos  x. 
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Example  (2). — It  is  found  that  the  sine  of  a  certain  angle  is  0*4318/  to  find  the 
ingle. 

The  value  0*4318  is  not  given  exactly  in  the  tables,  but  lies  between  sin  25° 
—  0*4226  and  sin  26°  =  0*4384. 

Plotting  these  values  as  in  the  last  example,  we  find  that  the  point  C  in  AB  has 
the  ordinate  0*4318.     The  abscissa  corresponding  to  this  is  25*58° 

/.  0*4318  =  sin  25*58°. 


Examples.— XXXIII. 

Find  the  values  of  the  following : — 

1.  Sin  27*45°  ;  sin  27*8°  ;  sin~^  0*4612  ;  sin"*  0*4570. 

2.  Sin  71*5°;  sin  71*32°;  sin"^  0*9500;  sin"*  0*9482. 

3.  Cos  57*6°  ;  cos  57*9°  ;  cos"^  0*5336  ;  cos"^  0*5417. 

4.  Tan  33*6°;  tan  33*25°;  tan"^  0*6523;  tan~*  0*6602. 

5.  Sin  0*45°;  sin  1*45°;  sin  2*45^ 

6.  Express  34*25°  and  34*7°  in  radians,  and  0*6000  radian  in  degrees,  using  tl\C 
tables  at  the  end  of  the  book,  and  a  graphic  method  of  interpolation. 

7.  Express  1*195  radians  and  2*3998  radians  in  degrees. 

8.  Find  the  value  of  log  12*8873,  having  given  log  I2'88  =  1*109916,  log  12*89 
=  1*110253. 

9.  Find  log  10*7352,  given  log  10*73  =  1*030600  and  log  10*74  =  I'03I004. 
10.  Find  the  values  of  cos  135*61°  and  cos~'(—  0*7167). 

59.  When  the  interval  between  the  given  values  is  not  comparatively 
small,  and  in  any  case  when  we  are  not  sure  how  far  it  is  accurate  to  take 
the  portion  of  the  curve  between  the  two  given  values  as  a  straight  line, 
we  may  plot  three  or  four  successive  values  from  the  tables,  and  draw  the 
curve  through  these. 


Example. — The  following  values  are  taken  from  a  table  of  cube  roots . 


X 

6 

7 

8 

9 

v^ 

1-8171         1         1*9129 

1 

2-00 

20801 

Find  the  values  of*f^6-2^  and  *v'8*i3. 

On  plotting  the  given  values  we  get  the  curve  AB  (Fig.  42).     A  and  B  are  the 
points  whose  abscissae  are  6*25  and  8*13. 

Reading  off  the  ordinates  at  A  and  B,  we  get 

V6^  =  1-841  ;    V8^  =  a'oio 

The  correct  values  to  5  significant  figures  arc 

\J6'%1  =  1*8420 }    KJ^'IZ  =  a'oio8 


82 


Practical  Mathematics 


2-^ 


2-0 


^x 


l-B 


ter 


./ 

y 

y 

/ 

\/ 

/ 

A 

/ 

« 

/ 

/ 

y 

/ 

/ 

/ 

• 

/ 

/ 

/I 

r 

/I 

r 

» 

/ 

/ 

/ 

a      U'2d 


X 

YlG.   43. 


e  8-ia 


Examples— XXXIV. 

1.  From  the  data  given  in  the  following  table,  find  the  values  of  78*83-  and 
79'3i«;— 


X 

78 

79 

80 

*» 

6084 

6241 

6400 

2,  Fiom  the  following  data  find  the  values  of -^  and  — 7 —  : — 

^  404-64         406- 15 


X 

404 

405 

406 

407 

I 

X 

0-002475248 

0-002469136 

0-002463054 

0002457002 

Plotting  of  Functions 

8.  From  the  following  data  find  the  values  of  (2'253)'  and  (3'86i)' 


83 


* 

2 

3 

4 

x* 

4 

9 

16 

t.  Given 

* 

10 

II 

12 

X 

0*1 

0-090909 

0083333 

Find  the  values  of and . 

I  013  I  127 

6.  Given 


X 

4 

5 

6 

7 

X* 

64 

125 

216 

343 

Find  the  values  of  4'36i»  and  5732*. 
6.  Given 


* 

6 

7 

8 

9 

V* 

1*8171206 

1-9129312 

20 

20800S37 

Find  the  values  of  XI 6' 2$  and  V813. 
7.  Given 


* 

6 

7 

8 

9 

^x 

2-4495 

2-6457 

2-82S4 

30 

Find  the  values  of  V7'5  and  VS  25. 

00.  Graphic  methods  of  interpolation  may  be  used  to  solve  problems  like 
the  following : — 

Example. — The  proprietor  of  a  certain  patented  article  finds  that  the  number  which 
he  can  sell  at  various  prices  is  given  by  the  following  table : — 
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Selling  price  in  pence .     . 

6 

12 

18 

24 

30 

Number  sold     .... 

38,000 

35,000 

20,000 

8400 

5600 

Each  article  costs  him  sixpence  to  make. 

Plot  a  curve  to  show  the  probable  number  sold  at  any  price  from  6d,  to  2s.  6</.,  and 
find  the  number  which  he  will  probably  sellif  he  fixes  the  price  at  \s.  4d. 

Also  plot  a  curve  to  show  his  total  profit  at  any  price^  and  find  at  what  price  it  will 
be  most  profitable  for  him  to  sell  the  article. 

On  plotting  the  given  values  we  get  the  curve  A  (Fig.  43),  showing  the  number 
sold  at  any  price  from  bd.  to  2s.  6d.  The  number  sold  at  is.  ^d.  is  given  by  the 
ordinate  at  A,  where  the  abscissa  is  16.  The  ordinate  at  A,  and  therefore  the 
probable  number  sold  at  is.  4^.,  is  26,000. 
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The  total  profit  at  any  price  is  found  by  multiplying  the  number  sold  at  that  price 
by  the  excess  of  the  price  over  6d. 

By  plotting  the  total  profits,  first  at  the  prices  given  in  the  table,  and  then  at  those 
points  where  it  is  seen  that  the  curvature  of  the  resulting  curve  will  be  greatest,  we 
obtain  the  curve  CB,  showing  the  total  profit  as  a  function  of  the  selling  price.     The 
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ordinate  is  greatest  at  C,  and  therefore  it  will  be  most  profitable  to  sell  the  article  at 
is.  4//.,  the  total  profit  at  that  price  being  about  j^ioSo. 

Example  (2). — /f  is  required  to  devise  a  graduated  scale  of  income  tax^  so  that 
incomes  0/  £160  shall  pay  nothing,  and  incomes  of  £'JQ)0  shall  pay  is.  2d.  in  ilu  pound. 
All  other  incomes  are  to  be  taxed  according  to  a  linear  law  satisfied  by  the  two  given 
cases.      What  would  be  the  tax  on  incomes  of  £yxn  jCS^^i  ^^  j^iooo  ? 

We  are  given  that  the  curve  connecting  income  and  rate  of  tax  is  a  straight  line. 

Taking  values  of  total  income  as  abscissae,  and  rates  of  income  tax  as  ordinates, 
and  plotting  the  two  given  cases,  we  get  the  points  A  and  B  (Fig.  44). 
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1.000 


The  straight  line   through   these  points  gives  the  proper    rate  of  tax   for  other 
incomes. 

From  the  figure  we  find  the  following  values  as  given  by  the  ordinates  at  the 
points  C,  D,  and  E. 

Income.  Rate  of  Income  tax- 

£  s.      d. 

300 03} 

500 o    8| 

1000     .....     I     9I 


Examples.— XXXV. 

1.  The  following  table  gives  the  amount  which  ;^ioo,  accumulating  at  2}  per  cent, 
compound  interest,  will  reach  in  the  times  specified  : — 


Time  in  years     .... 

10 

20 

30 

40 

50 

Amount  of  j^ioo     .     .     . 

128-01 

16386 

20976 

268-51 

34371 
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Plot  a  curve  to  show  the  amount  of  ;^ioo  at  2j  per  cent,  for  any  number  of  years 
from  o  to  50. 

From  your  curve  find  the  amount  of  j^ioo  in  7  and  24  years  respectively.' 

2.  S  is  the  distance  in  yards  at  which  a  train  can  be  stopped  on  the  level  when 
going  at  a  speed  of  V  miles  per  hour. 


V 

30 

40 

55 

60 

s 

100 

180 

340 

400 

What  is  the  distance  for  speeds  of  35  and  50  miles  per  hour  ? 

3.  A  steam  electric  generator  on  three  long  trials  is  found  to  use  the  following 
amounts  of  steam  per  hour  for  the  following  amounts  of  power  : — 


Pounds  of  steam  per  hour      .     .     . 

4020 

6650 

10,800 

I  H.P 

210 

480 

706 

Kilowatts  produced 

114 

290 

435 

Find  the  I. H.P.  and  the  weight   of  steam  used  per  hour  when  330  kilowatts  are 
produced. 

(Board  of  Education  Examination  in  Steam,  1901.) 

4.  E  is  the  modulus  of  elasticity  of  wrought  iron,  in  grammes  per  square  milli- 
metre, at  temperature  /**  C. 


/ 

0 

20 

100 

?.oo 

300 

E 

21,483 

21,441 

21,212 

20,458 

^9,175 

What  are    the   probable   values    of   E  at   temperatures   of  50°,    150°,    and   250° 
respectively  ? 


5.  T  is  the  tensile  strength,  in  tons  per  square  inch,  of  steel  containing  x  per  cent. 
of  carbon. 


a 

0-I4 

0*46 

0-57 

066 

078 

o-8o 

0-87 

0-96 

T 

28- 1 

33-8 

35-6 

40 

41-1 

459 

467 

527 

Plot  a  curve  to  show  as  accurately  as  the  data  will  allow  the  probable  tensile 
strength  of  steel  containing  any  percentage  of  carbon  from  o'  i  to  i  per  cent. 

What  strength  would  you  expect  to  find  in  steels  containing  0*40  per  cent.,  and 
070  per  cent,  of  carbon  respectively? 
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6.  S  is  the  sag  in  the  middle  of  a  120-foot  span  of  trolley  wire  of  copper,  0*4  in. 
in  diameter,  and  T  the  tension  at  temperature  /°  F. 


/op 

0 

loS 

152 

180 

S  inches 

3 

6 

9 

12 

Tibs. 

3,600 

1800 

1200 

900 

Find  the  sag  and  the  tension  at  temperature  70°  F. 

7.  /  is  the  pressure  in  lbs.  per  square  foot  of  saturated  steam  at  temperature  0^  C. 
Make  a  table  to  show  as  accurately  as  you  can  from  the  given  data  the  value  of  /  for 
every  exact  number  of  degrees  from  105°  to  125°. 


0 

los 

no 

"S 

120 

125 

t 

2524 

2994 

3534 

4152 

4854 

What  is  the  pressure  at  temperature  108*4**?    At  what  temperature  is  the  pressure 
4320  lbs.  ? 

8.  u  cu.  ft.  is  the  volume  of  i  lb.  of  saturated  steam  at  pressure  p  lbs.  per  square 
inch. 


p 

60 

65 

70 

75 

80 

85 

u 

703 

6-52 

609 

5-70 

5'37 

507 

What  are  the  volumes  at  pressures  69 "21,  79*03,  and  89*86? 

9.  H  is  the  horizontal  intensity  of  the  earth's  magnetic  field  in  latitude  50°  N.  at 
the  following  longitudes  : — 


Longitude 

10°  W. 

0 

10°  E. 

20°  E. 

30' E. 

H 

181 

188 

195 

201 

217 

What  is  the  probable  value  of  H  in  longitude  3°  W.,  and  15°  E. 

10.  The  following  table  gives  the  time  of  sunset  at  the  following  dates . 


Jan.x. 

Jan.  xo. 

Jan.  16. 

Jan.  30. 

Feb.  5. 

3.59 

4-9 

4.18 

4.42 

4.53 

Plot  a  curve  to  show  the  time  of  sunset  on  any  day  in  January.     Find  the  times  of 
sunset  on  January  4th  and  January  20th. 
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11.  The  following  table  gives  the  expectation  of  life  of  males  at  all  ages  from  o 
to  100 : — 


Age     . 

o 

5 

10 

15 

20 

25 

30 

35 

40 

45 

50 

Exj^ec- 
tation 
of  life 

41-35 

50-87 

47-60 

4341 

39-40 

35-68 

3210 

2864 

2530 

22-07 

18-93 

Age      ... 

55 

60 

65 

70 

75 

80 

85 

90 

95 

100 

Expectation  of 
life    .     .     . 

15-95 

I3"i4 

io'55 

8-27 

6-34 

4*79 

3-56 

2-66 

201 

1-61 

What  is  the  probable  expectation  of  life  at  the  following  ages  :   7  years,  14  years, 
16  years,  and  43  years  ? 

12.  N  is  the  number  of  males  out  of  every  million  bom  surviving  at  the  following 
ages:— 


Age. 

N. 

0 

1,000,000 

I 

836,405 

5 

723,716 

10 

689,857 

15 

672,776 

20 

651,903 

25 

624,221 

30 

595,089 

35 

564,441 

40 

531,657 

What  is  the  probable  number  surviving  at  17  years  of  age  ? 

Out  of  1000  living  at  the  age  of  17  years,  how  many  will  probably  survive  at 
33  years? 

13.  An  examiner  has  to  give  marks  to  papers  ;  the  highest  number  is  185,  the 
lowest  42.  He  desires  to  change  all  his  marks  according  to  a  linear  law,  converting 
the  highest  number  of  marks  into  250,  and  the  lowest  into  100  ;  show  how  he  may  dc 
this,  and  state  the  converted  marks  for  papers  already  marked  60,  loo,  and  150. 

(Board  of  Education  Examination,  1902.) 


14.  £r  is  the  total  return  in  money  obtained  from  a  certain  farm  when  £C  pei 
annum  of  capital  and  labour  are  invested  in  it. 

C 

100 

150 

250 

300 

350 

r 

60 

67 

95 

IDS 

108 

109 

Plot  a  curve  showing  the  probable  return  for  any  investment  from  ;^loo  to  ^"350 
iJVTiat  is  the  probable  return  fo   an  investment  of  ;^225  ? 
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16.  Green  peas  are  brought  into  the  market  of  a  county  town.  Early  in  the 
season  100  lbs.  per  day  are  brought  in  and  sold  at  is.  per  lb.  Late  in  the  season, 
when  peas  are  plentiful,  10,000  lbs.  are  brought  in  and  sold  at  i\d.  The  intermediate 
amounts  and  prices  are  given  in  the  following  table  : — 


Quantity  brought  into 
the  market   .     .     . 

100 

500 

1000 

2000 

5000 

10,000 

Price  per  lb.    .     .     . 

12 

6 

4 

3 

2 

ih 

Cost  of  growing  and 
marketing  per  lb.  . 

4 

3-2 

2 

2 

If 

If 

Plot  curves  to  show  the  price  and  cost  per  pound  for  any  supply  in  the  market  from 
100  lbs.  to  10,000  lbs. 

Also  plot  a  curve  to  show  the  total  profit  on  the  whole  amount  sold  for  various 
supplies.  What  quantity  must  the  producers  bring  into  the  market  so  as  to  make  the 
total  profit  on  the  whole  supply  the  greatest  possible  ? 

To  construct  the  last  curve  use  your  two  previous  curves ;  do  not  construct  it  from 
the  given  numbers  alone. 

16.  In  the  wholesale  wheat  market,  on  a  certain  date,  A  is  the  amount  which 
holders  of  wheat  will  be  willing  to  sell  at  a  price  /.  B  is  the  amount  which  buyers 
will  take  at  price  /. 


p 

31^. 

SOf.  td. 

3CW. 

29J.  dd. 

29X. 

A 

292,000 

275,000 

250,000 

210,000 

150,000 

bushels 

B 

150,000 

183,000 

225,000 

280,000 

350,000 

bushels 

On  the  same  paper  plot  (i)  a  curve  to  show  the  price  required  to  call  forth  any 
supply  A  from  150,000  to  300,000  bushels  ;  (2)  a  curve  to  show  the  price  required 
to  cause  any  demand  B  from  150,000  to  350,000  bushels. 

The  market  price  tends  to  settle  at  that  value  for  which  the  amounts  supplied  and 
the  amounts  demanded  by  buyers  are  equal.  What  is  the  probable  market  price  in 
this  case  ? 


61.  The  Straight  Line. — Let  us  plot  the  curve  such  that  the  co-ordinates 
X  and/  of  any  point  on  it  satisfy  the  equation  j'  =  2jr  +  3. 

By  calculation  we  find  the  following  corresponding  values  oiy  and  x. 


4f  o  0*5  I  15 

>  3  4  5  6 


On  plotting  these  points  we  get  PB,  Fig.  45. 

This  is  a  straight  line,  and  we  shall  find  that  if  we  take  any  other  values 
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of  jr  and  calculate^  the  corresponding  points  will  lie  on  the  same  straight 
line,  g.g:  when  x  =  075,  j'  =  4*5,  and  the  point  (075,  4*5)  is  found  to  lie  on 
the  straight  line  PB. 

It  can  be  proved  that  any  equation  of  the  first  degree,  such  as  j'  =  mx  +  c, 
where  m  and  c  have  any  constant  numerical  values,  represents  a  straight 
line.     In  the  above  case  m  =  2f  c=  3.    (Ex.  XXXVI  I.,  9.) 

A  straight  line  is  fixed  if  we  know  the  position  of  any  two  points  upon  it, 
and  we  can  find  the  equation  of  the  straight  line  from  the  co-ordinates  of  any 
two  points  upon  it 

Example. — JPind  the  equation  of  the  straight  line  joining  the  points  (i,  3),  and' 
(1*5,  2).     These  are  the  points  Q  and  R  in  Fig.  45. 

Let  the  equation  bej  =  mx  +  c. 

Then,  since  the  point  (i,  3)  is  on  the  line,  the  values  *  =  i  and  >'  =  3  must 
satisfy  the  equation ; 

:.Z-tn-\-e 

Similarly,  4:  =  1*5  and^  =  2  must  satisfy  the  equation  ; 

.".  2  =  i*5f»  +  ^ 

We  have  now  a  pair  of  simultaneous  equations  to  find  m  and  <". 

Solving  these  we  get  w  =  —2,  tf  =  5  ;  therefore  the  equation  to  the  straight  line 
QR  \%y-  -2X  +  5. 

To  verify  this  we  may  take  any  other  value  of  x^  calculate  y  from  the  equation, 
and  find  whether  the  point  obtained  lies  on  the  straight  line ;  e.g.  when  jr  =  2, 
y=.  —4  +  5=  I,  and  we  find  that  the  point  S,  whose  co-ordinates  are  (2,  i),  lies  on 
the  straight  line  QR. 


Examples.— XXXVI. 

Draw  the  straight  lines  represented  by  the  following  equations.  Calculate  the 
values  of  y  corresponding  to  two  values  of  x  in  each  case ;  draw  the  straight  line 
through  the  two  points  thus  obtained  ;  calculate  from  the  equation  the  value  of  y  for 
a  third  point,  and  verify  that  this  point  lies  on  the  same  straight  line. 

\.  y  —  2x-\-  \.  2.  ^  =  4r+2.  Z.  y  —  x  —  \. 

4:.  y  =:  —  2x  +  2.  &.  y  =  —  yc  —  0*5.  6.  ^  =  4r  —  4. 

7.  J/ =  1-43: +  0-3.  8.  ^=  -  r4^  +  o-3. 

Draw  the  straight  lines  through  the  following  pairs  of  points,  and  find  theii 
equations. 

9.  (121,  59)  and  (128,  62).  10.  (i,  -5)  and  (4,  i). 

11.  (-2,  13)  and  (3,  -12).  12.  (2,  -3)  and  (5,  -7). 

13.  (2,  I)  and  (-3,  4).  14.  (-2,  3)  and  (3,  -5). 

15.  (-5,  4)  and  (6,  3).  16.  (i,  5)  and  (-5,  23). 
17.  (II,  -1-2)  and  (17,  -0*6). 

62.  To  find  the  Meaning  of  m  and  c  in  the  Equation  y  =  mx  +  0.— 
Plot  the  following  straight  lines  : — 

(i)  ^  =  lojr  +  3  ;  (2)  ^  =  2jr  +  3  ;  {3)  }^  =  ox  x  +  z; 

(4)  jy  =  -3^  +  3 ;  (5)  .y  =  -10^  +  3 

These  equations  are  all  of  the  form  y  =  mx  +  <r,  ^  is  equal  to  3  in  all  of 
them,  but  the  values  of  m  are  different. 

We  obtain  the  straight  lines  PA,  PB,  PC,  PD,  PE. 
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These  straight  lines  all  start  from  the  same  point  P,  where /^  =  3  on  the 
axis   of  ^,  but  make  different  ^  o 

angles  with  the  axis  of  x.  We 
notice  that  when  m  is  large 
the  line  slopes  steeply  up- 
wards. As  m  gets  smaller  the 
line  becomes  less  steep,  and 
when  m  is  zero  the  slope  of  the 
line  is  zero. 

When  m  is  negative  the  line 
slopes  downwards  as  x  in- 
creases. 

If  we  take  any  two  points  P 
and  A  on  a  straight  Ime,  and 
draw  lines  PN  and  AN  parallel 
to  the  axes  of  x  and  ^  respec- 
tively, then  the  value    of   the 

AN  . 

fraction  pj^  is  called  the  slopg 

of  the  line  PA,  AN  and  PN 
being  each  measured  on  the 
scale  proper  to  the  axis  to  which 
it  is  parallel. 

When    the    same    scale    is 

AN 

taken  on  the  two  axes  =7^^-.  is  the 
PN 

tangent  of  the  angle  which  the 
line  PA  makes  with  the  axis 
of  X,  We  may  note  that  when 
X  increases  by  the  amount  PN, 
y  increases  by  the  amount  AN, 
and  therefore  the  slope  of  the 
straight  line  measures  the  in- 
crease of  jf  per  unit  increase  of 
r.  or  the  rate  of  increase  of  ^ 
with  respect  to  x. 

We  rtnd,  by  measurement. 


e  — 

1 

7 

1 

1 

/ 

/ 

A        1 

\ 

A 

/  y 

\ 

,Q 

V 

1 

\ 

\j 

■V 

L 

\ 

R 

' 

\ 

\ 

a 

\\ 

\ 

S 

1  \ 

\ 

1    ' 

I. 

a\ 

3 

4 

1 

\ 

X 

\ 

\ 

\ 

\ 

\ 

-a  — 

\ 

\ 

Slope  of  PA 


PB 


o"3 


—    =        2 
I 


Fig.  45- 

10  =  w  in  equation  (i) 
m  „  (2) 


PC 


(3) 


PD  =  — ~  =     -  3  =  w 

PE  =  — -  =  —  10  =  ;« 
0-4 


(4) 
(S) 


Similarly,  it  will  be  found  in  any  case  that  in  the  equation  ^  =  mx  +  r, 
m  measures  the  slope  of  the  straight  line  represented  by  the  equation. 

To  find  the  meaning  of  c  we  note  that  if  we  put  jr  =  o  in  the  equation 
y  =  mx  +  Cf  we  get  y  =  c^  and  therefore  c  is  the  value  of  ^  when  x-o; 
i.e.  c  is  the  length  cut  off  on  the  axis  of  ^  by  the  straight  Tme^  =  mx  +  c\ 
e.g.  in  Fig.  45  all  the  straight  lines  cut  off  the  length  3  on  the  a^ds  of  ^,  and 
^  =  3  in  all  the  equations. 
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Examples.— XXXVII. 

1.  Plot  the  straight  lines  y  —  2x  +  6'yy=2x+i\y=2x-\-0',  y=.2x-^2; 
y  z=  2x  —  6  ;  and  show  from  your  figure  that  in  each  case  c  is  the  intercept  on  the  axis 
of  y.  Since  these  lines  all  have  the  same  value  of  m,  we  should  expect  them  all  to 
have  the  same  slope,  i.e.  to  be  parallel.     Verify  this  from  your  figure. 

2.  Draw  the  following  straight  lines  :y  =  Xfy  =  2x—  ^,  y=:2^  —  4*^=  ""3^ 
+  2,  and  J  =  &r  —  3,  on  the  same  sheet  of  paper,  and  verify  that  in  each  case  m  is 
the  slope  of  the  line,  and  <r  is  the  intercept  on  the  axis  of  ^. 

3.  Verify  by  measurement  that  the  slope  of  each  of  the  straight  lines  in  Examples 
XXXVI.,  I  to  8,  is  equal  to  the  value  of  m  in  its  equation. 

4.  If  V  is  the  volume  at  temperature  6°  C.  of  a  portion  of  gas  which  occupies 
loo  cc.  at  o°  C,  it  is  known  that  V  =  loo  +  o'3670. 

Plot  a  curve  to  show  the  value  of  V  at  any  temperature  from  o°  C.  to  100°  C. 
Measure  the  slope  of  the  resulting  straight  line. 

W 

5.  The  length  /  of  a  brass  wire  under  a  tension  of  W  lbs.  is  /  =  10  H . 

11,500 
Plot  a  curve  to  show  the  relation  between  /  and  W  from  W  =  o  to  W  =  70  lbs. 
Since  this  equation  is  of  the  first  degree  the  resulting  curve  is  a  straight  line  ; 
measure  its  slope,  and  show  that  the  slope  is  equal  to  the  value  of  m  in  the  equation. 

6.  R  is  the  electrical  resistance  of  a  copper  wire  of  i  mm.  diameter,  and  i  metre 
long,  at  temperature  0°  C. 

It  is  found  that  R  =  o'0203  (i  +  O'OO4I0). 

Plot  a  curve  to  show  the  value  of  R  at  any  temperature  between  0°  C.  and  100°  C. 

7.  For  nickel  of  the  same  dimensions  the  corresponding  formula  is 

R  =  0-1568  (I  +0-00626) 
Plot  a  curve  to  show  the  value  of  R  at  any  temperature  between  0°  C.  and  100°  C. 

8.  The  specific  heat  of  mercury  at  temperature  /  is  C^  =  003327  —  o'o592/. 
Plot  a  curve  to  show  the  specific  heat  at  any  temperature  from  0°  C.  to  50°  C. 

9.  A,  B,  and  C  are  any  three  points  whose  co-ordinates  satisfy  the  equation 
y  =  mx  +  c.  Show  that  the  straight  lines  AB  and  AC  have  the  same  slope.  Note 
that  it  follows  that  all  points  whose  co-ordinates  satisfy  the  equation  y  =  mx  +  c  lie 
on  the  same  straight  line. 

63.  In  plotting  functions  the  following  order  is  usually  the  best : — 

(i)  Calculate  from  the  equation  the  values  oiy  for  the  two  extreme  values 

of  X  between  which  the  cur\'e  is  to  be  drawn,  and  for  any  value  of  x  such 

as  o,  I,  etc.,  for  which  the  calculation  is  easy. 

(2)  Form  an  estimate  of  the  greatest  and  least  values  oiy  that  will  occur  ; 
note  especially  whether  any  negative  values  of  _y  occur. 

(3)  Choose  the  scales  for  the  two  axes  so  that  the  figure  will  be  extended 
over  the  paper  as  much  as  possible.  The  scales  need  not,  of  course,  begin 
at  zero. 

(4)  After  plotting  the  points  found,  calculate  intermediate  values,  taking 
these  nearest  together  where  the  curvature  is  greatest. 


64.  Curves  represented  by  the  Equation  y 

examples  in  which  a  and  n  have  different  values. 


ajr^^We  shall  take 


Example  (i). — Plot  the  curve  whose  ordinate  ani  abscissa  are  connected  by  the 
equation  y  —  x^  from  x  —  —  ^  to  x  =  +4. 
Here  a  =  i,  «  =  3. 
By  calculation  we  get  the  following  values  : — 


X 

-4 

4 

0 

I 

-I 

2 

—  2 

3 

-3 

±05 

±1-5 

±2-5 

±3-5 

X* 

-64 

64 

0 

I 

- 

8 

-8 

27 

-27 

+  0-125 

±3-375 

±15-6 

+  42-9 

Plotting  these  values  we  get  the  curve  in  Fig.  46. 
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The  true  shape  zt  a  curve  represented  by  an  algebraical  equation  is  only  obtained 
when  the  same  scale  is  taken  on  both  axes,  but  for  practical  purposes  it  is  usually 
sufficient  to  have  a  curve,  from  which  the  values  oiy  can  be  read  off  for  any  value  of  x. 

To  do  this  it  is  not  necessary  to  use  the  same  scale  for  both  axes,  and  we  choose 
the  scales  independently,  as  in  Fig.  46,  to  suit  the  space  at  our  disposal.  In  curves 
of  the  class  y  =  ayr«,  this  has  the  same  effect  as  altering  the  constant  a,  and  accordingly 
we  shall  usually  take  a  as  unity. 

y 
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The  points  for  which  the  co-ordinates  were  actually  calculated  should  be  shown  by 
small  circles  or  crosses. 

Example  (2). — P/ol  the  curve  y  =  ^r^"*  between  x=o  and  ;»r  =  4. 

Here  a  =  i,  n  =  2*i. 

Taking  logs  of  both  sides  of  the  equation,  we  get 

log^  =  2*1  log  X 

We  arrange  the  calculation  as  follows  : — 


jr. 

log*. 

logj'  =  3"i  log  jr. 

y^ 

0 

Q-OO 

I 

I  00 

4 

0602 1 

1-264 

i8*37 

2 

0-3010 

0632 

4-28 

3 

04771 

I  0019 

1004 

1*5 

o"i76i 

0-370 

2-34 

OS 

1-6990 

1-368 

0-233 

S2U 

/ 

1 

f 

/ 

15 

/ 

/ 

y 

/ 

/ 

10 

. 

/ 

/ 

/ 

1 

6 

/ 

J 

f 

as 

/ 

/ 

l" 

r 

0      ' 

5 

1     1 

5     s 

> 

.    « 

\ 

4 

« 

X 
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Plotting  these  values  we  get  the  curve  in  Fig.  47.  A  lo-inch  slide  rule  will 
usually  be  found  sufficiently  accurate  for  all  calculations  needed  for  plotting  curves, 
unless  the  scale  is  very  large. 


Example  (3). — F/o(  the  curve y 
We  have  by  calculation 


2x-^from  X  —  o*5  to  x  —  J^. 


Jt. 

*•. 

^-M~*=y. 

0 

0 

00 

4 

16 

1=0125 

I 

I 

2-00 

2 

4 

O'SO 

3 
IS 

1 

0-22 

1  =  0-89 

05 

025 

8-00 

07 

0-49 

4-09 

1-2 

1-44 

1*39 

06 

036 

5*55 

y 

e 

6 

4 

, 

1 

s 

j 

I 

t 

\ 

\ 

\ 

\ 

. 

2 

Fig.  48. 


Any  curve  of  the  class  y  =  ax**  in  which  n  is  negative,  slopes  downwards  from 
infinity  as  x  increases  from  the  value  o. 
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Example  (4).—/%;/  ^Ae  curves  y  =  x^  and  y  =.  x^  on  the  same  sheet  of  paper  Jrom 
X  =  0  to  X  =  $. 

Ify  =  x^  we  have,  taking  logs,  ]ogy  =  |  log  *, 


X. 

log;r. 

|logjr  =  log>'. 

y- 

I 

_ 

.^ 

I -00 

0 

— 

— 

O'OO 

5 

0-699 

0-262 

1-83 

2 

0-3010 

0-113 

130 

3 

0-4771 

O-I  74 

1-49 

4 

06021 

0226 

1-68 

05 

1-699 

1-887 

077 

03 

1-477 

1-804 

0-64 

02 

1*301 

1738 

o'SS 
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1-625 
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y 


/ 

/ 

/ 

/ 

/ 

/ 

/ 

, 

f 

/ 

\ 

/ 

/ 

1 

/] 

^ . 

, — 

— 

^ 

"^ 

y 

^ 

1 

vL 

/ 

1 

Fig.  49. 

Plotting  these  numbers  we  get  the  curve  OA.     The  equation  y  =  x^  may  be 

written  x  =  y^,  and  thus  the  curve  y  =  x^  may  be  obtained  from  the  curve  y  —  x°  by 
exchanging  the  values  of  jr  and  j  for  every  point  on  it.     We  thus  get  the  curve  OB. 

If  we  draw  a   straight  line   OC  through  the  origin  and  the  point  (i,    i),  the 
two   curves  are  symmetrical  about  the  line  OC.      Any  two  curves,  y  —  3^  and 

1 
y  —  x>^^  are  symmetrical  about  the  line  OC. 
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Examples.— XXXVIII. 


2.  ^  =  O'lJT*  from  x=.  —4  to  x^=  4-4- 


Plot  the  following  curves : — 
\,  y  —  X*  from  x  =  —4  to  x  =  +4, 

3.  y  =  o'lx*  from  x  =  —4  to  jr  =  +4. 

4.  ^  =  5^:"'  from  x  =  — 2  to  jr  =  — 0'5,  and  from  x  =  +  o'$  to  x  =  2. 

5.  y  =  2x~*  from  x  =  —2  to  x  =  — 05,  and  from  x  =  +  0*5  to  x  =  2. 

6.  ^  =  x~'  from  X  =  o"i  to  X  =  10. 


T.  y  =  x',  and  ^  =  X* 


8.  >>  =  x3,  and  ^ 


from  j:  =  o  to  jr  : 
^,  from  X  =  o  to  JT 


1*2  on  the  same  sheet  of 


paper. 


9.  y  =  x",  and_y  =  x    ,  from  x  =  o  to  x  =  1*05. 

10.  _y  =  2x~^^  from  X  =  01  to  X  =  10. 

11.  ^  =  4Sox~^'^  from  X  =  I  to  X  =  10. 

12.  y  =  x^  -{■  2x  —  ^  from  x  =  — 4  to  x  =  +  4. 

13.  ^  =  x3i  —  2x28  from  ^  _  2  to  X  =  5. 

14.  Draw  a  figure  showing  approximately  the  shape  of  the  cnrvey  =  x",  when  « 
has  the  values  10,  2,  i,  ^,  ^^g,  o,  —^,  —  |,  —I,  —2,  —10,  taking  the  same  scale  for 
X  and  y.  Show  all  the  curves  together  in  the  same  figure,  estimating  two  or  three 
values  of  J  for  each  curve. 

15.  Plot  the  curve  ^  =  x*  on  a  large  scate  from  x  =  o  to  x  =  3*2.  By  means  of 
your  curve  construct  a  table  giving  the  square  roots  of  the  whole  numbers  from  i  to 
10.     Also  find  the  square  roots  by  the  arithmetical  method,  and  compare. 

16.  Plot  the  curves  =  x'  on  a  large  scale  from  x  =  o  to  x  =  2*2.  ConstxTict  a 
table  giving  the  cube  roots  of  the  whole  numbers  from  i  to  10.  Also  find  the  cfibe 
roots  by  logarithms  and  compare. 

65.  We  shall  now  give  some  examples  of  practical  applications  of  the 
plotting  of  curves  of  the  class  y  =  ax*  and  related  curves. 

Example  (i). — A  uniform  beam  of  length  /,  fixed  at  one  endy  supports  a  weight  W 
at  the  other.     TJu  deflection  y  at  a  distance  x  from  the  fixed  end  is  given  by  the  formula 

^  =  ^  (^/x*  —  ^x*).     E  and  I  are  constants  depending  on  the  material  and  shape  of 

the  beam. 

Construct  a  curve  to  show  the  deflection  at  any  point  of  a  beam^  10  ft.  long^  which  is 

deflected  \ft.  at  the  free  end. 

W 
Here  /  =  10,  and,  to  find  the  constant  i^ry,  we  have,  when  x  =  10,  ^  =  I 


El' 


/.  substituting  i  = 


W 
EI 


lOOQ 

~3~ 


W 
^=0003 

We  have  to  plot  the  curve/  =  o'0O3(5x'  —  ^x*). 

This  should  be  done  on  a  large  scale.     The  calculation  should  be  set  down  as 
follows : — 


jr. 

5^. 

6 

-■-? 

y- 

0 

— 

— 

— 

O'O 

10 

— 

— 

— 

I'O 

I 

5 

016 

483 

0-014 

3 

45 

4*5 

41-5 

0-124 

5 

125 

208 

104-2 

0-312 

7 

245 

57-0 

I88-0 

0-564 

8 

320 

850 

2350 

0-705 

9 

405 

I2I"0 

284-0 

0-852 
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The  shape  of  the  beam  is  shown  in  Fig,  50. 

If  we  require  the  curve  to  show  the  deflection  at  any  point,  and  not  the  actual 
shape  of  the  beam,  we  can  plot  the  deflection^  on  a  larger  scale  than  the  length  x. 


y 


>              I               5 

y 

4 

6 

8      X 

10 

^^ 

-^ 

' 

t— **-^ 

, 

Fig.  50. 


Example  (2). — Iftfu  mixture  in  a  gas-engine  expands  without  gain  or  loss  of  heat ^ 
it  is  found  that  the  law  of  expansion  is  given  by  the  equation  pv^'^  =  constant ^  where 
p  is  the  pressure  and  v  the  volume. 

Plot  a  curve  to  show  the  pressure  at  any  volume  as  the  gas  expands  from  v  —  11  to 
V  —  23,  having  given  that  p  =  i88'2  when  2/  =  ii. 

Problems  dealing  with  this  subject  are  sometimes  treated  as  though  the  gas  expanded 
according  to  Boyl^s  law^  i.e.  as  though  pv  =  constant. 

On  the  same  paper  plot  a  curve  to  show  the  pressure  at  any  volume  as  the  gas  expands 
according  to  the  law  pv  =  constant,  starting  with  the  same  values  of  p  and  v. 

Wehave/z/i37  =  C 
Taking  logs, 

log/+  1-37  logz/  =  logC 

When/  =  i88-2,  v  -  il,  then  log/  =  2-2747,  log  "^  —  1*0414 

/.  log  C  =  2-2747  +  1-427  =  37017 
From  this  we  get 

log/  =  37017  -  1*37  log  2^ 

and  the  values  of/  can  be  calculated  as  follows  : — 


V 

II 

12 

13 

14 

16 

18 

20 

23 

\ogv 

— 

1-0792 

1*1139 

I  1461 

1-2041 

1-2553 

I -3010 

1*3617 

log/ 

— 

2-223 

2-175 

2131 

2-052 

1-982 

1-919 

1*837 

/ 

188-2 

167-1 

149-6 

1352 

II2-7 

95-8 

83 

68-7 

If  the  gas  expands  according  to  Boyle's  law  we  have  pv  =  constant  =  C|. 
To  find  Ci,  we  have  when  z/  =  il,  /  =  188-2. 

.*.  Cj  =  II  X  i88*2  =  2070 

2070 
.•./»=:207o;/  =  -f-. 


The  values  of/  can  now  be  calculated 

as  follows : 

— 

V 

II 

13 

15 

17 

19 

21 

23 

P 

188-2 

159-9 

138 

121-8 

109 

98-6 

90 
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The  two  curves  obtained  by  plotting  these  two  sets  of  corresponding  values  of  p 
and  V  are  shown  in  Fig.  51. 
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The  following  example  is  of  special  interest  to  students  of  chemistry  and  physics. 

Example  (3). — Boylis  law  states  that  a  gas  at  constant  temperature  expands 
according  to  the  law pv  =  Cy  or^  if  we  choose  suitable  units y  pv  —  \.  When  the  gas  is 
near  to  the  liquid  state  this  equation  ceases  to  be  sufficiently  accurate.  According  to 
van  der  JVaals.  a  more  exact  law  is 


(/  +  ^.)^^-'^)=«  + 


_£_ 
273 


where  a  and  b  are  small  constants  and  t  is  the  temperature  centigrade. 

For  carbon  dioxide  a  —  O"oo874,  b  —  0'cx)23. 

Plot  a  curve  showing  the  relation  between  p  and  v  from  v  —  0004  to  v  —  0*03  for 
the  case  t  =  0. 

Also  plot  the  curve  pv  —  \  on  the  same  paper ^  and  compare. 
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We  have  (p  4. 


0^00874 
I 


J{v-  0-0023) 
0*00874 


V  —  0*0023 
Values  of^  are  calculated  as  follows  : — 


». 

I 

0*00874 

1        _  0*00874 

V  —  0*0023 

»- 0*0023           V*       ~^ 

0004 

588*3 

546*2 

42-1 

0*030 

36-1 

971 

26*39 

0005 

370*3 

349-6 

20*7 

o*oo6 

270*2 

2430 

27*2 

0008 

175-4 

136-6 

38-8 

O'OIO 

129*8 

87*4 

42*4 

0*015 

78*7 

38-4 

40-3 

0-020 

56-5 

21-8 

347 

0*025 

4405 

13-98 

30-07 

45 
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K 
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Values  of  0 
Fig.  52. 

The  curve  obtained  by  plotting  these  values,  and  also  a  portion  of  the  curve 
/T'  =  I,  is  shown  in  Fig.  52. 

Example  (4). — A   wroughi-iron  tube  of  lin.  radius  inside,   and  yin.    radius 
outside  is  subjected  to  a  fluid  pressure  of  6000  lbs.  per  square  inch  inside.     If  the  pressure 
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on  the  outside  is  o,  draw  a  curve  showing  the  tensile  stress  {—  q)  at  all  points  within  the 

material  of  the  tube.     Given  p-a-\--^,  q-=a—  --^,  where  a  and  b  are  constants,  r  is 

the  distance  from  the  centre  of  the  tube,  and  p  is  the  pressure  on  the  inside  or  outside  of 
the  tube. 

To  find  a  and  3,  we  have 

when  r  —  \^  p  —  6000  ;  when  r  =  3,  /  =  O 

/,  substituting    6000  —  a  ■\-  b  'y  o=fl+  — 
/.  %b  =  6000 ;  b  =  6750 
«  =  -  750 
We  can  now  calculate  the  values  oi  —  q  for  different  values  of  r  from  the  formula 


750  + 


6750 


r. 

6750 

750  +  ^750. 

r^ 

r* 

I 

6750 

7500 

2 

1687-5 

2437*5 

3 

750 

1500 

13 

3990 

4740 

17 

2340 

3090 

1*5 

3000 

3750 

I'l 

5580 

6330 

2*5 

1080 

1830 

7.000 


I  2 

Dl9tanoefrom  centre  of  tube  (fnehe») 
Wm-  If. 


ft    * 
t  «  "  o  *  «    'J! 
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Examples.— XXXIX. 

1.  Plot  the  following  curves  together  on  the  same  sheet  of  paper,  from  »  =  i  to 
V  =  lo,  taking  values  of  v  as  abscissae  and  values  of/  as  ordinates  : — 

/zA-«  =  C„  /z/i"*  =  C„  /J/O"*  =  0,^,  pv-  C4,  where  C„  C,,  C„  C4,  are  constants. 
In  every  case  it  is  given  that/  =  3000  when  v  —\. 

2.  The  relation  between  the  pressure  in  pounds  per  square  inch  and  the  volume  in 
cubic  feet  of  one  pound  of  saturated  steam  is  given  by  the  equation  /«io«48  —  ^yg^ 

Plot  a  curve  to  show  the  pressure  for  any  volume  from  u  —  4*57  to  «  =  25*87. 

8.  If  /  is  the  absolute  temperature,  and  v  the  volume  of  a  gas,  then  in  adiabatic 
expansion,  tTJ*"   —  constant. 

Plot  a  curve  showing  how  v  depends  upon  /  for  air  (7  =  1*41)  from  /  =  300  to 
/  =  400,  having  given  that  v  —  \  when  /  =  400. 

4.  If/  is  the  pressure  and  /  the  absolute  temperature  of  a  gas  in  adiabatic 

Y 
expansion,  then  /^~^/  =  constant. 

Plot  a  curve  to  show  how  /  depends  upon  /  for  air  from  /  =  300  to  /  =  400, 
having  given  that/  =  35CX)  when  /  =  400 ;  7  =  i'4i. 

5.  D  is  the  diameter  of  a  wrought-iron  shaft  to  transmit  indicated  horse-power  H 
at  N  revolutions  per  minute.  

65H 


x7^ 


Plot  a  curve  showing  the  relation  between  D  and  H,  from  H  =  10  to  H  =  80, 
when  N  is  100  revolutions  per  minute.  From  your  curve  find  the  diameters  for 
horse-powers  of  27  and  63. 

6.  The  British  Association  rule  for  pitch  and  diameter  of  screw  threads  for  instru- 
ments \%  d  —  6/*,  where  d  is  the  diameter  and  /  the  pitch. 

Plot  a  curve  to  show  the  diameter  for  any  pitch  from  0*004  to  0'02. 

7.  The  tensile  stress  (—  ^)  in  a  certain  cylinder  is  given  by  —  ^  =  4680  ^ -^ —  " 

Plot  a  curve  showing  the  value  of  —  ^  for  any  value  of  r  from  3  to  5. 

8.  A  tube  3  ins.  internal  and  8  ins.  external  diameter  is  subjected  to  a  collapsing 
pressure  of  5  tons  per  square  inch ;  show  by  curves  the  radial  and  circular  stresses 
everywhere. 

Given  that,  at  a  point  distant  r  inches  from  the  axis  of  the  cylinder, 

the  radial  stress  /  =  A  +  -j 

B 
the  circular  stress  ^  =  A  —  -j 

Note  that/  is  5  tons  per  square  inch  when  r  =  4  ins.,  and  /  =  o  when  r  =  1*5  ins. 
[Boaf-i  of  Education  Examination  in  Applied  Mechanics^  1901.) 

9.  In  the  case  of  a  uniform  beam  of  length  /  fixed  at  one  end,  and  carrying  a 
uniformly  distributed  load  w  per  unit  length,  the  deflection  y  at  the  distance  x  from 
the  fixed  end  is  given  by 

Draw  a  curve  to  show  the  deflection  at  any  point  of  a  beam  10  fl.  long  which  is 
deflected  i  ft.  at  the  free  end. 

10.  The  deflection  _y  at  a  distance  x  from  the  middle  of  a  uniformly  loaded  beam 
supported  at  the  two  ends  is  given  by 

f  in  measured  upwards  from  the  level  of  the  middle  of  the  beam. 
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Plot  a  curve  to  show  the  shape  of  the  beam,  given  /=  10  ft.,  deflection  at  the 
middle  =  i  ft. 

11.  The  equation  to  a  parabola  is^y*  =  ^ax. 

Plot  this  between  x=-o  and  ^  =  4,  for  the  cases  where  tf=i,a=2,  <i  =  3. 


x^      y' 
12.  The  equation  to  an  ellipse  is  -,  +'72  =  '• 


Plot  the  whole  curve  for  the  following  cases :  «=3,  3  =  2;a=3,^=i;a  =  4, 
5  =  3;fl=i,  3=1. 

13.  The  equation  to  a  hyperbola  is-^  —  -^  =  I. 

Plot  the  curve  from  *=  —  i2tojr=  +  12  for  the  same  values  of  a  and  3,  as  in 
example  12. 

14.  Calculate  the  amount  of  ;^ioo  at  3  per  cent,  compound  interest  in  5,  10,  15, 
and  20  years. 

Plot  a  curve  from  these  values  to  show  the  amount  for  any  number  of  years  from 
I  to  20.  From  your  curve  find  (i)  the  amounts  of  ;^ioo  in  3  and  7  years  respectively, 
(2)  in  how  many  years  would  ;^520  amount  to  ;^6ii  lar. 

15.  The  present  value  of  an  annuity  of  ;^P  per  annum  for  n  years,  with  interest  at 
r  per  cent.,  is  given  by 

„       /         /ioo  +  r\— \iooP 

Plot  curves  showing  the  present  value  of  an  annuity  of  ;^i  {a)  at  3  per  cent,  per 
annum,  for  periods  varying  from  i  year  to  50  years  ;  (b)  for  30  years  at  rates  varying 
from  1  to  5  per  cent. 

16.  The  velocity  v  ft.  per  second  at  which  water  will  flow  through  a  pipe  of 
diameter  d  ft.  with  a  fall  of  i  in  10  is  given  by  the  empirical  formula 


''='4o(|)'-"(^) 


40/  \40y 

Plot  a  curve  to  show  the  value  of  v  for  pipes  from  i  in.  to  12  ins.  diameter. 
From  your  curve  read  off  the  velocity  for  a  pipe  of  2*5  ins.  diameter. 

17.  The  following  formulae  have  been  given  for  the  shape  of  high  dams  in  masonry 
for  reservoirs : 


/    0P5^ 
-  V  P  +  o- 


~^  *-\~ir) 

X  is  the  vertical  depth  below  the  surface  of  the  water  in  feet. 

y  is  the  horizontal  distance  of  a  point  on  the  outer  face  from  a  vertical  line  through 
the  top  of  the  inner  face. 

2  is  the  horizontal  distance  of  a  point  on  the  inner  face  from  the  same  vertical  line. 

P  =  maximum  pressure  allowed  in  tons  per  square  foot. 

Plot  curves  to  show  the  cross-section  of  the  inner  and  outer  faces  of  the  dam  from 
*  =  40  to  ;p  =  160.     Maximum  pressure  allowed  =  7  tons  per  square  foot. 

18.  e  is  the  commercial  efficiency  of  an  electric  motor  when  the  current  is 
I  amperes 

EI  -  IV  -  P, 
'-  EI 

For  a  certain  motor  E  =  122*4  ;  r  =  0*024 ;  P,  =  2887. 

Plot  a  curve  to  show  the  efficiency  for  all  values  of  I  from  40  amperes  to  160 
amperes.     By  means  of  your  curve  find  the  efficiency  for  a  current  of  86  amperes. 

19.  The  current  I  amperes  required  by  a  motor  of  the  same  type  as  in  the  last 
question  for  a  load  P,  watts  is  given  by  the  formula 


E-- VE«-4r>(P,4-P,) 
2r« 
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For  a  particular  motor  the  full  load  is  746  X  1$  watts,  E  =  125,  r.  =  0*024, 
P,  =  2000. 

Plot  a  curve  to  show  the  current  taken  for  any  load  from  one  quarter  of  the  full 
load  to  rj  times  the  full  load.  What  current  would  be  taken  for  f  load  and  for 
ijload? 

20.  T  is  the  rise  in  temperature  in  degrees  Fahrenheit  of  an  electric  transformer 
when  m  watts  are  wasted  per  square  inch  of  cooling  surfaces. 

For  an  air-cooled  transformer  T  =  300^*. 

For  an  oil-cooled  transformer  T  =  22$mi. 

Plot  on  the  same  sheet  two  curves  to  show  the  value  of  T  in  air  and  oil-cooled 
transformers  respectively,  for  any  value  of  m  between  m  =  o,  and  m  =  o'4. 

What  is  the  waste  in  watts  per  square  inch  for  a  rise  in  temperature  of  60°  for  an 
oil-cooled  transformer?  (W.  B.  Woodhouse,  Electrician^  Feb.  15,  1901.) 

21.  w  is  a  certain  linear  dimension  used  to  determine  the  size  of  a  transformer 
core.     S  is  the  corresponding  area  of  the  cooling  surface. 

The  outside  breadth  of  the  core  =  yiw  ■\-  i  in. 
The  outside  length  of  the  core  =  4'6w  -f-  4  ins. 

S  =  145 'Sw'  -f  120W 
weight  of  iron  =  2*07w'  +  \"j%v^ 

On  the  same  sheet  plot  curves  to  show  the  cooling  surface  and  the  weight  for  all 
values  of  10  from  o  to  6  ins. 

By  means  of  your  curve  find  the  length  and  breadth  of  a  core,  and  the  weight  of 
iron,  to  give  a  cooling  surface  of  2140  sq.  ins. 

(W.  B.  Woodhouse,  Electrician^  March  i,  1901.) 

68.  Compound  Interest  Law  y  —  ae^. — In  nature  we  often  meet  with 
related  pairs  of  quantities  which  obey  a  law  of  the  form  y  —  ae^. 

a  and  b  are  constants,  and  the  quantity  <?,  which  is  the  base  of  Napierian 
logarithms,  is  numerically  equal  to  27183  ...  .  The  nature  and  importance 
of  thts  quantity  e  will  be  more  fully  explained  in  Chapter  XXIX.  It  can  be 
showiv  that  when  y  and  x  are  related  by  the  above  law,  the  rate  of  increase 
oi  y  per  unit  increase  of  x  is  proportional  to  y^  so  that>'  increases  relatively 
to  jr,  like  a  sum  of  money  at  compound  interest  if  the  interest  is  added  to  the 
principal  continuously  instead  of  once  a  year. 

The  law  y  =  ae^  is  called  the  compound  interest  law. 

We  shall  first  take  the  case  where  a  —  \^b  —  i. 

ExABiPLE  (i). — Plot  the  curve y  =  e*from  x  =^  "  4  to  x  =  2. 
Taking  logs  of  both  sides  of  the  equation  v  =  e* 

we  have  log,o'  =  x  log,,^  =  0*4343^: 


X. 

o-4343Jr  =  log>. 

y- 

0 

_ 

10 

I 

— 

2718 

2 

0-8686 

7-390 

-  4 

2-2628 

o-oi8 

— 

0368 

~  2 

— 

OI3S 

-3 

1-6971 

0-0498 

o'4 

0-1737 

1-490 

1*4 

0608 

4-050 

-0-4 

— 

0-670 

Plotting  these  values,  we  get  the  curve  A  (Fig.  54). 
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Note  i. — Since  r-*  =  -,  the  values  oiy  when  x  =  ^  i,  x  —  —  2,  and  jt  =  —  0*4 

in  the  above  table,  need  not  be  calculated  directly  by  logarithms,  but  are  the 
reciprocals  of  the  values  of  ^  for  *  =  I,  ;r  =  2,  and  x  =  0*4.  Similarly  in  any  case 
the  values  of  y  for  negative  values  of  x  are  the  reciprocals  of  the  values  of  y  for 
positive  values  of  ;r. 

Note  2. — The  value  of  a  in  the  equation  v  —  a^  only  affects  the  vertical  scale 
on  which  the  curve  is  plotted. 

Note  3. — When  we  have  plotted  the  curve  >'  =  ^  for  any  value  of  x,  the  curve 
y  =  ^-**  may  easily  be  obtained  from  it.  The  equation  may  be  written  y  —  ^-*\ 
and  may  be  obtained  from  the  equation  ^  =  ^  by  substituting  —  x  for  x.     Therefore, 
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Fig.  54. 


for  every  ordinate  we  mark  off  abscissae  equal  in  numerical  magnitude,  but  in  the 
jpposite  direction  to  the  abscissae  of  the  curve  ^  =  <?**,  we  shall  obtain  the  curve 

The  curve  y  =  e-*  is  given  in  Fig.  54,  e.g.  we  found  that,  in  the  curve  ^  =  ^«, 
rhen^  =  2718,  x  =  i.     Therefore,  in  the  cnrxey  =  €-*,  when^  =  2718,  x  =  —  i. 

We  thus  obtain  the  point  B  in  the  second  curve  from  the  point  A  in  the  first  curve, 
id  so  on. 

Note  that  the  curve  y  =  <^**  is  the  reflection  of  y  =  ^  in  a  mirror.  The  two 
irves  are  symmetrical  about  the  axis  of  y.  They  are  related  in  the  same  way  as  a 
piece  of  writing  and  its  imprint  on  blotting  paper. 
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Also  since  ^-*»  =  -^  we  might  plot  the  curve  ^  =  ^-'*  by  finding  the  reciprocals  of 

the  ordinates  of^  =  ^** 

Note  4. — When  ^  =  <?*  we  have,  by  the  definition  of  a  logarithm,  jr  =  log^,  so 
that  the  curve  ^  =  e^  may  also  be  used  to  find  logarithms  to  base  ^,  e.g.,  to  find  log«3  ; 
we  see  by  inspection  of  Fig.  54  that  when  ^  =  3,  j;  =  i*i,  therefore  log«  3  =  i*i. 
Similarly  we  find  log,  1*5  =  0*4.  These  values  are  correct  to  two  places  of  decimals, 
the  true  values  being  i'gqS  and  0*405. 

By  drawing  a  portion  of  this  curve  on  a  large  scale  we  might  use  it  to  find 
logarithms  to  base  i  to  any  desired  degree  of  accuracy.  This  is  merely  given  as  an 
illustration  ;  it  is  not,  of  course,  an  independent  way  of  calculating  logarithms  to  base 
gf  as  we  have  used  a  table  of  logs  to  construct  the  curve. 


Example  (2).— Plot  the  curves  y  =  r 
jr  =  —  3  and  x  =  +  ^on  the  same  paper ^  and  compare. 


—\x  Zx 


■3x 


between 
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■x-=.  o*i448jr 


X. 

o-i448jr  =  logj'. 

y- 

0 



1*0 

3 

-3 

2 

'      0*1448 
0*2896 

2*718 
0*368 
1-396 
1*948 

—  I 

1*8552 

0-716 

-  2 

1*7104 

0-513 

Note  that  there  are  always  three  points  in  the  curve  y=.  ^  which  may  be 


found    very  easily.      When  x  —  Oy   ^  =  i 


when  X  —  -^    y  =  ^  =  2*718 ;    when 
o 


x^'-^.y  = 


=  0*368. 


2*718 
These  points  should  be  plotted  first,  to  gain  a  general  idea  of  the  shape  of  the  curve* 

The  reflection  of^'  =  ^"^  gives  ^  =  ^"*'*. 


Taking  logs, 


{b)y  = 
^ogy=  3:rlog^ 


1-303* 


X. 

r303Jr  =  log  J'. 

y- 

0 



vo 

-1 

—  . 

2-718 

— 

0*368 

I 

"•303 

20*1 

o-i 

0-1303 

1*35 

-  0*1 

1-8697 

0-7408 

—  I 

2*697 

0*05 

—  2 

3*394 

0*0025 

0-7 

0*9121 

8*i68 

-o*7 

1-0879 

0*122 

o*5 

0*6515 

4-472 

-0-5 

1-3485 

0-223 

The  reflection  of  the  curve  thus  obtained  is  the  curve  ^ 
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67.  Any  curve  whose  equation  is  of  the  form  y  —  (*  where  c  is  any 
number,  belongs  to  the  class  here  considered;  for,  by  the  definition  of  a 
logarithm,  ^"«««  =  c. 

,'.  c  -  ^<'««««'>« 

and  the  equation  y  =  c*  may  be  written  y  =  ^<*«««>*,  which  Is  of  the  form 
y  ■=:  ^\{b  -  log,  c. 

For  example,  log,  10  =  2'3026  ;  i.e.  e^^"^  —  10,  so  that  the  equation 
\y  —  TO* may  be  written/  =  ^'soaa*. 

Thus  the  curve  /  =  10*  is  the  same  as  /  =  ^  for  the  case  when 
b  =  2'3026. 

In  the  curve  y  —  10*,  x  =  logio  J,  and  the  curve  may  be  used  to  find 
common  logs  if  drawn  on  a  sufficiently  large  scale. 


Examples. — XL. 

1.  Plot  the  curves _y  =  i^  TcvAy  =  c^  between  x  =  —  i  and  jr  =  +  I. 

2.  Plot  the  cunres  _y  =  /*  and'/  =  e"^*  between  *  =  —  4  and  x  =  +  4,  and 
the  same  paper  plot  the  curve/  =  ^  for  the  case  when  ^  =  o. 
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8.  Plot  the  curves^  =  e^^*,  y  —  ^-i**,  y  —  ^to*,  y  —  ^"1*5*,  between  x  =  —  ii  and 
x=  +11. 

4.  Plot  the  curves  y  =  t*',  y  =  e*'^^  y  =  ^,  on  the  same  paper  between  x  =  o 
and  X  =  I. 

5.  Plot  the  curves  y  :=  e^,  y  =  2^,  y  =  3^2*,  on  the  same  scale  between  x=o 
and  X  =  2. 

e.  Find  the  values  of  lo^,  lo^  lo^,  iqi^,  by  finding  square  roots  in  succession 

without  using  logs.  By  multiplying  these  values  obtain  10*,  10^,  10^,  etc.  .  .  . 
Using  these  values  plot  the  curve  y  =  10*  from  ;c  =  o  to  ;r  =  i.  From  your  curve 
find  the  common  logarithms  of  2,  3,  4,  5,  6,  7,  8,  .9 ;  and  compare  them  with  the 
values  given  in  the  tables. 


68.  We  shall  now  give  some  examples  of  curves  of  type  j  =  a*?**,  which 
occur  in  physical  science. 

Example. — Newton's  law  of  cooling. 

A  body  is  heated  to  a  temperature  0,°  above  the  surrounding  bodies ^  and  suspended  in 
air.  Its  excess  of  temperature  B°  at  any  time  t  seconds  afterwards  is  given  by  Q  —  6,.?-**, 
where  a  is  a  constant.  For  a  certain  thermometer  bulb  suspended  in  air,  it  was  found 
that  a  =  0*0155,  ^1  =  I9'32°.     Plot  a  curve  showing  the  temperature  at  any  time  t. 

We  have  0  =  a,^-^  =  i9-32^-oi66« 
/.  logu  «  =  -  0-0155^  X  log,,  e  +  log,,  19-32 
=  —  0*00673/  +  1*2860 


i. 

— o"oo673^. 

—0*00673/+ 1  ■286o=log  0. 

0. 

0 

19*32 

10 

-0*0673 

1-287 

16-55 

20 

-0-1350 

1*151 

14*16 

30 

-0*2025 

1*0835 

12-12 

40 

-02700 

1*0160 

10-38 

60 

—  0*4050 

o*88i 

7-59 

80 

-0*5400 

0*746 

5'57 

100 

-0*675 

o*6ii 

4-o8 

120 

-0*810 

0*476 

2-99 

20 

\ 

\ 

\ 

\ 

\ 

1 

510 

N 

5 

\ 

^ 

0 



■-- 

^ 

20  -40  60         .      80 

Time  tn  aeoonda 
.  Fig.  56. 


100 


12Q[ 


Plotting  of  Functions 


109 


69.  The  Catenary- — The  form  of  a  uniform  flexible  cord  or  wire,  such 
as  a  telegraph  or  trolley  wire  suspended  between  two  fixed  points,  is  given 
by  the  equation 


where  c 


c  2 

horizontal  tension 


weight  per  unit  length  of  wire 
This  curve  is  called  the  catenary. 

Example. — A  copper  wire^  weighing  0*405  lbs.  per  yardy  is  suspended  between 
points f  20  yds.  apart,  under  a  tension  0/  yo6  lbs.     Plot  a  curve  to  show  its  shape. 

Here  c  =  ^ =  12-5 

0-405 


We  shall  first  plot  the  curve 
in  which  £•  =  i. 
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Fig.  57. 
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In  this  case  ^  is  the  arithmetic  mean  of  the  ordinates  of  the  curves  y  —  d^  and 
y  —  tr*.  Accordingly,  we  plot  these  two  curves  as  in  example  i,  p.  104,  and,  by 
bisecting  the  ordinates  intercepted  between  them,  obtain  points  on  the  required 
catenary.  We  shall  only  require  the  portions  of  these  curves  between  jc  =  +  i, 
which  we  plot  on  a  large  scale. 

If  we  suppose  that  the  unit  length  on  the  axes  of  x  and^  in  Fig.  57  now  repre- 
sents 2  instead  of  i,  then,  for  any  point  on  the  curve,  the  value  of  ^  measured  on  the 
old  scale  is  half  of  the  value  oiy  on  the  new  scale,  and  similarly  for  x. 

But  the  values  of  x  and  y  on  the  old  scale  were  connected  by  the  equation 

y  =  i(^'  +  (-*) 

therefore,  if  measured  on  the  new  scale,  they  satisfy  the  equation 

Similarly,  if  we  suppose  that  the  unit  length  on  the  axis  in  Fig.  57  represents  a 
length  Cf  the  equation  to  the  curve  is  now 


^  =  i(<^+,-0 


In  the  given  case,  c  =  12  5,  and  therefore  the  unit  on  the  axes  must  represent 

12*5  yds. 

20 
The  span  of  20  yds.  is  represented  by  AB  =  — ^    =  i'6  units,  and  the  shape  of 

I2'5 

the  wire  is  shown  by  the  portion  of  the  curve  between  A  and  B. 

To  represent  a  practical  case,  such  as  that  of  telegraph  wire,  having  a  span  of 
100  yds.,  and  tension  506  lbs.,  we  should  have  c  =  1250  ;  and  therefore  the  span  would 
be  represented  by  -^.^^  =  o*o8  unit  in  Fig.  57.  To  show  this  we  should  have  to 
draw  on  a  large  scale  a  small  portion  of  the  curve  where  it  crosses  the  axis  ofy. 


Examples. — XLI. 

1.  The  excess  6  of  the  temperature  of  a  body  above  that  of  its  surroundings  at  time 
/  seconds  is  given  by  the  equation  0  =  Oi^***,  where  0,  and  a  are  constants. 

If  0  =  26°  when  /  =  o,  and  •  =  9°  when  /  =  10  sees.,  plot  a  curve  to  show  the 
temperature  at  any  time  from  /  =  o  to  /  =  20  sees. 

2.  A  wire  is  stretched  to  a  tension  of  10  lbs.,  and  weighs  2*27  lbs.  per  foot. 
Draw  a  curve  showing  the  form  of  the  wire. 

3.  A  long  thin  bar  is  heated  at  one  end.  If  /  be  the  excess  of  its  temperature 
above  that  of  the  surrounding  air  at  a  distance  x  from  the  heated  end,  it  can  be  proved 
that  /  =  Ag-^  where  A  and  6  are  constants. 

Given  that  /  =  65°  where  x  =  o,  and  /  =  60°  where  ^  =  30  cm. ;  plot  a  curve  to 
show  the  temperature  at  every  point  of  the  bar  to  a  distance  of  i  metre  from  the 
heated  end. 

4.  It  is  found  by  experiment  that  on  the  C.G.S.  system  of  units,  the  viscosity  n  of 
olive  oil  at  temperature  0°  C.  is  given  by  m  =  3-2653^«  0123^.  Plot  a  curve  to  show 
the  viscosity  at  any  temperature  from  16°  C.  to  49°  C. 

5.  If  c  is  the  relative  viscosity  of  common  salt  solution  when  its  concentration  is 
the  fraction  x  of  that  of  the  normal  salt  solution,  then  g  =  1-0986*.  Plot  a  curve  to 
show  the  relative  viscosity  of  salt  solution  for  values  of  j?  varying  from  o  to  i. 

6.  If  the  impressed  electro-motive  force  is  suddenly  removed  from  an  electrical 
circuit  containing  resistance  and  self-induction,  the  current  dies  down  gradually  in  a 

way  given  by  the  equation  i  =  v^i,  where  i  is  the  current  at  time  /  after  the  E.M.F. 
has  been  removed,  R  is  the  resistance,  and  L  the  coefficient  of  self-induction. 
Plot  a  curve  to  show  the  current  at  any  time  from  o  to  01  sec.  for  a  circuit  in 
which /,  =  20  amps.,  R  =  o*2  ohm,  L  =  0005  henry. 

7.  A  condenser  is  discharging  through  a  circuit  containing  self-induction  and 
resistance.     The  potential  v  at  time  /  is  given  by  z/  =  1145^1126x10^  _  j^^g-8SJ6Kio\ 

Plot  a  curve  to  show  the  value  of  z/  at  any  time  from  /  =  c  to  /  =  2  X  io~*. 
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8.  The  entropy  of  I  lb.  of  air  at  pressure  _p  lbs.  per  sq.  foot,  volume  v  cu.  feet, 
and  absolute  temperature  /°(Falir.)  is  given  by 

^  =  o-i6881og.^-^  +  o-237Slogej^ {a) 


^  =  o-2375loge^ -0-0687  log,  ^       {6) 

,  —  +  0*0687  log« 

493  '     ^  "•39 


^  =  0-I688  log. -^+0-0687  log, -^^ ic) 


{a)  A  pound  of  air  is  heated  from  absolute  temperature  493°  (Fahr.)  to  absolute 
temperature  673°  (Fahr.),  at  constant  pressure  21 16  (atmospheric).  Plot  a  curve  to 
show  the  entropy  for  any  temperature  throughout  the  above  range.     (Use  equation  d.) 

(d)  During  the  above  change  of  temperature  the  volume  changes  from  12*39 
to  16*9.  Plot  a  curve  to  show  the  entropy  for  any  volume  throughout  this  range. 
(Use  equation  a.)  Note  that  this  curve  is  of  the  same  shape  as  the  curve  in  a,  but 
has  a  different  scale  for  the  abscissae.  This  is  because  the  volume  of  a  perfect  gas 
at  constant  pressure  is  proportional  to  the  temperature. 

{c)  A  pound  of  air,  at  volume  12*39  cu.  ft.,  atmospheric  pressure  21 16,  temperature 
493,  is  kept  in  a  closed  vessel,  and  heated  till  its  pressure  is  4232  (two  atmospheres). 
Plot  a  curve  to  show  its  entropy  for  any  pressure  between  21 16  and  4232. 

{d)  The  temperature  becomes  986  during  the  above  change  of  pressure.  Plot  a 
curve  to  show  the  entropy  for  any  temperature  during  this  change. 

(i)  The  temperature  is  kept  constant,  and  the  pressure  is  increased  to  4232.  Plot 
a  curve  to  show  the  entropy  as  a  function  of  the  pressure  from  /  =  2ii6to/  =  4232. 
Note  that  this  curve  is  quite  different  from  that  of  example  c. 

{/)  While  the  pressure  is  doubled  in  the  last  example,  the  volume  becomes  6*195 
cu.  ft.     Plot  a  curve  to  show  the  entropy  for  any  volume  between  12-39  and  6*195. 

8,  From  the  equation  {c)  above,  plot  /,  <p,  curves  having  values  of  /  as  ordinates, 
and  values  of  <^  as  abscissae,  from  /  —  493  to  /  =  673, 
(i)  when  vis  constant  and  equal  to  12*39  J 

(2)  „  „  „  „     24*78; 

(3)  ..  »  „  ..       6*195. 

10.  The  entropy  ^  of  i  lb.  of  dry  saturated  steam  is  given  by 


^  =  'og.^  +  ^-f-o-69S 


274 

where  /  is  the  absolute  temperature  Centigrade.     Plot  a  curve  having  values  of  /  as 
ordinates  and  values  of  ^  as  abscissae  from  /  =  274  to  /  =  474. 

70.  Curves  represented  by  the  Equation  y  =  a  sin  (ex  +  d). 

We  shall  consider  separately  the  three  constants  «,  ^,  and  d  in  this 
equation. 

(I.)  Period. — To  find  the  meaning  of  the  constant  c  in  the  equation 
y  =  asin  (ex  +  d). 

We  shall  plot  curves  whose  equations  have  different  values  of  <:,  but  are 
the  same  in  other  respects. 

Take  a  =  1,^=0.     Then  y  =  sin  ex. 

(a)  Let  c=  1. 

The  equation  is  now 

_y  =  sin  jr 

The  values  of  jy  for  different  values  of  x  may  here  be  read  off  directly 
from  the  tables  so  long  as  the  angle  is  in  the  first  quadrant. 

In  Chapter  II.  we  have  seen  that  as  the  generating  line  of  the  angle  x 
passes  through  the  second  quadrant  with  increasing  Xy  sin  x  passes  back 
through  the  same  positive  values  from  i  to  o.  In  the  third  and  fourth 
quadrants  we  have  the  same  numerical  values  but  with  negative  signs. 

When  X  reaches  the  value  360°  its  generating  line  has  passed  through  the 
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four  quadrants,  and  sin  x  begins  again  at  o  and  passes  through  the  same 
values  in  the  same  order  as  before.  Thus  the  curve  repeats  itself 
Indefinitely. 

We  here  take  x  in  degrees.  When  the  curve  is  required  so  that  the 
angle  is  expressed  in  radians,  the  necessary  change  may  be  made  in  the  scale 
of  the  axis  of  x. 

We  get  the  curve  <z,  Fig.  58. 

ib)  Let  c-i. 
^       The  equation  is  now 

y  —  sin  2x 

Values  of  J'  as  :r  increases  from  0°  to  90°  are  given  in  the  following 
table :— 


X  degrees  . 

0 

9 

18 

27 

36 

45 

sin  2x  —y 

0 

0-309 

0-588 

0809 

0-951 

I 

*. degrees  . 

90 

« 

81 

72 

63 

54 

45 

When  two  values  of  jr,  such  as  18°  and  72°  in  the  above  table,  are 
complementary,  the  values  of  7.x  are  supplementary,  and  have  the  same  sine. 

As  X  increases  from  90°  to  180°,  ix  increases  from  180°  to  360°,  and  its 
generating  line  passes  through  the  third  and  fourth  quadrants  ;  therefore  we 
get  the  same  numerical  values  for  sin  ^x  as  in  the  table,  but  with  negative 
signs. 

We  thus  get  the  curve  ^,  Fig.  58.     The  curve  repeats  itself  indefinitely. 

(^)  Let  c  =  \. 

The  equation  is  now 

y  —  sin  \x. 

Values  of  >*  as  ^  increases  from  0°  to  360°  are  given  in  the  following 
table :— 


X  degrees 

0 

18 

36 

54 

72 

90 

108 

126 

144. 

162 

180 

sin  \x     . 

0 

0-156 

0-309 

o'454 

0-588 

0-707 

0-809 

0-891 

0-951 

0988 

■ 

«d^rees 

360 

342 

324 

306 

288 

270 

252 

234 

216 

198 

180 

When  two  values  of  x^  such  as  108°  and  252°  in  the  above  table,  are 
together  equal  to  360°,  the  values  of  \x  are  supplementary,  and  have  the 
same  sine. 

As  X  increases  from  360°  to  720°  the  angle  \x  increases  from  180°  to  360°, 
and  its  generating  line  passes  through  the  third  and  fourth  quadrants.  Its 
sine  will  therefore  pass  through  the  same  numerical  values  as  in  the  above 
table,  but  with  negative  signs. 

We  thus  get  the  curve  r.  Fig.  58.     The  curve  repeats  itself  indefinitely. 

Comparing  these  three  curves,  whose  equations  are  of  the  form^  =  ivacx 
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with  different  values  of  r,  we  see  that  they  are  all  of  the  form  of  waves  of  tlie 
same  unit,  height,  and  starting  at  the  same  point  (o,  o),  but  of  different 
lengths. 
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Sine  curves,  such  as  these  or  combinations  of  different  sine  curves,  may 
be  made  to  represent  a  great  number  of  cases  in  nature,  by  choosing  various 
meanings  of  ^  and  x. 

If  y  and  x  are  both  lengths,  the  curves  may  be  used  to  represent  such 
cases  as  the  form  of  waves  or  of  a  vibrating  string.  If  j  denotes  length  and 
X  time,  the  curves  may  be  used  to  represent  periodic  oscillations,  such  as 
those  of  a  spring  or  pendulum,  the  motion  of  a  crank,  sound  waves,  etc. 

\iy  denotes  the  intensity  of  the  electric  current  through  a  conductor,  and 
X  denotes  time,  the  curves  may  be  used  to  represent  an  alternating  electric 
current. 

In  most  practical  cases  where  we  meet  with  the  curve  j'  =  a  sin  {ex  +  ^, 
the  value  of  the  angle  {ex  4-  d)  is  expressed  in  radians. 


71.  "Wave  Length — Periodic  Time. — We  define  the  wave  length  of  the 
curve  represented  by  the  equation  y  =  asm.  {ex  +  d\  as  the  distance  between 
two  points  where  it  crosses  the  axis  of  x  in  the  same  direction.  It  is  under- 
stood that  the  value  of  {ex  +  d)  is  expressed  in  radians. 

E.g.  the  wave  length  of  the  wave  represented  byj^  =  sin  x^  where  e  =  i 
is  2ir,  Fig.  58. 

If  we  change  ^  to  2  we  get  the  curve  (J?\  whose  wave  length  is  »  =  — . 

If  we  change  ^  to  ^  we  get  the  curve  (<f),  whose  wave  length  is  4*  or  -r- 

2 
In  general,  we  find,  in  the  same  way,  that  the  wave  length  of  the  curve 

.     2ir 

y  —  sm  ex  is  — . 

Let  us  consider  the  physical  meaning  of  this  in  the  important  case  when 
the  abscissa  represents  time  ;  e.g.  let  the  ordinate  represent,  on  a  suitable 
scale,  the  small  displacement  of  the  end  of  a  vibrating  spring,  and  let  the 
abscissa  represent  the  time  t.  The  motion  of  the  spring  may  be  represented 
by  the  equation  j  =  sin  et.  An  oscillation  of  this  kind  is  a  case  of  simple 
periodic  or  simple  harmonic  motion. 

The  time  of  an  oscillation  is  the  time  corresponding  to  a  complete  wave 
length  of  the  curve  y  =  sin  et^  i.e.  the  time  in  which  the  angle  et  increases  by 
the  amount  2ir.  After  this  time  has  elapsed  from  the  instant  /  =  o,  the  value 
of  sin  et  goes  through  the  same  series  of  values  again,  and  another  oscillation 
takes  place  ;  and  so  on. 

While  et  increases  by  2ir,  the  time  /  mcreases  by  — . 

2t 

I.e.  the  time  of  a  complete  oscillation  is  — .    This  is  called  the  periodic 

c 

time  of  the  simple  periodic  oscillation. 

The  frequency  of  an  oscillation  is  the  number  of  complete  oscillations 

which  take  place  in  a  unit  of  time. 

In  the  case  of  the  above  simple  periodic  oscillation  the  frequency  is  — . 

For  example,  if  the  current  in  a  conductor  at  time  /  seconds  is  I  ampere, 
and  we  know  that  1  =  1©  sin  (600)  /  where  Iq  is  constant,  then  the  angle  600/ 

2ir 

increases  from  o  to  27r,  while  /  increases  by  2—  seconds.    This  is  the  periodic 

time. 

Frequency  =  number  of  oscillations  per  second 

=  —  =  96  nearly 
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72.  (II.)  Amplitude. — To  find  the  meaning  of  the  constant  a  in  the 
curve  y  =  a  s'm  {ex  +  d). 

In  the  three  curves  plotted  in  Fig.  58  we  had  a  equal  to  unity.  The 
effect  of  changing  the  value  of  <z  to  2  or  ^  would  evidently  be  to  multiply 
every  ordinate  in  Fig.  58  by  2  or  J  respectively,  i.e.  the  curves  would  still  be 
wave  curves  of  the  same  length  as  before,  but  of  twice  or  one-half  the  height. 

Similarly,  in  every  case  a  is  the  height  of  the  wave  crest  above  the  axis 
oix. 

When  the  wave  curve  represents  an  oscillation,  a  is  the  amplitude  of  the 
oscillation ;  e.g,  in  the  simple  periodic  oscillation  of  a  spring  the  amplitude  is 
the  maximum  distance  to  which  the  spring  moves  on  either  side  of  its 
equilibrium  position. 

73.  (III.)  To  find  the  meaning  of  the  constant  ^in  the  curve 

^  =  ^3!  sin  (ex  +  d) 

To  trace  the  curves  =  sin  {x-\--\  we  may  add  a  right  angle  to  every 

value  of  X  in  the  table  of  sines,  so  that  when  ;r  =  o,  j/  =  sin  -  =  i,  and 

so  on. 

This  is  equivalent  to  moving  the  curve  {a\  Fig.  58,  back  through  a 
distance  ec^ual  to  one  right  angle  on  the  scale  on  which  x  is  measured,  so 
that  the  pomt  A  is  on  the  axis  of  j. 

Similarly,  if  we  change  y  =  sin  2x  io  y  =  sin  (2Jir  +  -)  the  curve  is  of 

the  same  shape  as  before,  but  begins  at  ^  =  sin  -  =  i.    This  is  equivalent 

to  moving  the  curve  back  so  that  B  is  on  the  axis  oiy. 

Similarly,  y  =  sin  y\x  +  | j  is  of  the  same  shape  a.s  y  =  sin  {\x\  but 

begins  at  the  point  (o,  i),  and,  in  the  general  case,^  =  a  sin  {ex  +  d)  is  of 
the  same  shape  as  ^  =  a  sin  ex^  but  begins  at  ^  =  «  sin  ^  instead  of 
diiy  =  0. 

The  effect  of  introducing  the  constant  d  is  to  move  the  curve  back 

through  a  distance  -  parallel  to  the  axis  of  x. 

Thus  the  value  of  the  constant  d  does  not  affect  the  shape  of  the  curve 
_y  =  a  sin  {ex  +  d\  but  only  its  starting-point. 

Examples.— XLII. 

1.  Plot  the  curve  >•  =  a  sin  ex  from  x  =  o  to  x  —  t  radians  for  the  cases  when 
a  =  4,  and  c  has  the  values  2,  4,  6  respectively. 

2.  Plot  the  curve  y  =  a  sin  ex  from  *  =  o  to  *  =  ir  for  the  cases  when  r  =  2,  and 
a  has  the  values  2,  3,  and  4  respectively. 

3.  Plot  the  curves  =  a  sin  ex  from  jf  =  o  to  x  =  iott  when  a  =  4,  and  c  has  the 
values  ^,  ^,  \  respectively. 

4.  Plot  the  curves  =  a  sin  {ex  +  d)  for  the  cases  when  a  =  2,  f  =  2,  and  d  has 

the  values  o,  — ,  — ,  and  ir  respectively. 

74.  Simple  Periodic  Motion. — Simple  periodic  or  simple  harmonic 
motion  is  the  projection  on  a  straight  line  of  uniform  circular  motion. 

If  the  point  P  moves  round  a  circle  in  a  counter-clockwise  direction  at  a 
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uniform  rate,  its  projections  M  and  N  on  two  perpendicular  diameters  will 
move  backwards  and  forwards  along  those  diameters  with  a  simple  periodic 
motion. 


Example.—^  point  P  moves  round  a  vertical  circle  so  that  the  radius  OP  starts 
in  a  horizontal  positiony  and  moves  with  a  uniform  angular  velocity  of  o'698i  radian 
per  second.  OP  is  of  unit  length.  Plot  a  curve  showing  the  distance  from  O  at  any 
time  of  the  projection  of  P  on  the  vertical  diameter. 
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Fig.  6o. 


Describe  a  circle  of  unit  radius.  In  the  figure  the  point  P  starts  at  A.  After 
I  sec.  OP  has  turned  through  0*6981  radian  =  40**,  after  2  sees,  through  80°,  and 
so  on. 

Mark  ofiF  along  the  circumference  points  to  show  the  position  of  P  at  the  end  of 
each  second,  and  number  them  to  show  the  instant  when  P  passes  through  each  point. 
Then  the  corresponding  positions  of  N  are  the  projections  of  these  points  on  the 
vertical  diameter. 

Take  the  horizontal  diameter  OA  produced  as  the  axis  of  x^  and,  starting  from  A, 
mark  off  along  it  a  scale  of  times  long  enough  to  show  the  time  taken  by  OP  to  make 
a  complete  revolution. 

At  the  end  of  each  second,  plot  points  whose  ordinates  are  the  corresponding 
distances  of  N  from  O.  These  points  give  a  curve  for  which  the  ordinate  s  is  the 
displacement  of  N,  measured  from  the  mid  point  of  its  path,  at  time  /,  represented  by 
the  abscissa. 

The  curve  evidently  repeats  itself  indefinitely.  Since  OP  turns  through  o'698i 
radian  per  second,  the  angle  AOP  is  equal  to  0*6981/  radians  at  time  t  seconds  from 
starting. 

.-.  J  =  ON  =  MP  =  OP  sin  AOP  =  OP  sin  (0*6981/). 

.*.  for  the  numerical  case  taken  in  this  example,  where  OP  =  i,  the  equation  to 
the  curve  is  j  =  sin  (06981/). 
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In  the  same  way  we  see,  in  general,  that  if  a  straight  line  of  length  a,  such  as  a 
crank,  starts  in  a  horizontal  position  when  /  =  o,  and  revolves  in  a  vertical  plane 
round  one  end  at  the  uniform  rate  of  q  radians  per  second,  the  projection  of  the  free 
end  on  a  vertical  straight  line  has  a  notion  which  is  represented  by  the  equation 
X  =  a  sin  qi. 

In  the  same  way  OM  =  OP  cos  AOP  =  a  cos  qt. 

:,  the  projection  of  P  on  a  straight  line  parallel  to  the  starting-position  of  OP, 
oscillates  so  as  to  satisfy  the  law  s  —  a  cos  qt. 


The  student  will  find  a  simple  periodic  motion  represented  sometimes  by 
a  sine  formula  and  sometimes  by  a  cosine  formula.  The  motion  is  evidently 
the  same  in  the  two  cases,  the  difference  in  the  equations  only  depending  on 
the  instant  from  which  we  measure  the  time.  If  we  measure  the  time 
from  the  instant  when  OP  is  in  the  line  of  the  simple  periodic  motion, 
we  get  an  equation  of  the  form  s  =  a  cos  gt ;  if  we  measure  the  time  from 
the  instant  when  OP  is  perpendicular  to  the  simple  periodic  motion,  we  get 
an  equation  of  the  form  j  =  ^z  sin  qi. 

If  OP  represents  the  crank  of  a  vertical  engine  with  a  connecting-rod 
which  is  very  long  compared  with  OP,  the  motion  of  the  cross-head  may  be 
approximately  represented  by  that  of  N,  and,  therefore,  by  the  equation 
s  =  a  s\n  qt. 

If  we  are  given  the  number  n  of  revolutions  per  minute  instead  of  the 

angular  velocity,  then  the  crank  evidently  turns  through  -j—  radians  per 
second.     Therefore,  q  -  -v—   and  the  equation   representing  the   motion 

60  • 


becomes  s  —  as\n 


Example. — A  crank  OP  of  length  5"  starts  from  a  position  making  an  angle  of 
$Ci°  with  the  horizontal  line  OA  at  time  /  =  o,  and  rotates  in  a  vertical  plane  at  a 
uniform  rate  of  120  revolutions  per  minute  in  a  counter-clockwise  direction.  Plot  a 
curve  showing  the  motion  of  the  projection  of  P  on  a  vertical  line  OB. 
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Fig.  61. 


Draw  a  circle  of  radius  to  represent  5"  on  some  suitable  scale.  Draw  the  horizontal 
and  vertical  diameters  A'A  and  B'B. 

Set  otf  the  angle  AOP,  =  59°.     Then  OP,  is  the  position  of  P  when  /  =  o. 

The  crank  turns  through  120  X  2ir  radians  per  minute,  or  4ir  radians  =  720°  per 
second. 

When,  as  in  this  case,  the  positions  of  P  at  the  ends  of  successive  seconds  are  too 
far  apart  to  be  used  for  plotting  a  curve,  set  off  the  positions  of  P  at  intervals  of  any 
convenient  fraction  of  a  second. 

In  this  case  OP  moves  through  36°  in  0*05  sec.  Starting  from  P,  set  off  points 
showing  the  position  of  P  at  intervals  of  0*05  sec.  The  table  of  chords  is 
useful  for  this  purpose.      Set  off  a  scale  of  times  along  OA  produced,  extending 
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from  o  to  o'5  sec,  so  as  to  show  a  complete  oscillation  of  N,  and  plot  the  curve  as 
before. 

To  find  the  equation  of  this  curve  we  note  that  OP  turns  through  4*/  radians  in 
time  t  starting  from  OP,. 

/.  at  time  /,  angle  AOP  =  AOP,  +  PiOP 

=  59°  +  4T/ 

=  (12*566^  +  I '030)  radians 
and  J  =  ON  =  PM  =  OP  sin  AOP 
=  5  sin  (12-566/  +  I '03) 

Similarly,  any  equation  of  the  form 

X  =  a  sin  {qf  +  a) 

represents  the  simple  periodic  motion  of  the  projection  of  P  on  a  vertical  diameter, 


epr 
i^he 


a  =  the  radius  OP  =  the  amplitude  of  the  motion. 

^  =  the  angular  velocity  of  OP  ; 

a  =  the  angle  which  OP  makes  with  the  horizontal  diameter  when  /  =  o. 


The  ratio  which  the  angle  ^/  =  PjOP  in  Fig.  61,  through  which  OP  has  turned 
at  any  instant  since  /  =  o,  bears  to  the  angle  2ir,  through  which  it  turns  in  a  whole 
revolution,  is  called  the  phase  of  the  vibration  when  the  time  =  /  seconds. 

The  angle  BOP,  between  the  revolving  arm  OP,  at  the  instant  when  /  =  o,  and 
the  axis,  along  which  the  periodic  motion  takes  place,  is  called  the  epoch  of  the 
vibration. 


Examples. — XLIII. 

Plot  the  following  curves  between  /  =  o  and  ^  =  2t  : — 

I.  ^  =  2  sin  /.  2.  _j/  =  J  sin  2/.  3.  ^  =  J  sin  3/. 
4.  J)/  =  i  sin  4/.                      5,  ^  =  i  sin  5/. 

6.  A  crank,  I  ft.  long,  starts  in  a  horizontal  position,  and  rotates  in  a  counter- 
clockwise direction  in  a  vertical  plane  at  the  rate  of  1*2043  radians  per  second,  so  that 
the  projection  of  the  moving  end  of  the  crank  on  a  vertical  line  oscillates  with  a 
simple  periodic  motion.  Construct  a  curve  to  show  the  distance  of  the  projection 
from  the  centre  of  its  path  at  any  time.     Write  down  the  equation  to  this  curve. 

7.  Construct  the  corresponding  curve  when  the  crank  in  the  last  example  starts  in 
the  same  position,  and  rotates  at  the  same  rate  in  a  clockwise  direction.  Write  down 
the  equation  to  this  curve. 

8.  A  crank,  6  ins.  long,  starts  at  an  angle  of  45°  with  the  horizontal,  and  turns 
through  30°  per  second  in  a  counter-clockwise  direction  in  a  vertical  plane.  Construct 
a  curve  to  represent  the  simple  periodic  motion  of  the  projection  of  the  free  end  of 
the  crank  on  a  vertical  line.  Write  down  the  equation  of  this  curve.  Construct  the 
corresponding  curve  when  the  same  crank  starts  in  the  same  position,  and  rotates  in  a 
clockwise  direction.     Write  down  its  equation. 

8.  A. crank  9  ins.  long  starts  in  a  position  making  an  angle  of  13°  with  the  axis  of 
X,  and  rotates  in  a  counter-clockwise  direction  at  the  rate  of  10  revolutions  a  minute. 
Draw  a  curve  to  show  the  motion  of  the  projection  of  the  end  of  the  crank  on  Oy. 
Write  down  the  equation  of  this  curve. 

10.  A  straight  line  OP  of  length  i  '8  ins.  starts  in  a  position  such  that  ^P  =  —42°, 
and  rotates  in  a  counter-clockwise  direction  about  O  at  the  rate  of  1200  revolutions 
per  minute.  M  is  the  projection  of  P  on  Ox.  Construct  a  curve  to  show  the  value 
/  of  OM  at  any  time  /,  and  vnrite  down  the  equation  connecting  s  and  /". 

Plot  curves  to  represent  the  following  motions : — 

II.  s  =  2*5  sin  (rii7/  -  07156).  12.  s  =  4*2  sin  (1-2217  -  o"4363/). 
13.  s  =  2-5  sin  (1*885  -  1*4661/).                 14.  X  =  1*5  sin  (200/  +  1*5). 


15.x=rScos(^^/4-;^). 
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16.  Plot  the  curve 

^^  =  3  sin  (2^?  +  1-5708) 

where  /  =  10,  and  /  is  measured 
in  seconds. 

17.  Plot  the  curve 

^  =  Asin(^x+^ 

where     A  =   2*4,     ^  =  07854, 
g  =  —  1*3090. 

18.  Plot  J  =  A  sin  [2'irft  +  e), 
for  the  case  when  A  =5*6, 
e  =■  —  0*7,  and/=  140,  so  as  to 
show  a  complete  period. 

19.  If  *  is  the  value  of  an  alter- 
nating electric  current  at  time  / 
and  »  =  3*5  sin  800/,  plot  a  curve 
to  show  the  value  of  i  at  any  time 
throu£^hout  a  complete  period. 

26.  V  is  the  voltage  in 
a  certain  circuit  at  time  /  and 
V  =  RA  sin  qt.  Plot  a  curve  to 
show  the  value  of  V  at  any  time 
throughout  a  complete  oscillation 
if  R  =  0*25,  A  =  3*1,  q  =  20007r. 

75.  y  =  ae^'  sin  {ex  +  d). 
Consider  the  case 

y  =  tf~i*  sin  2x 

The  curve >'  =  e"^*  \s  plot- 
ted in  Fig.  55,  and  J'  =  sin  2x 
in  Fig.  58. 

Plot  these  two  curves  to- 
gether with  the  same  axes, 
measuring  x  in  radians  for  the 
curve  y  =  sin  2x  (Fig.  62, 
a  and  b). 

For  various  values  of  x 
multiply  the  corresponding 
ordinates  together,  thus  getting 
ordinates  of  the  curve 


¥ 


sm  2x 


This  is  the  curve  c  in  Fig. 
62.  ^ 

Note  that  this  is  a  wave 
curve  in  which  the  amplitude 
of  the  successive  waves  gets 
smaller  and  smaller,  while  the 
wave  length  remains  the  same. 

li  y  represents  distance 
moved  in  time  x^  curves  of  this 
type  may  be  used  to  represent 
such  cases  as  the  oscillations 
of  a  stiff  spring,  the  damped 
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oscillations  of  a  galvanometer  needle,  or  the  oscillations  of  a  disc  suspended 
by  a  wire  in  a  liquid,  such  as  is  used  to  compare  the  viscosities  of  different 
liquids. 

If_y  represents  the  electric  current  passing  at  time  x^  curves  of  this  type 
may  be  used  to  represent  the  oscillatory  discharge  of  a  condenser. 

In  the  oscillation  represented  hy  y  =^  ae-^  sin  {ct  +  d)  the  quantity  k  may 
be  taken  as  a  measure  of  the  effect  of  the  resistance,  and  is  called  the 
logarithmic  decrement  of  the  oscillation. 


1.  Plot  the  curve 


between  x  =  o  and  x  —  \ic. 
2.  Plot  the  curve 


Examples.  — XLIV. 

-^*   •    A 
y  =  r        sin  ojr 


2ir 

20<r~**®'  sin  — / 


2-3 
between  /  =  o  and  /  =  47r. 

3,  s  is  the  displacement  of  the  end  of  a  stiff  spring  from  its  position  of  equilibrium 
at  time  /  seconds. 

/  =  oT"^  sin  — / 

a  is  the  amplitude  which  the  oscillation  would  have  if  there  were  no  friction  ;  Tj  is 
the  period  ;  b  represents  the  effect  of  the  stiffness  of  the  spring.  \i  a—  lo,  Tj  =  0*9, 
^  =  o75>  plot  a  curve  to  show  the  value  of  s  at  any  time  during  the  first  four  complete 
oscillations. 

4.  The  oscillatory  discharge  of  a  certain  condenser  through  a  circuit  containing 
resistance  and  self-induction  is  given  by  the  equation 

V—  I4i4^-i<'  *  sin  (10,000/  +  07854) 

Plot  a  curve  to  show  the  value  of  the  potential  v  at  any  time  between  t  —  o  and 
/  =  io~'  seconds. 


76.  Curves  representing  Compound  Periodic  Oscillations. — An 
equation  of  the  form  _y  =  ^  sin  {ct  +  d)  represents  the  simplest  form  of 
periodic  oscillation,  such  as  the  small  oscillation  of  a  pendulum. 

We  often  meet  with  more  complicated  oscillations,  which  may  be 
represented  by  equations  of  the  form 

y  —  a^  sin  {ct  +  d^  +  a^  sin  (2^/  +  d^  +  a^  sin  {yt  +  ^3)  +  ... 

The  note  of  a  nmsical  instrument,  for  example,  consists  of  a  fundamental 
tone  represented  by  the  first  term  on  the  right-hand  side  of  the  equation, 
and  its  overtones  represented  by  terms  such  as  the  second  and  third.  The 
second  and  third  terms  represent  the  first  and  second  harmonics  respectively, 
and  so  on. 

In  the  study  of  alternating  electric  currents,  also  we  meet  with  functions 
of  the  form 

i  =  a^  sin  {pt  -  e^)  +  a^  sin  (3^/  -  ^3)  4-  a^  sin  (5//  -  ^j) 
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in  problems  on  valve  motion  we*  most  frequently  meet  with  oscillations 
composed  of  the  fundamental  and  the  first  harmonic,  such  as 

J'  =  3  sin  (e  +  36°)  +  0-3  sin  {26  +  90**) 

Example.— /%?/  the  curve 

y=  Z  sin  t  •{■  \  sin  p 
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Fig.  63. 

Plot  the  curves  ^  =  2  sin  /,  (A),  and  j/  =  J  sin  3/,  (A,).  A  represents  the  funda- 
mental, and  A,  the  second  harmonic. 

The  required  curve  C  is  obtained  from  these  two  curves  by  adding  together  the 
two  ordinates  which  correspond  to  any  given  value  of  x. 

E.g.  if  PN  and  P,N  be  the  ordinates  of  the  fundamental,  and  of  the  second 
harmonic  corresponding  to  any  given  value  ON  of  jc,  then  the  ordinate  QN  of  the 
required  curve  is  equal  to  N  P  +  N  P,.  The  addition  should  be  carried  out  mechanically 
by  means  of  dividers,  and  not  arithmetically.  From  P  mark  off  PQ  equal  to  N  P„ 
and  so  on. 

We  thus  obtain  the  curve  C  representing  the  combination  of  the  fundamental  and 
the  second  harmonic. 

The  curve  C  might  also  have  been  obtained  by  direct  calculation  of  each  value  of 
^,  but  it  is  more  instructive  to  plot  the  harmonics  separately,  as  above. 


Examples.— XLV. 

Plot  the  following  curves  from  /  =  o  to  /  =  2ir  : — 

1.  >/  =  2  sin  /  +  J  sin  2/.  2.  j>/  =  2  sin  /  +  J  sin  4/. 

3.  ^  =  2  sin  /  +  J  sin  5/.  4.  j  =  2  sin  /  +  ^  sin  2/  +  ^  sin  3^. 

5.  Plot^y  =  sin  qt-\-\  sin  ^qt  for  the  case  q  =  600,  from  /  =  o  to  /  =  — . 

Plot  the  following  from  /  =  o  to  /  =  2ir : — 

6.  ^  =  2  sin  {t  4-  1*0123)  +  J  sin  3/. 
1.  y—  2  sin  (/  —  0*6807)  +  ^  sin  4/. 

%.  y  =  2  sin  [i  +  0*4014)  +  J  sin  (2/  —  0*5061). 

I  I 

9.  Plot  y  —  ~~r^  sin  x  +  —j^  cos  x  by  constructing  the  two  curves  separately  and 

adding  the  ordinates  j  also  plot  the  curve  y  —  %vci  \x  ■\-  -\  and  verify  the  formula  for 
sin  (A  +  B)  by  showing  that  the  two  curves  are  the  same. 
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10.  Plot  y  =  0-342  sin  x  —  0*940  cos  x,  and  verify  the  formula  for  sin  (A  —  B) 
by  showing  that  this  is  the  same  as 

y  =  sin  [x  -  70°) 

11.  The  value  of  an  alternating  electric  current  i  amps,  is  given  at  time  /  seconds 
by  the  equation 

I  =  50  sin  600/  4-  20  sin  1800/ 

Plot  a  curve  to  show  the  connection  between  i  and  /.  Take  /  on  a  large  scale  and 
plot  to  show  two  complete  alternations. 

12.  The  voltage  V  in  an  alternating  current  circuit  at  time  /  is  given  by 

V  =  RA  sin  gt  +  LA^  cos  qt 

Plot  a  curve  to  show  V  as  a  function  of  /  for  two  complete  periods,  having  given  that 

R  =  0*5,  A  =  5,  ^  =  1000,  L  =  0-0005 

13.  If  x  is  the  distance  of  a  piston  from  a  fixed  point  on  its  path  at  time  /, 

x  =  r  SIR  gi  +  — ,cos  2qt ; 

¥  ¥ 

where  g  =  angular  velocity  of  crank,  r  =  length  of  crank,  /  =  length  of  connecting- 
rod.     Plot  a  curve  to  show  x  as  a  function  of  /  when  r  =  ^,  /  =  3,  ^  =  27r. 

14.  OAB  is  a  crank  capable  of  revolving  in  a  counter-clockwise  direction  in  the 
vertical  plane  OAB,  about  an  axis  through  O.  It  is  bent  at  right  angles  at  A.  OA 
is  3  ins.  long,  AB  is  2  ins.  long.  OY  is  a  fixed  vertical  straight  line  ;  M  and  N  are 
the  projections  of  A  and  B  on  OY.  The  crank  starts  in  a  position  such  that  OA 
makes  an  angle  45°  with  O Y,  and  AB  points  towards  OY,  and  moves  towards  O Y  at 
the  rate  of  120  revolutions  per  minute.  Let  ON  =y  \  plot  a  curve  to  show  the  value 
oi y  for  any  value  of  i  from  /  =  o  to  /  =  i  sec.  Write  down  the  equation,  giving  _y  in 
terms  of  /. 

15.  The  force  F  on  the  piston  of  an  engine,  when  the  crank  makes  an  angle  9 
with  a  fixed  direction,  is  given  by 

F  =  Mft>V(cos  Q  -f  0*29  cos  2B  —  0'Oo6  cos  46} 

for  the  case  where  the  connecting-rod  is  three  and  a  half  times  as  long  as  the  crank. 
Plot  a  curve,  as  accurately  as  your  scale  will  allow,  to  show  the  value  of  F  for  any 
value  of  d  from  0  =  o  to  6  =  360°,  taking  M  =  40,  «  =  6Tr,  r  =  0*5. 

{Electrician^  Feb.  13,  1903,  p.  670.) 

77.  Graphic  Solution  of  Equations. — To  solve  an  equation,  we  require 
to  find  the  values  of  x  which  make  a  given  function  of  x  equal  to  zero.  If 
we  plot  a  curve  in  which,  the  ordinates  are  the  values  of  this  function  for 
various  values  of  :r,  the  points  where  this  curve  crosses  the  axis  of  x  give  the 
required  values  of  .r  for  which  ^  =  o. 

Example  (i). — Solve  the  eguation 

x^  -  4'zix  +  3*93  =  o 

■    We  have 

«' =  4-3IX  -  3-93. 

Plot  the  parabola  y  =  x^  and  the  straight  line  y  —  4*31^  —  3*93.  Then  at  the 
intersections  of  these  two  curves  the  values  of  y  for  the  two  curves  are  equal,  and 
therefore  the  equation  is  satisfied.  The  curves  intersect  at  ;r  =  3  and  x  =  1*3,  which 
are  therefore  the  required  roots  of  the  equation. 


Example 
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(2). —  To  find  a  value  of  x  between  o  and  2,  which  satisfies  the  equation 


( 

/ 

J 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

(r 

14-       15 


*•  +  2jr'  -  3-264?  —  0-3127  =  o 

Let  y  denote  the  expression  on  the  left-hand 
side  of  this  equation. 

We  find  by  calculation 

.  when  ;r  =  o,  >/  =  —  0*3127 
„  ^=i,^= -0-5727 
„     j;  =  2,>'=  +9'i673 

therefore,  if  we  plot  a  curve  representing^  as  a  func- 
tion of  :r,  this  curve  is  below  the  axis  of  :r  at  x  =  i, 
and  above  the  axis  of  ^  at  :r  =  2,  and  therefore 
it  must   cross   the  axis  of  x  between  x  =  i  and 

X  =  2. 

For  j;  =  1*5  we  find  y  =  2*562,  therefore  a  root 
lies  between  x  =  i  and  x  =  1*5. 

Plotting  the  points  whose  co-ordinates  have  been 
calculated,  we  get  the  curve,  Fig.  64.  -| 

This  crosses  the  axis  of  ;r  between  jr  =  i 'I  and        '0      li       1-2      13 
X  =  1*2. 

By  calculation  we  find  ''10  64. 

when  X  =  i-i,  ^  =  -  0*1477 
„     x=r2,y=  +0*3833 

Plotting  these  points  on  a  large  scale,  and  joining  by  a  straight  line,  we  see  that 
1'I3  is  approximately  a  value  of  x,  for  which  ^  =  o. 

By  calculation,  when  x  =  1*13,  >'  =  o,  to  5  places  of  decimals. 

To  secure  still  greater  accuracy,  if  necessary,  we  might  calculate  y  for  the  values 
x=  1*12,  and  x=  1-14,  and  plot  on  a  still  larger  scale  j  and  so  on. 

Example  (3). — Solve  the  simultaneous  equations 

y  =  x*-  0-6x'  +  o*2j:  -  1-4 
^  =  I  -t-  jT  -  0*43:'' 

Rete  we  require  to  find  a  pair  of  values  of  x  and  y  to  satisfy  both^  these  equations 
simultaneously.  If  we  plot  the  curves  represented  by  the  two  equations,  the  points 
of  intersection  lie  on  both  curves,  and  therefore  their  co-ordinates  satisfy  both 
equations,  and  give  the  required  roots. 


Let_j/,  =x'  —  0'6x'  +  o-24r 
^,  =  -  o-4r«  +  X+  1 


1*4 


Then  by  calculation  we  find  the  following  pairs  of  corresponding  values  : — 


X. 

yi- 

y2' 

0 

-1*4 

i*o 

-0-8 

1*6 

2 

4*6 

1*4 

-I 

-3-2 

-0-4 

-2 

-12*2 

-2-6 

124 


Practical  Mathematics 


On  plotting  these  points  we  see  that  the  curves  cross  between  x  =  ly  and  a:  =  2, 
and  from  their  general  shape  this  appears  to  be  their  only  point  of  intersection. 


Accordingly  we  calculate  the  following  values  of  y^  and  y^  in   the  neighbourhood 
of  the  point  of  intersection  : — 


jr. 

yi- 

y%' 

1-6 
17 

0-925 

1-48 

2*019 

1-6 
1-58 

1-544 

These  curves  evidently  cross  between  j;  =  i'6  and  x  =  17. 

Plotting  these  points  on  a  larger  scale,  we  see  that  the  curves  cross,  and  therefore 
the  equations  are  satisfied,  for  the  values  ;p=i'62,  _y=i'57. 

Example  (4). — To  find  the  values  0/  x  between  O  and  3*1416  which  satisfy  the 
equation  ^  sin  x  —  \. 

The  most  instructive  method  is  the  following : — 

If  <?*  sin  :c  =  i ,  we  have  sin  x  —  e~^. 

Plot  the  curves  y  —  €\t\  x  and  y  =  e"'.     Then  at  the  points  where  these  curves 
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"5 


cross,  sin  x  and  <?"*  are  equal,  and  the  required  values  of  x  are  therefore  the  abscissae 
of  these  points  of  intersection. 

Note. — x  must  be  measured  in  radians. 


>  =  sin  jr. 

y  = 

'-*. 

jr. 

y- 

X. 

y- 

O 

0*7854 
1-5708 
3-1416 

0 
0*7071 

I 
0 

0 

I 

2 

3 

I 
0-3679 

01353 
0*0498 

On  plotting  these  values  we  see  that  the  two  curves  cross  in  the  neighbourhood  of 
X  =  0*6  and  ^  =  3. 
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Values  of  1 
Fig.  66. 


81416  radTant 
180  degrees 


Calculating   the  values  more  accurately  in  the  neighbourhood  of  these  points, 
we  find 


y  =  sin  jr. 

y-'- 

jr. 

y- 

jr. 

y- 

27°  =  0-4712 
30°  =  0-5236 
33°  =  0-5760 
36°  =  0*6283 

0-4540 
0-5000 
0-5446 
0-5878 

0-4712 
0*5236 
0*5760 
0*6283 

0-6242 
0-5916 
0-5622 
0-.S333 
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Jt, 

y- 

jr. 

y- 

360°  =  3-1416 

354^=^3-0369 

357°  =  3-0892 
3580  =  3-1067 

0 

0-I045 
0-0523 
0-0349 

1    11 

toco 

0-0432 
00498 

Plotting  the  corresponding  portions  of  the  two  curves  on  a  large  scale,  we  find 
that,  at  the  points  where  they  cross, 

X  =  0*5885  and  3  0965 

The  student  should  verify  this  by  plotting  the  above  values  himself. 
These  are,  therefore,  the  required  roots  of  the  equation 

^  sin  *  =  z 


Examples.— XLVI. 

Solve  the  following  equations  by  the  graphic  method  : — 

I.  x^  +  o-Sx  —  2*73  =  0.  2.  ;p»  -  o'S^  +  o-i6i2  =  o. 
3.  X*  —  X  —  6  =  o.  ^.  X*  —  6x'  +  iix  -  6  =  o. 

6.  x'  -  o-yx*  —  o'6x  +  26  =  0.  Q.  x^  -{-x*  —  6x'  -  13^'  -  134;  -  6  =  o. 

7.  2x*  —  "j'Sx*  —  4'o6x*  +  4-i6jr  +  9-84  =  o. 

8.  ^  =  7.  9.  ^-1^  =  2-5.  10.  X  logio^  =  I. 
Find  values  of  x  between  o  and  5  to  satisfy  each  of  the  following  equations : — 

II.  2^:1-8  +  x-  3^-276«  -2  =  0. 

12.  3-iJC»-5  -  vgx^-9  -X-S  +  4/>i»5*  =  o. 

13.  2'S^'^  cos  X  -  i-3i;c2-3  sin  (o-6:c)  +  0-788  =  o. 

14.  e^'^  tan  0-3^  —  2*6  cos  I'Sx  —  5:^1 '  +  2-8343  =  o. 

15.  The  equation  j:  tan  *  =  a  occurs  in  finding  the  proper  tones  of  the  vibration 
of  a  loaded  string. 

Find  a  value  of  x  between  o  and  -  to  satisfy  this  equation  (i)  when  a  =  o'l, 

(2)  when  a  =  I,  (3)  when  a  =  10. 

16.  In  calculating  the  strength  of  a  long  column  fixed  at  one  end  and  held  by  a 
horizontal  force  at  the  other,  we  require  to  solve  the  equation  tan  x  =  x.     Find  the 

value  of  X  between  »  and  ^  which  satisfies  this  equation. 

17.  Find  a  value  of  /  to  satisfy  the  equation 

log-^  +  ^ -0-695 -1-78 


CHAPTER  VIII 

DETERMINATION  OF  THE  LAWS  FOLLOWED  BY  THE  RESULTS 
OF  EXPERIMENTS 

78.  In  most  quantitative  experiments  we  have  two  varying  quantities,  such 
as  the  pressure  and  volume  of  a  certain  cjuantity  of  gas,  or  the  length  and 
temperature  of  a  metal  bar.  We  take  various  values  of  one  of  these  quanti- 
ties, and  observe  the  corresponding  values  of  the  other.  If  we  plot  these 
two  sets  of  values  on  squared  paper,  we  usually  find,  if  they  really  depend 
on  each  other,  that  the  points  obtamed  lie  approximately  on  some  continuous 
curve.  We  often  wish  to  find  a  formula  connecting  the  two  quantities,  so 
that  when  one  is  known  we  may  be  able  to  calculate  the  other.  To  do  this 
we  must  find  the  equation  of  the  curve. 

79.  Straight  line  laws : — 

We  have  seen  that  any  straight  line  is  represented  by  an  equation  of  the 
first  degree,  J/  =  mx  +  <:,  and  that  m  denotes  the  slope  of  the  line,  and  c  the 
intercept  on  the  axis  of  x. 

Thus  if  the  observed  c^uantities  give  points  lying  on  a  straight  line,  we 
can  at  once  find  the  equation  connecting  them,  as  in  the  example  on  p.  90. 

Example. — A  restaurant  keeper  finds  that  if  he  has  G  guests  a  day  his  total  daily 
expenditure  is  E  pounds ^  and  his  total  daily  receipts  are  R  pounds.  The  following 
numbers  are  averages  obtained  from  the  books : — 


G. 

E. 

R. 

210 

167 

IS -8 

270 

19-4 

21-2 

320 

21-6 

26-4 

360 

23-4 

29-8 

Find  the  simple  algebraical  laws  which  seetn  to  connect  E  and  R  with  the  number  oj 
guests  G.  (Board  of  Education  Examination,  1901.) 


Plotting  these  values,  we  get  the  straight  lines  AB  and  CD  (Fig.  67). 
Let  R  =  f«i  G  +  ^1,  be  the  equation  of  the  line  AB.     To  find  z».  and 
two  points,  A  and  B,  on  the  line  at  considerable  distance  apart. 

Co-ordinates  of  A  are  (210,  157) 
„  B  are  (350,  29) 

Since  these  points  axe  on  the  straight  line 

R  =  <wi  G  +  <^ 


take 
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their  co-ordinates  satisfy  this  equation,  and  we  have 

157  =  2IOZ«,  +  <■, 


^y - 

-  6. 

•^um 

1 

-r 

<'\ 

£ 

fit) 

/ 

/ 

B 

27 

4 

/ 

t,25 

/ 

R 

A 

/ 

L 

/ 

^ 

4 

/- 

^ 

^ 

^  21 
:2 

J 

V 

J 

^ 

^ 

ll 

J 

/ 

^^ 

u 

->-( 

i 

19 

/ 

/ 

^ 

A 

C- 

^ 

17 
C 

^ 

^ 

/ 

r 

IK 

)r 

210       230 


250 


270        290        310 

Values  of  Q 

Fig.  67. 


330        350 


Solving  these  as  simultaneous  equations  for  w,  and  ^„  we  get 

nty  -  0-095  ;  ^i  =  -  4*25 

.*.  the  required  law  connecting  R  and  G  is 

R  =  0095G  -  4-25 

Similarly,  if  E  =  w,G  +  c^  is  the  equation  of  the  straight  line  CD,  we  take  points  O 
and  D  on  the  line,  and  substitute  their  co-ordinates  in  Sie  equation, 

we  get  167  =  21OW2  +  ^a 
23-4  =  360WJ  +  Ct 

we  get  Wj  =  00447,  fa  =  7*32,  and  E  =  o'0447G  +  7*33. 


Examples.— XLVII. 

In  the  following  examples  the  expression  "  the  law  connecting  y  and  x  "  is  under- 
stood to  mean  a  formula  arranged  so  that  y  can  be  readily  calculated  when  x  is 
known,  such  bs,  y  =  nix  +  <:,  i.e.  a  formula  giving^  explicitly  in  terms  of  jr. 

Find  the  law  connecting  y  and  x  when  the  following  corresponding  values  are 
given : — 

1. 


X 

10 

25 

54 

72 

y 

17 

47 

IDS 

141 
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129 


50 


rs 


62'4 


6-5 


805 


5-05 


% 

X 

12 

15-3 

17-8 

»9 

y 

24-4 

29 

326 

34'2 

3. 

97 


375 


4.  L  is  the  latent  heat  of  steam  at  temperature  fl°  C.     Find  a  simple  formula 
giving  L  in  terms  of  9. 


0 

75 

90 

100 

115 

125 

L 

554 

544 

536 

526 

519 

5.  H  is  the  total  heat  of  a  pound  of  steam  at  temperature  6°  C.     Find  a  formula 
giving  H  in  terms  of  6. 


e 

65 

85 

100 

no 

X20 

H 

626-3 

6324 

637-0 

640-1 

6431 

6.  V  c.c.  is  the  volume  of  a  certain  quantity  of  gas  at  temperature  /°  C,  the 
pressure  being  constant.     Find  the  law  connecting  V  and  /. 


/ 

27 

33 

40 

55 

68 

V 

1099 

1120 

114-7 

I20-I 

125 

7.  /ft.  is  the  length  of  an  iron  bar  under  a  stress  of  W  tons.     Find  the  law 
connecting  /  and  W. 


w 

0 

I 

1-8 

3'2 

4*3 

6 

i 

10 

10005 

lo-oio 

IOOI75 

10-0225 

100325 
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8.  V  is  the  volume  of  a  certain  quantity  of  mercury  at  temperature  Q°  C .     Find 
the  law  connecting  V  and  9. 


e°c. 

i8 

36 

60 

72 

90 

Y  cc 

100-32 

100-65 

101*07 

101-30 

ioi-6i 

9.  The  following  table  gives  the  specifi 

c  heat  s  of  water  at  temperature  9°  C  :— 

e 

o« 

2" 

4° 

6° 

8° 

s 

1-00664 

roo543 

1-00435 

1-00331 

1-00233 

Find  an  approximately  correct  simple  algebraic  law  connecting  s  and  9. 

10.  S  is  the  specific  heat  of  mercury  at  temperature  i°  C.    Find  the  law  connecting 
S  and  /. 


79*= 


0-0325392 


0-0323460 


iig'^ 


0*0321712 


[30*= 


0-0320700 


11.  S   is   the   weight  of  sodium   nitrate   dissolved   by    100  grms. 
temperature  t°  C.     Find  the  law  connecting  S  and  /. 

of  water   at 

S 

68-8 

72-9 

87-5 

102 

/ 

-6 

0 

20 

40 

12.  S  is  the  weight  of  potassium  bromide,  which  will  dissolve  in 
water  at  temperature  i°  C. 

100  grms.  of 

/ 

0 

20 

40 

60 

80 

S 

53*4 

64-6 

•     74-6 

847 

93*5 

13.  The  following  table  gives  the  amount  £A  of  a  certain  sum  of  money  at 
simple  interest  for  n  years.  Find  a  simple  algebraical  law  connecting  A  and  «,  and 
by  means  of  this  law  calculate  the  amount  in  7  years. 


n 

2 

5 

8 

10 

A 

318-6 

354 

389-4 

413 
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14.  The  following  is  taken  from  the  price-list  of  Marshall's  horizontal  engines. 
H  denotes  the  horse-power  of  an  engine,  and  P  its  price  in  pounds. 


H 

6i 

10 

H 

19 

21 

26 

33 

40 

48 

56 

P 

31 

37 

46-5 

575 

67 

83 

104 

124 

145 

162 

Find  a  simple  algebraic  law  connecting  P  and  H.  Also  find  an  approximate  law 
connecting  the  cost  C  per  unit  H.P.,  and  the  total  H.P.  of  an  engine*;  and  plot  a 
curve  to  show  the  value  of  C  for  any  value  of  H  from  6^  to  56. 

15.  The  following  table  is  taken  from  the  price  list  of  Tangyc's  horizontal  air- 
pump  condensers. 

d  is  the  diameter  in  inches,  P  is  the  price  in  pounds. 


d 

6 

25 

7 

8 

9 

10 

12 

14  • 

16 

18 

20 

22 

24 

26 

30 

p 

27 

30 

33 

35 

40 

50 

55 

60 

70 

75 

85 

90 

100 

What  would  you  expect  the  price  to  be  for  a  diameter  of  28  ins.  ?  Find  a  simple 
approximately  correct  algebraic  law  connecting  the  price  and  the  diameter.  Test  the 
accuracy  of  your  result  by  calculating  from  it  the  price  for  a  diameter  of  16  ins.,  and 
comparing  with  the  table. 

16.  The  following  are  corresponding  values  of  the  speed  and  induced  volts  in  an 
arc  light  dynamo.    Find  the  law  connecting  the  volts,  and  the  revolutions  per  minute. 


Revolutions  per  minute  n  .     . 

200 

320 

495 

621 

744 

Volts  induced  v 

165 

270 

410 

525 

62s 

17.  In  the  following  results  of  Willans'  engine  trials,  W  is  the  weight  of  steam 
per  hour  ;  I  the  indicated  horse-power.  For  each  set  of  results  find  an  approximate 
linear  law  connecting  W  and  I. 


I 

3163 

2724 

2187 

1611 

11-50 

9-06 

w 

8ir8o 

686- 1 

5836 

465-26 

345-4 

26622 

18. 


1 

40-14 

33-25 

25-61 

18-69 

io-8i 

w 

671-44 

564-2 

443-22 

336-13 

219-1 

132 


Practical  Mathematics 


19. 

I 

33' 19 

2711 

22  09 

11-86 

11-66 

W 

492-12 

411-47 

34973 

216-50 

21260 

20.  The  following  table  is  obtained  from  the  results  of  experiments  to  find  how 
the  pull  exerted  at  the  draw-bar  by  an  electric  locomotive  depends  upon  the  current. 
P  is  the  pull  in  pounds,  A  the  current  in  amperes. 


p 

430 

880 

1370 

1600 

2080 

2400 

A 

65 

86                106 

116 

137 

150 

Find  the  current  required  for  a  pull  of  2000  lbs.  Find  a  simple  approximately 
correct  algebraic  formula  giving  A  for  any  value  of  P  within  the  limits  of  the 
experiments. 

21.  The  following  are  corresponding  values  of  the  torque  and  current  in  the 
armature  of  an  Edison  Bipolar  Dynamo. 


Torque  inch-lbs.     . 

76 

H5 

290 

380 

500 

575 

Current  amperes    . 

" 

20 

40 

52 

68 

78 

Find  a  simple  algebraic  law  connecting  the  torque  and  the  current  in  the  armature. 

22.  P  is  the  pull  required  to  lift  a  weight  W  by  means  of  a  differential  pulley 
block.     Find  the  law  connecting  P  and  W. 


w 

56 

112 

168 

224 

340 

P 

10 

17 

24 

28 

42 

w 


If  A  is  the  distance  moved  by  P  to  lift  W  i  ft.  the  efficiency  is  p^.     Find  the  law 
connecting  the  efficiency  and  the  weight,  having  given  A  =  27-2  ft. 


80.  Other  rorms  reduced  to  Straight  Line  Laws. — If  we  have  a 
number  of  corresponding  values  of  x  and  y  which  are  connected  by  a  law 
of  the  form  y  =  a  +  dx%  then,  if  we  plot  x  and  j,  we  shall  get  a  parabola 
which  is  not  easily  identified.  If,  however,  we  plot  y  and  x^,  we  get  a  straight 
line,  because  the  equation  y  =  a  +  d{x^)  is  of  the  first  degree  in  the  two 
variables  y  and  x^. 


Example. — TTie  following  values  of  x  and  y  are  supposed  to  follow  a  law  of  the 
formy  =  «  +  Air*,      Test  this^  and  find  the  values  of  the  constants. 
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X 

19 

25 

31 

38 

44 

y 

1900 

3230 

4900 

7330 

9780 

Calculate  the  values  of  ^',  and  then  plot  y  and  x*. 

X* 

361 

62s 

961 

1444 

1936 

J 

^~ 

2 

<B 

/ 

8000 

/ 

f 

/ 

7000 

/ 

/ 

f 

6000 

/ 

/ 

0^ 
^5000 

J 

f 

/ 

^4000 

/ 

/ 

f 

3000 

V 

\/ 

A 

/ 

f 

1000 

r 

300        600 


900        1200      1500 

Values  of  x^ 
Fig.  68. 


1800       2100 


The  result  is  the  straight  line  AB,  Fig.  68.  To  find  the  values  of  a  and  b, 
take  any  two  points  A  and  B  on  the  straight  line,  and  substitute  the  co-ordinates  of 
the  points  A  and  B  in  the  equation^  =  a  +  bx^. 

We  get  two  simultaneous  equations  to  find  a  and  b. 


and  the  required  law  is 


3045  =  a  +  6oo3  \ 
9155  =  a  +  1800^/ 
b  =  5*092  ;  a=  —10 

y  =  5'09jf»  —  10 


81.  Similarly,  many  other  algebraical  laws  may  be  represented  by 
straight  line  laws  by  plotting  suitable  powers  or  products  of  the  variables. 

E.g.  '\i  y  =  axy  +  ^,  we  get  a  straight  line  by  plotting  y  and  xy^  because 
the  equation  is  of  the  first  degree  in  y  and  xy. 
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\i  xy  =  ax  ■{■  by  we  have,  dividing  by  x^y  =  a  +  ^("j-     This  is  of 


the 


6rst  degree  my  and  -j  and  therefore  we  get  a  straight  line  by  plotting  these 
quantities. 

Example  (i). — TTie  followhig  values  of  x  and  y  are  supposed  to  follow  a  law  of  the 
formy  =  bxy  +  c.     Test  this^  andfmd  the  law. 


X 

3 

4-6 

5*2 

6-9 

y 

0-75 

0-416 

0-357 

0-253 

Calculating  the  values  of  xy^  we  get 


^ 


a-2S 


1-914 


1-856 


1749 


Plotting  y  and  xy  we  get  a  straight  line,  and  therefore  the  law  is  of  the  above 
form.  The  student  should  draw  the  figure  for  himself.  Taking  two  points  on  the 
line,  and  substituting  their  co-ordinates  in  the  equation  _j/  =  bxy  +  r,  we  obtain  two 
simultaneous  equations  to  find  b  and  c. 

Solving  these  we  get  ^  =  I,  f  =  —  1*5,  and  the  law  connecting  xy  and  x  is 

y^xy-  I'S 

Example  (2). — Uie following  are  results  of  Mrs.  Ayrton's  experiments  to  find  the 
relation  between  tJu  potential  differe7ice  V  and  the  current  A  in  the  electric  arc. 
Length  of  arc  =  2  mm. 


A  amperes 

1-96 

2-46 

2-97 

3'4S 

3-96 

4-97 

5'97 

697 

7-97 

90 

V  volts      . 

50-25 

487 

47*9 

47-5 

46-8 

45*7 

45'o 

44-0 

43-6 

43'5 

W  =  VA 

watts  cal- 
culated    . 

98-49 

118-7 

1477 

163-9 

185-3 

227-2 

268-7 

306-7 

346-7 

391-3 

It  was  required  to  find  an  equation  connecting  V  and  A.  On  plotting  V  and  A 
a  curve  was  obtained  whose  equation  was  not  at  once  evident. 

When  the  power  in  watts,  W  equal  to  VA,  and  the  amperes  were  plotted  the 
result  was  a  straight  line  (Fig.  69), 

The  calculated  values  of  W  are  given  in  the  third  line  above. 

Let  the  equation  to  this  straight  line  be 


W  =  tfA+*.     .     . 
By  measurement  from  the  figure  we  find, 

when  A  =  I,  W  =  63 
.,     A  =  10,  W  =  434 
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,'.  substituting  in  I, 


63  =  fl  +  * 
434  =  loa  +  B 


Solving  we  get  a  =  41*22,  I  =  21 '8. 


.  TT  .  21-8 

/.  V  =  4I■2  +  ^- 


This  is  the  law  connecting  V  and  A,  and  is  the  equation  to  the  curve  II  shown 
in  the  figure. 


500 


400 


5300 


«j200 

J5 


100 


\ 

) 

50 

\ 

/ 

\ 

A 

r 

ria 

(i 

V 

jt 

r 

\ 

) 

^ 

A 

<16 

<1 

/' 

/ 

>i 

N 

ifc^ 

■l-ll 

y 

% 

^ 

I 

V 

/ 

42 

/ 

Values  of  A  (amperes) 

Fig.  69. 


8         0        10 


It  will  be  seen  that  some  of  the  points  are  above  and  some  below  the  line 
After  plotting  the  results  of  any  experiment  in  this  way,  the  distance  of  the  plotted 
points  above  or  below  the  curve  enables  us  to  form  an  estimate  of  the  most  probable 
degree  of  error  in  each  reading  in  so  far  as  it  is  not  due  to  some  permanent  cause 
such  as  a  defect  in  the  apparatus,  to  see  which  are  the  best  results,  and  what  is  the 
most  probable  average  degree  of  accuracy  in  the  whole  series  of  observations. 

It  should  be  remembered  that,  in  a  case  like  the  curve  II  (Fig.  69),  where  the 
vertical  scale  does  not  begin  at  zero,  the  divergence  of  the  various  readings  from  the 
curve  must  be  reckoned  on  the  whole  value  of  the  quantity  represented  by  the  ordinate 
in  estimating  the  accuracy  of  the  experiments,  and  not  only  on  the  part  actually  shown 
in  the  figure. 


Examples.— XL  VIII, 

In  examples  i  to  1 1,  y  and  x  are  connected  by  one  or  other  of  the  laws  y  =  a  •{■  ^**, 
^  =  a  +  bxy,  xy  —  ax  -^  by. 

Find  the  law  and  the  values  of  the  constants  in  each  case. 
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1. 


X 

39'S 

57-6 

70-8 

88-5 

7 

333 

685 

1061 

1587 

2. 

X 

19 

25 

■• 

31 

38 

44 

y 

1908 

3228 

4908 

7323 

9783 

3. 

2*05 


2-8 


4-31 


1*43 


562 


1*12 


7-84 


o-8i6 


X 

1*3 

3*4 

6-2 

8-3 

12-2 

y 

0*56 

0'9i 

i-ii 

i-i8 

1-27 

5. 


61 


44'4 


93 


4096 


13s 


3375 


17-6 


253 


6. 

X 

045 

0-97 

1-3 

2*5 

y 

6-48 

7'9 

917 

22-4 

7. 

X 

3 

4-6 

5'2 

6-9 

71 

9 

075 

0*416 

0-357 

0-253 

0*246 
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X 

31 

47 

63 

85 

y 

8-35                     9'4i 

lo-i 

107 

* 

21 

5*4 

6-7 

9'3 

IO-2 

y 

1-825 

0-885 

0-832 

0-778 

0767 

10. 


X 

6 

693 

7-48 

8-66 

922 

y 

7-5 

"•5 

13-8 

20-5 

23-5 

11. 


X 

65s 

76-2 

82-7 

92-6 

977 

y 

55 

63 

677 

81 

87 

12.  The  following  table  gives  the  horse-power  required  to  drive  a  certain  vessel 
at  a  speed  of  V  knots  : — 


H.P. 

290 

560 

1 144 

1810 

2300 

V 

5 

7 

9 

II 

12 

It  is  supposed  that  the  H.P.  is  connected  with  the  speed  by  a  law  of  the  form 
H.P.  =  i^V  +  C  where  k  and  C  are  constants.  Test  this,  and  find  the  approximate 
values  of  the  constants. 


13.  The  following  are  results  of  Westinghouse  and  Galton's  experiments  on  the 
friction  of  steel  rails  on  steel  tyres. 


Velocity  in  miles  per  hour  =  V  .     . 

25 

38 

45 

50 

Coefficient  of  friction  =  /*  .     .     .     . 

0-080 

0051 

0-047 

0040 

Find  the  law  connecting  V  and  ^. 
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14.  R  is  the  resistance  in  pounds  per  ton  to  the  motion  of  a  train  at  V  miles  per 
hour.     Find  the  law  connecting  R  and  V. 


V 

lO 

20 

30 

40 

SO 

R 

7 

9-. 

i4'5 

20 

29 

15.  The  following  is  taken  from  the  price-list  of  Clyburn's  adjustable  spanners. 
S  is  the  size,  and  P  the  price  in  shillings. 


S  inches 

i 

f 

I 

iJ 

ij 

If 

2 

2i 

2i 

P 

3-5 

4'5 

6 

7-5 

95 

12 

IS 

i8 

21 

Find  an  approximately  correct  algebraical  law  connecting  P  and  S. 


16.  The  following  is  taken  from  the  price-list  of  Tangye's  gun-metal  plug-taps 
S  is  the  size  in  inches,  and  P  the  price. 


s 

* 

f 

i 

i 

I 

n 

li 

2 

p 

2 

275 

3*5 

5 

7-S 

10-75 

1375 

22-S 

Find  an  approximately  correct  algebraical  law  connecting  P  and  S. 

17.  The  average  power  sent  out  by  an  electrical  company  is  P.  x  pence  is  the 
charge  per  horse-power  hour  which  will  just  cover  the  cost  of  this.  Find  a  simple 
algebraical  law  connecting  x  and  P. 


p 

lOOO 

750 

500 

250 

100 

X 

1*1 

i'3 

y^ 

2-4 

4*9 

18.  The  data  in  examples  18,  19,  20,  are  results  of  Mrs.  Ayrton's  experiments  on 
the  resistance  of  the  electric  arc.  As  in  the  worked  example  above,  find  for  each 
case  the  formula,  giving  V  in  terms  of  A, 

Length  of  arc  =  3  mm. 


A  (amps.) 

r96 

1 
2-46       2*97 

3*45 

3*96 

4'97 

S'97 

6-97 
51-4 

7*97 

V  (volts.) 

670 

6275     5975 

58-5 

56*0 

53'5 

52-0 

50-6 
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A 

2-46 

2*97 

3*45 

3-96 

4*97 

5*97 

6-97 

7*97 

V 

677 

650 

630 

61 'O 

58-25 

56-25 

5S-I 

54'3 

20.  Length  ol 

'  arc  =  2 

mm. 

A 

1-96 

2*46 

2-97 

3-45 

3-96 

4*97 

5-97 

6-97 

7-97 

V 

600 

5575 

53*5 

52-0 

51-2 

49-8 

49-0 

481 

47*4 

21.  A  hydrometer  is  found  to  give  the  following  readings  r  when  immersed  in 
lic^uids  of  density  D.  Find  the  law  connecting  D  and  r  for  this  hydrometer,  and  from 
this  law  draw  the  calibration  curve  showing  D  as  ordinate  for  any  value  of  r  between 
10  and  40  as  abscissa. 


D 

0-91 

0-90 

0-88 

0-86 

r 

24-3 

26 

29-7 

33*5 

22.  r  is  the  reading  of  a  hydrometer  intended  for  measuring  the  densities  of 
liquids  heavier  than  water,  when  immersed  in  a  liquid  of  known  density  D.  Find  a 
formula  to  give  D  for  any  value  of  r  from  r  =  o  to  r  =  50,  What  is  the  density  of  a 
liquid  for  which  the  reading  is  30. 


r 

0 

139 

40 

43 

50 

D 

I 

I'l 

1-38 

1-42 

1*53 

23.  V 

p  and  6. 

is  the  viscosity  of  water  at  temperature  0°  C. 

Find  the  law  connecting 

0*0142 


0-0134 


10 


o-oii6 


24,  E  is  the  thermo-electric  E.M.F.  at  the  junction  of  copper  and  lead 
temperature  /**  C.  when  the  other  junction  is  at  10°  C. 

at  a 

/ 

-  210 

-5 

120 

350 

E  (10-8  volts) 

-558 

-  14 

357 

1 122 

Find  a  law  of  the  form  E  =  a^  +  3/*  connecting  E  and  /. 
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82.  General  Formula  connecting  Two  Variables. — It  may  happen 
that  on  plotting  two  variables  y  and  x  we  get  a  regular  curve  after  allowing 
for  errors  of  observation,  but  that  we  can  find  no  simple  algebraic  law  con- 
necting 7  and  :r. 

Also  we  may  sometimes  require  a  more  exact  formula  than  the 
approximate  algebraic  laws  found  by  one  of  the  above  methods. 

In  this  case  we  may  assume 

y  =  a  +  bx  +  C3i^ 

Taking  the  co-ordinates  of  three  points  from  the  curve  and  substituting, 
we  obtain  three  simultaneous  equations  to  find  the  three  constants  a^  b, 
and  c. 

If  this  law  is  not  sufficiently  exact,  we  may  assume 

y  =  a  +  bx  -{■  cx"^  +  dx^ 

and  find  the  constants  by  substituting  the  co-ordinates  of  four  points  on  the 
curve. 

We  shall  usually  find  that  the  constants  get  smaller  as  we  proceed  to 
higher  powers  of  jr,  and  that  the  assumed  law  can  be  made  as  exact  as  we 
please  by  carrying  the  series  to  a  sufficiently  high  power  of  x. 

Example. —  Th£  following  table  gives  the  modulus  of  torsion  T  of  steel  at  various 
temperatures  9.     Find  a  formula  to  calculate  Twhen  6  is  known. 


9  degrees  e 

0 

20 

40 

60 

80 

IOC 

T  kilogrammes  per  sq.  mm. 

8290 

8253 

8215 

8176 

8136 

8094 

Plotting  T  and  0,  we  get  a  series  of  points  which  lie  on  a  regular  curve,  which  is 
nearly,  but  not  quite,  a  straight  line. 
8300 


20  40  60  80 

Values  of  9  {degrees  Cent.) 
fui.  jro. 


100 
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The  student  should  plot  this  curve  for  himself  on  a  large  scale. 

It  is  evident  from  the  figure  that  the  variation  from  a  straight  line  law  is  not  due 
to  errors  of  observation,  and  if  we  assume  a  straight  line  law  the  resulting  formula 
will  be  less  accurate  than  the  given  data. 

There  is  nothing  to  lead  us  to  assume  any  special  form  for  the  law  connecting  T 
and  6f  and  accordingly  we  assume 

T  =  a  +  ie  +  c0' 

In  this  case,  since  the  points  representing  the  given  data  lie  exactly  on  the  curve 
to  as  high  a  degree  of  accuracy  as  we  can  plot  them,  we  may  take  three  of  the  given 
values  for  the  purpose  of  calculating  the  constants. 

In  cases  of  this  sort  the  points  which  are  plotted  from  the  given  data  will  not 
usually  lie  exactly  on  the  curve,  owing  to  small  errors  of  observation.  The  values 
for  calculating  the  constants  must  then  be  taken  from  the  curve,  and  not  from  three  of 
the  given  pairs  of  values,  because  the  curve  has  been  drawn  so  as  to  compensate  for 
small  errors  of  observation. 

Substituting  the  pairs  of  values  of  T  and  0,  for  which  6  =  0°,  60°  and  100° 
respectively,  we  get 

8290  =  a 

8176  =  a  +  6ol>  +  3600^ 

8094  =  a  +  100^  +  loooof 

Solving  these  simultaneous  equations  in  a,  6,  and  c,  we  get 

a  =  8290 ;  6  =  —  i'8i  ;  c  =  —  o*ooi5 

,*,  the  required  law  connecting  T  and  6  is 

T  =  8290  -  I -Sifi  -  00015^ 

To  test  this  formula  we  have,  substituting 

e  =  8o° 

T  =  8290  -  I -Si  X  80  -  0*0015  X  6400 
=  81356 

The  value  of  /  given  above  for  6  =  80°  is  8136  ;  this  agrees  with  the  formula  to 
the  degree  of  accuracy  with  which  the  data  are  given. 


Examples.— XLIX. 

1.  Find  a  law  of  the  form  y  =  a  -{^  dx  +  ci^^  connecting  the  following  values  of 
y  and  x  : — 


X 

I 

3 

5 

7 

y 

5-5 

59 

VI 

4*3 

2.  0  is  the  melting-poiat  of  an  alloy  of  lead  and  tin  containing  x  per  cent,  of  lead. 

K 

87-5 

840 

77-8 

637 

467 

36-9 

iPQ. 

292 

283 

270 

235 

197 

181 

Find  a  formula  giving  the  melting-point  of  an  alloy  containing  »ny  known  percentage 
of  lead  from  90  to  40  per  cent. 
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3.  £  is  tile  modulus  of  elasticity  of  steel  in  kilogrammes  per  square  millimetre  al 
temperature  f  C. 


/ 

o 

50 

100 

200 

E 

21,483 

21,364 

21,212 

20,458 

Find  a  formula  to  calculate  E  in  terms  of  /, 

4.  7  is  the  mean  coefficient  of  expansion  of  mercury  between  temperatures  0°  and 
i9  C,  according  to  the  results  of  Rcgnault's  experiments. 


/ 

0 

100 

150 

200 

250 

300 

360 

7 

0-00018179 

000018216 

0-00018261 

000018323 

0-00018403 

000018500 

o'oooi864i 

Find  the  law  connecting  7  and  L 


83.  Substitution  of  Ijinear  for  More  Complex  Laws. — We  have  seen 
that  when  y  and  x  can  be  represented  by  the  co-ordinates  of  points  which  lie 
on  a  regular  curve,  we  can  usually  find  a  formula 

y  =  a  +  bx  +  cx^  +  .... 

which  will  represent  the  law  connecting  y  and  x  to  any  desired  degree  of 
accuracy,  according  to  the  number  of  terms  taken. 

When  c  is  small  it  is  sufficiently  accurate  for  many  purposes  to  take  the 
law^  —  a  +  bx  2iS  a  sufficiently  close  approximation,  i.e.  when  the  curve  is 
nearly  straight  we  take  a  straight  line  as  representing  the  curve  with 
sufficient  accuracy. 

E.^.  in  the  example,  p.  140,  we  obtained  the  formula 

T  =  8290  -  rSitf  -  o*ooi5tf* 

So  long  as  d  is  not  greater  than  100,  the  error  caused  by  neglecting  the 
third  term  is  not  greater  than  15,  i.e.  about  0-2  per  cent.  Thus  we  might 
take  the  linear  law 

.  T  =  8290  -  i-8i* 

as  an  approximation  to  the  required  law. 

This  suggests  that  when  the  connection  between  y  and  x  is  given  by  a 
complicated  formula,  we  may  represent  this  complicated  formula  by  a  simpler 
linear  formula  to  a  sufficient  degree  of  accuracy,  between  certain  definite 
limiting  values. 


Example. —  There  is  a  function  y  =  $  log^^  x  +  6  sin  ^  x  +  0*084  (.r  —  3*5)'. 
Find  a  much  simpler  fufiction  of  x,  which  does  not  differ  from  it  in  value  more  than 
2  per  cent,  between  x  —  1  and  x  —  d.      The  angle  ^f^  x  is  in  radians. 

(Board  of  Education  Examination,  1902.) 
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3 

4 

5 

6 

/ 

4-182 

5-365 

6-560 

7-805 

Plotting  these  values,  we  get  a  curve  which  is  very  nearly  straight.  It  is  seen 
from  inspection  of  the  curve  that  a  straight  line  can  be  drawn  so  that  the  value  of  the 
ordinate  ^  for  the  straight  line  differs  by  less  than  2  per  cent,  from  the  ordinate  for 
the  curve. 

Draw  this  straight  line,  and  let  its  equation  be^  =  mx  +  c. 

The  student  should  draw  the  figure  for  himself.  We  find  by  inspection  of  the 
line  that 


Substituting,  we  get 


when  j:  =  3  ;  ^  =  4*2 
and  when  x  =  6  ;  y  =  7-8 


4*2  =  ^m  +  c 
7-8  =  6m  +  c 


Solving  these  simultaneous  equations  in  m  and  r,  we  get 

m  =  i'2  i  c  =  0-6 

/.  the  formula  y=  i-2j:  +  o*6   may  be  used  instead  of  the  given  formula  to   the 
required  degree  of  accuracy. 


Examples.— L. 

1.  Find  a  simple  linear  formula,  which  gives  the  same  values  of  j  as  the  formula 
y  =z  X  +  /^i  +  X*  between  *  =  8,  and  x  =  12,  correct  to  o'2  per  cent. 


2.  There  is  a  function 


y=  10^104.5  log„  jr+jT 


Find  a  simpler  formula  which  will  give  the  same  value  of  y  correct  to  less  than 
2  per  cent,  between  x  =  i  and  x  =  7. 

8.  Find  a  simpler  formula  which  will  give  the  same  values  of ;/  as  the  formula 

^  =  25  logio-a:  +  10  cos  —  +  0-o8j;' 

between  jt  =  5,  and  x  =  10,  with  an  accuracy  of  at  least  15  per  cent. 
4.  Find  a  simple  formula  to  give  the  same  values  of  >'  as  the  formula 

30 


^  =  2  logi,  5jr  +  100  sin  0-05:c  +  —^^  +  ^x  +  2 


correct  to  at  least  2  per  cent,  between  x  =  2  and  x  =  6. 
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84.  Laws  of  the  Form  y  =  ax"". — If  the  observed  values  of  two  variables 
y  and  x  are  connected  by  a  law  of  the  form  y  =  ax^,  we  get,  on  taking  logs 
of  both  sides  of  this  equation, 

(log^)  =  «(log  x)  +  log  a 

This  is  an  equation  of  the  first  degree  in  (log  y)  and  (log  x),  and  there- 
fore, if  we  plot  values  of  (logj/)  as  ordinates  and  values  of  (log  x)  as  abscissae, 
we  get  a  straight  line. 

Accordingly,  when  such  a  law  is  suspected,  we  plot  the  logarithms  of  the 
two  variables.  If  a  straight  line  is  obtained  it  follows  that  the  above  law  is 
satisfied,  and  the  values  of  n  and  log  a  may  be  found  by  substituting  the 
co-ordinates  of  any  two  points  on  the  line,  and  solving  the  resulting 
simultaneous  equations. 


Example  (i). —  The  following  quantities  are  supposed  to  follo^j)  a  law  of  the  form 
y  =  ax^.     Test  this,  and  find  the  values  of  a  and  n. 


X 

4 

7 

II 

15 

21 

y 

28-6 

79*4 

182 

318 

589 

Taking  log 

s,  we  get 

Log  X 

o-6o2 

0-845 

1*041 

1*176 

1*322 

Log^ 

1-456 

1900 

2-260 

2-502 

2-770 

Plotting  log  y  and  log  x  as  ordinate  and  abscissa  respectively,  we  get  the  straight 
line  AB,  Fig.  71. 

•*•  ^°S  y  ^^^  ^^g  •*"  ^"^^  connected  by  an  equation  of  the  first  degree,  and  y  and  x  are 
connected  by  a  law  of  the  form  y  =  ax^. 

The  equation  to  this  straight  line  is 

(log  y)  =  «(log  x)  +  log  a 

Reading  off  from  the  figure  the  co-ordinates  of  A  and  B  on  this  line,  we  get 

at  A   log  ;c  =  0-64  ;  log^  =  1-525 
at  B   log  jc  =  1-24  ;  log^  =  2*62 

Substituting  in  the  equation  to  the  line 


1-525  =  0*64  «  4-  log  a 
2-62    =  1*24  «  -f  log  a 
.*.  «  =  1*82  ;  log  a  =  0-357 
and  .*.  a  =■  2'2'j 

/.  y  and  ;r  are  connected  by  the  \9.Yf  y  =  2'3*i'**. 
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A45 


/ 

^J 

r 

Q'R 

17/ 

r 

/ 

/ 

J 

r 

'^2 

/ 

/ 

;S 

/ 

/ 

/ 

1*5 

y 

i 

{ 

0-6  0-8  10  1-2 

Values  of  log  k 

Fig.  71. 


1-4 


Example  (2). — I  is  the  indicated  horse-power  required  to  drive  a  vessel  of  a  certain 
type^  of  displacement  D  tons^  at  a  speed  of  10  knots.     Find  the  law  connecting  I  and  D. 


D 

1720 

2300 

3200 

4100 

I 

655 

789 

1000 

1 164 

To  try  whether  a  law  of  the  form  I  =  oD^  is  satisfied,  we  plot  the  logs  of  I  and  D. 


LogD 

3-2355 

3-3617 

3-5051 

3-6128 

Log  I 

2816 

2-897 

yooo 

3-066 

Plotting  these  values,  we  get  a  straight  line  AB,  Fig.  72,  and  therefore  I  and  D 
satisfy  an  equation  of  the  form  I  =  .aD**. 
The  equation  of  this  line  is 

(log  I)  =  «(log  D)  +  log  « 
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We  find  that  at  A 


and  at  B 
/.  substituting 


log  I  =  2-83  ;  log  D  =  3'20 
log  I  =  3'o6  ;  log  D  =  360 

2-83  =  3-256«  +  log  a 
3'o6  =  3*6o«  +  log  a 
Solving,  we  get  n  =  0*67  ;  log  a  =  0*65 
and  .*.  a  =  4'47 

,*.  I  and  D  are  connected  by  the  law 

I  =  4-47  D0-«' 


80 


2-8 


••8 


] 

f 

/ 

/ 

f 

/ 

y 

y 

/ 

1 

/ 

/ 

1 

/ 

/ 

/ 

k> 

/ 

/ 

f 

/ 

^ 

fA 

/ 

d-2  3-3  3-4  3-5 

y allies  of  log  D 
Fig.  72. 
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Example  (3). — Tht  following  table  gives  the  lo^s  of  power  E  due  to  magnetic 
hysteresis^  for  different  values  of  the  magnetic  induction  B  in  a  transformer  core  built  up 
of  a  certain  quality  of  thin  sheet  iron  : — 


Maximum  B    .     . 

2000 

4000 

6000 

8000 

10,000 

Hysteresis  loss  £  . 

2869 

8700 

16,660 

26,370 

37.660 
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//  is  supposKt  that  a  law  of  the  form  E  =  k^^  connects  E  and  B.     Test  thisy  and 
find  the  actual  law. 

We  have  the  following  corresponding  values  of  log  E  and  log  B  : — 


LogB 

3-3010 

3-6021 

3-7782 

3-9031 

4-0000 

LogE 

3-4578 

3-9395 

4-2217 

4-4211 

4-5759 

Plotting  log  E  and  log  B  we  get  a  straight  line,  whose  equation  must  be 

log  E  =  «  log  B  +  log  >fc 

The  student  should  plot  the  figure  for  himself,  and  verify  the  following  measure- 
ments.    "We  find,  from  the  figure,  that 

when  log  E  =  3-8,       log  B  =  3-51 
„     log  E  =  4-325,  log  B  =  384 

Substituting  these  values  and  solving  the  resulting  simultaneous  equations,  we  get 
n  =  1*59,  log  >fc  =  —  1-79,  and  /.  k  =  0-016 
.*.  the  required  law  is  E  =  o-oi6Bi'*. 


Example  (4). — In  the  following  table  u  is  the  volume  in  cubic  feet  of  i  lb.  of 
saturated  steam  at  a  pressure  of  p  lbs.  per  square  inch.  Find  the  law  of  the  form 
pu*  —  C,  connecting p  and  u. 


u 

2643 

22-40 

1908 

16-32 

14-04 

12-12 

10-51 

9-147 

7-995 

p 

14-7 

17-53 

2o-8o 

2454 

28-83 

33-71 

39-25 

45-49 

5252 

Taking  logs,  we  get 

Log« 


1-422] 


Log/ 


[-1673 


1-3502 


1-2430 


[•2806 


1-3181 


1-2127 


1-3900 


I -1473 


1-4599 


1-0835 


1-5277 


I -02 16 


1-5938 


0-9612 


0-9028 


•6580  I  1-7204 


and,  taking  logs, 


If/«"  =  C,  wehave/ =  C«-» (i) 

log  p=.  —  n  log  «  +  log  C (2) 


therefore,  if  we  plot  log  /  and  log  «,  we  shall  obtain  a  straight  line  whose  slope  to  the 
axis  of  log  «  is  —  n. 

Plotting  the  values  of  log  u  and  log  p  above,  wc  obtain  the  straight  line  AB 
(Fig.  73). 

We  find  by  inspection  of  the  figure,  that  at  the 

point  A,  where  log  u  —  o'9,  log/  =  1-722 
&nd  at  B,  where  log  u—  1-4,  log  P—v  190 
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/.  substituting  in  equation  (2),  we  get 

1722  =  -  «  X  o'9  +  log  C 
1*190  =  —  «  X  1-4  +  log  C 

Solving  these  simultaneous  equations  in  n  and  log  C,  we  get 
n  =  1-064,  ^02  C  =  2-6796,  and  .*.  C  =  478*2 
/.  the  required  law  connecting/  and  u  is^u^'^^  =  478-2. 


60 


.540 


OS 

0:30 

0] 

I 


20 


0-9 


Values  of  tog  t/ 

1-0  1-1  V2  f3 


t-4 


rs 


(i)C 

> 

( 

"^ 

A 

s 

> 

V 

s 

v^ 

\ 

s 

1 

\ 

N 

s^ 

> 

V 

\ 

N 

> 

ii. 

S 

V 

s 

y 

V 

s. 

\ 

SJ^ 

rs 

X 

s 

s. 

"s^ 

Si. 

% 

f^ 

M 

•v. 

N 

^ 

f^ 

^^ 

D- 

"^ 

2  0 
1-9 
1-8 
1-7 
1-6  V 


-5^ 


r-a 


1-2 


11 


10 


16 


19 


22 


Volume  of  one  pound  of  steam  Tn  oubbft.-^u 
Via.  73. 


25 


ro 


This  is,  therefore,  the  equation  of  the  curve  CD,  which  is  obtained  by  plotting 
the  values  oi  p  and  u. 


Examples. — LI. 

Find  the  law  connecting  y  and  x  when  the  following  corresponding  values  are 
given : — 

1 


X 

2-5 

3 

37 

4-8 

y 

9'9 

15-65 

26-4 

50-8 

Determination  of  Laws 


149 


JT 

10 

17 

23 

28 

35 

y 

41-8 

985 

162 

221S 

316 

X 

132 

154 

165 

181 

y 

327 

40 

44 

50 

X 

45 

57 

7-3 

8-9 

y 

227 

464 

976 

1770 

5. 


X 

2 

3*5 

4'2 

7 

91 

y 

20-8 

195 

407 

3120 

8960 

6. 

X 

253 

270 

30s 

360 

y 

137 

194 

370 

895 

7. 

• 

X 

5 

7-3 

8-2 

9-6 

y 

24 

0769 

o'543 

0-337 

X 

1*5 

2-8 

5-6 

8-3 

y 

0-573 

0-243 

0094 

0-055 

9. 
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X 

0-00155 

0*00316 

0*00631 

0*040 

0*144 

0*316 

9 

676 

39-i> 

234 

71 

3*5 

2*0 

In  the  following  examples  /  and  v  are  corresponding  values  of  the  pressure  and 
volume  of  steam  and  various  gases  in  adiabatic  expansion.  Find  whether  they  are 
connected  by  a  law  of  the  form  pU^  —  C  ;  and,  if  they  are,  find  the  value  of  n  in 
each  case. 

10.  Steam. 


V 

2 

4 

6 

8 

10 

p 

68*7 

31-3 

19*8 

14*3 

ii*S 

11.  Steam. 

V 

4 

S 

6 

8 

10 

P 

71*7 

587 

49*6 

38-5 

31-5 

12.  Superheated  steam. 

V 

2 

4 

6 

8 

10 

P 

105 

42*7 

25-3 

16*7 

13 

13.  Mixture  in  cylinder  < 

)f  a  gas-engine 

V 

0*8 

2 

4 

6 

9 

P 

200 

57 

22 

12*6 

7-2 

14.  Air. 

V 

2 

4 

6 

8 

10 

P 

188 

7*07 

4 

2*66 

I '95 
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15.  Air  is  compressed  without  gain  or  loss  of  heat.  The  following  table  gives 
the  absolute  temperature  (Fahr.)  at  different  pressures.  Find  the  law  connecting  / 
and/. 


Absolute  temp.  i°  Fahr. 

521 

637 

779 

876 

Pressure/  lbs.  per  sq.  inch . 

IS 

30 

60 

90 

16.  F  is  the  force  between  two  magnetic  poles  at  distance  d  cms.  apart.     Find  the 
law  connecting  F  and  d. 


d  cms. .     .     . 

1-2 

19 

23 

3-a 

4'S 

F  dynes    .     . 

4"44 

177 

1-21 

0-625 

0-316 

17.  D  is  the  diameter  in  inches  of  wrought-iron  shafting  required  to  transmit  H 
horse-power  at  70  revolutions  per  minute.     Find  the  law  connecting  D  and  H. 


H 

10 

20 

30 

40 

50 

60 

70 

80 

D 

2-11 

267 

3*04 

3-36 

3-61 

382 

4-02 

4-22 

18.  D  is  th«  diameter  in  inches'  of  wrought-iron  shafting  required  to  transmit 
50    horse-power  at    N    revolutions    per    minute.       Find    the    law    connecting    D 

and  N. 


N 

20 

40 

60 

80 

D 

5-46 

4'34 

380 

3*45 

19.  At  the  following  draughts  a   particular  vessel  has  the  following  displace- 
ments : — 

Draught  A  feet      .... 

18 

13 

II 

9-5 

Displacement  V  cubic  feet . 

107200 

65800 

51200 

41100 

Plot  log  V  and  log  A,  and  find  a  law  connecting  V  and  A, 


20.  I  is  the  indicated  horse-power  needed  for  the  propulsion  of  ships  of  a  certain 
class  at  10  knots.  D  is  the  displacement  in  tons.  Plot  log  I  and  log  D,  and  find  an 
approximate  law  connecting  I  and  D. 
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D 

IIOO 

1530 

1820 

2500 

3130 

I 

440 

550 

620 

770 

890    • 

21.  The  following  are  results  of  Hodgkinson's  experiments  on  the  strength  0/ 
cast-iron  pillars.  W  is  the  breaking  weight  of  a  pillar  10  ft.  long,  and  of  diametei 
d  inches. 

It  is  known  from  many  similar  experiments  that  W  and  d  are  connected  by  a  law 
of  the  form  W  =  kd*.  Find  this  law  as  given  by  the  mean  of  the  first  two  and  the 
mean  of  the  second  two  results. 


d 

2511 

2-496 

1*530 

1-541 

W 

63500 

58325 

1 1200 

10870 

{Phil.  Trans.,  1841.) 

22.  A  steamship  at  the  following  speeds  («/  knots)  uses  the  following  indicated 
horse-power  (P) : — 

10 


1066 


I9I2 


14 


3216 


16 


495  J 


18 


7361 


20 


10,355 


Find  if  there  is  a  law  of  the  form  P  =  av^,  and  if  so  what  are  the  most  probably 
correct  values  of  a  and  n.  There  are  experimental  errors  in  the  observed  values  of 
V  and  P.  (Board  of  Educati«n  Examination. ) 

23.  The  following  table  gives  the  loss  of  powei  E  due  to  magnetic  hysteresis  for 
different  values  of  the  magnetic  induction  B  in  a  transformer  core  of  ordinary  sheet 
iron.     Find  the  law  connecting  E  and  B. 


B 

1000 

3000 

5000 

7000 

9000 

E 

1262 

7380 

16600 

28400 

42400 

24.  The  following  data  are  taken  from  the  wiring  rules  of  the  Institution  of 
Electrical  Engineers.  C  is  the  maximum  current  in  amperes  for  rubber-covered  wires, 
exposed  to  high  external  temperatures,  of  cross-sectional  area  A  square  inches.  Find 
the  law  connecting  C  and  A. 


c 

3*2 

5*9 

90 

22  0 

42  0 

680 

84 

102 

A 

0-001810 

0*004072 

0-007052 

0-02227 

0-05 

0-09442 

0-125 

0-I595 

25.  In  the  following,  C  and  A  have  the  same  meaning  with  reference  to  wires 
exposed  to  ordinary  external  temperatures.     Find  the  law  connecting  C  and  A. 
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c 

"3 

237 

354 

425 

493 

624 

6S8 

750 

A 

O'l 

0-2455 

04 

o'S 

0-6 

0-8 

0-9 

I'O 

26.  The  following  are  results  of  Beauchamp-Tower's  experiments  on  friction. 
fi  is  the  coefficient  of  friction  in  a  certain  bearing  running  at  a  velocity  of  V  feet  per 
minute. 


V 

105 

157 

209 

262 

314 

366 

419 

471 

M 

o'ooiS 

O'0O2I 

0-0025 

0*0028 

0-003 

00033 

0-0036 

0-004 

Find  the  law  connecting  /t  and  V. 

{Proceedings  of  the  Institution  0/  Mechanical  Engineers y  1883,  pp.  633-653.) 

27.  /i  is  the  coefficient  of  friction  in  a  bearing  revolving  at  a  speed  of  20  ft.  per 
minute  under  a  normal  load  L  lbs.     Find  the  law  connecting  /i  and  L. 


L 

443 

333 

211 

• 

89 

M 

000132 

0-00168 

0-00247 

0-0044 

85.  Compound  Interest  Law  y  =  ae^. — If  y  —  ae^^  we  have,  taking 
logs  to  base  10, 

logio  J'  =  bx  logio  e  +  logio^ 
=  0-4343^.  ;r  +  logiotf 

This  equation  is  of  the  first  degree  in  logio  y  and  jr,  and  therefore,  if  we 
plot  logio  ^  and  x  we  get  a  straight  line  whose  slope  to  the  axis  of  x  is 
0-4343^.  ' 


Example  (i). — Test  the  following  values  of  x  and  y  for  a  law  of  the  form  y  —  ae^^ 
and  find  the  values  of  the  constants. 


y 

3-86 

4-2 

5*1 

6-3 

7 

X 

2-701 

2-870 

3-258 

3'68i 

3-892 

We  have  the  following  values  of  log,,^  : — 


logiftT 


0-587 


0623 


0-708 


0-799 


0-845 


On  plotting  logj,^  and  x  we  get  the  straight  line  AB,  Fig.  74. 
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The  equation  of  this  line  is 

logu  y  =  o'4343^-^  +  log,,  a 

At  A,  log >/  =  0*576,     jr  =  2*625 
at  B,  log^  =  0-8355,  X  =  3-850 

Substituting  in  the  equation,  and  solving  the  resulting  two  simultaneous  equation*  in 
b  and  log  a,  we  get 

b  =  0*488,  log  a  =  0-02 

and  .*,  a  =  I  '047 

.*,  the  required  law  connecting  y  and  x  is 

y=  i-o47^'«8« 


y 

r- 

0-8 

y 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

1 

• 

y 

V 

/ 

/ 

/ 

/ 

0-6 

/ 

/ 

/ 

A 

e-5 


■0  3-5l 

Valuer  of  X 

Fig.  74. 
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Example  (2). — The  following  are  the  results  of  an  experiment  to  find  the  law 
governing  the  friction  of  a  string  wrapped  round  a  metal  bar. 

A  weight  of  2  oz.  was  hung  at  one  end  of  the  stringy  and  weights  W  at  the  other ^  so 
as  to  counterbalance  the  weight  of  2  oz.y  and  the  friction^  and  to  cause  slipping.  The 
extent  of  the  string  in  contact  with  the  bar  was  measured  by  the  angle  6,  which  is  sub- 
tended  at  the  centre  of  the  cross'section  of  the  bar,  e.g.  when  the  string  is  wrapped  once 
round  9  =  Zk  radians.     It  is  required  to  find  the  law  connecting  W  and  $. 


$  radians  . 

0-57r 
2*875 

IT 

1*5^ 

2ir 

2*Sir 

3» 

3-5' 

47r 

4'S» 

5t 

S'S^ 

6* 

W  oz. .     . 

4*000 

5706 

8*901 

12*437 

14-700 

19*062 

26*5 

3375 

40*00 

52*00 

76*00 
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On  plotting  the  values  of  6  and  W  we  obtain  the  curve  AB,  Fig.  75.     The  theory 
of  the  subject  suggests  that  the  law  is 

where  n  is  the  coefficient  of  friction,  and  w  =  2  oz.,  is  the  constant  weight  hung  at 
one  end  of  the  string. 
Taking  logs,  we  get 

logi»  W  =  /tO  log,,^  +  log,,  w 

=  0-4343^ .  e  +  iogw 

To  try  whether  a  law  of  this  form  is  satisfied,  we  plot  log  W  and  0.     We  obtain 
the  straight  line  CD,  as  representing  the  results  best  on  the  whole,  thus  verifying  that 

the  law  is  of  the  form  W  =  ae^  . 


Sir 


n  2  IT  82r  47r 

/  /ap  2  laps 

Ang!^  subtended  ai  axfa  by  length  of  string 
in  contact  with  cylinder 

Fig.  7$. 


677 
8  lap» 


By  substituting  the  co-ordinates  of  the  points  D  and  E  on  this  line,  and  solving 
the  resulting  simultaneous  equations,  we  get 

fi  =  0*196,  a  =  2*1 

and  the  law  is  W  =  2'  ie^^^9. 

The  theory  suggests  that  we  should  find  a  =  w  =  20Z,  and  it  is  found  that  this 
value  is  given  very  accurately  by  a  straight  line  representing  the  first  five  results. 
This  is  a  good  example  of  the  advantage  of  the  graphic  method  of  treating  experi- 
mental results. 

By  working  out  algebraically  the  values  of  a  and  /i  for  each  pair  of  results  taken 
two  at  a  time,  and  taking  averages,  we  should  obtain  results  nearly  as  above,  but 
there  would  be  nothing  to  show  the  cause  of  the  difference  between  the  value  of  a 
found  by  experiment  and  the  value  to  be  expected  from  the  theory.  We  can  see  at 
once,   however,   from   the  plotted   values  in  Fig.  75,  that  the  law  W  =  w/"    is 
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followed  very  closely  by  the  first  five  observations,  but  that,  as  the  weight  increases, 
the  same  law  is  not  so  accurately  followed. 

Example  (3). — Newton^  s  law  of  cooling.  The  following  are  the  results  of  Winkel- 
tnann^s  experiments  to  find  the  law  which  governs  the  rate  of  cooling  of  a  heated  body 
suspended  in  air.  B  is  the  excess  in  temperature  of  the  body  over  the  temperature  of  its 
surroundings  f  at  time  t  seconds  from  the  beginning  of  the  experiment. 


9 

19-9 

189 

16-9 

14-9 

129 

10-9 

8-9 

6-9 

t 

0 

3*45 

10-85 

19*30 

28-80 

40-10 

5375 

70-95 

According  to  Newton's  law  of  cooling  we  should  have 

w"here  a  is  constant  and  fl,  =  the  temperature  when  /  is  o  =  19-9. 

To  test  how  far  the  above  results  follow  this  law,  we  have,  taking  logs  of  Q — 


log  9 


1-2989 

1-2765 

1-2279 

1-1732 

I-II06 

i;o374 

0-9494 

08388 


Plotting  log  9  and  /  we  get  a  straight  line  sloping  downwards  as  /  increases,  thus 
verifying  that  9  and  t  follow  a  law  of  the  form  9  =  ^i^-»*. 
Taking  logs,  we  get 

logi,  9=  -  at  log,,  e  +  log,,  «,  =  -  0*4343^  .  /  +  log,,  9^ 

as  the  equation  to  this  straight  line. 

Substituting  the  co-ordinates  of  two  points  on  the  line,  and  solving  the  resulting 
simultaneous  equations,  we  get 

a  —  0*015,  0,  =  19-9 

,*.  the  temperature  and  the  time  are  connected  by  the  law  9  =r  i9-9^0"0iw. 

The  student  should  draw  the  figure  from  the  above  data,  and  verify  this  result. 


Examples. — LII. 
Find  the  law  connecting  _y  and  x  in, the  following  cases  :- 
1. 


2. 


X                     0-4 

072 

... 

1-5 

2 

y 

3-32 

87 

27-3 

91 

407 

X 

24 

3-6 

4-8 

5*3 

6-9 

9 

i-i6 

2'06 

375 

4 '9 

IO-7 
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X 

o'S 

0-8 

»3 

2-8 

32 

y 

99 

54 

20 

I'O 

0-49 

4. 


17 


502 


2'1 


18-92 


5-6 


1 7 '34 


2-8 


[67 


3*9 


55-4 


34'5 


43'5 


24 


93 


15-8 


47 


249 


550 


30 


"•5 


14*96 


5. 

* 

I -5 

23 

41 

5-8 

6-2 

y 

1459 

3250 

19600 

108000 

161000 

e. 

55 


7. 

X 

4"o 

8-4 

12-8 

146 

16*0 

y 

'•5 

2-3 

3-6 

43 

5-0 

8. 

60 


33 


9. 


X 

3.-5 

524 

68-8 

72-8 

y 

66 

tri 

167 

18-5 
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10.  e  and  W  have  the  same  meaning  as  in  Examphe  2,  p.  154.    Show  that  W  and 
6  are  connected  by  a  law  of  the  form  W  =  w*-"^,  and  find  the  coefficient  of  friction,  fi. 


$  radians    . 

o'Sir 

w 

I  Sir 

2ir 

2-Sir 

3' 

3'S* 

W  ozs.       . 

5*35 

7-15 

9-SS 

12-8 

1712 

22-9 

308 

11.  Find  the  coefficient  of  friction  n  from  the  following  data,  as  in  the  last 
example,     d  must  be  found  from  the  number  of  laps,     i  lap  =  Zir  radians. 


No.   of  times   cord  laps 
round  

i 

i 

i 

. 

li 

li 

If 

2 

W. 

261 

3*40 

4'44 

578 

7-55 

9-85 

12-8 

167 

12.  The  following  are  results  of  experiments  on  lubrication,  fi  is  the  coefficient 
of  viscosity  of  olive  oil  at  temperature  /"  Fahrenheit.  Find  the  law  connecting 
fi  and  i. 


t 

61 

81 

94 

120 

107 

130 

84 

63 

36 

13.  The  following  table  gives  the  pressure/  in  inches  of  mercury,  as  measured 
by  the  barometer  at  various  heights  h  above  the  sea,  when  the  pressure  at  the  sea- 
level  is  29*9  inches  :  — 


A  feet       .    . 

0 

4000 

8000 

12000 

16000 

20000 

24000 

p  inches  .     . 

29-9 

25-8 

22*2 

19-1 

16-3 

13-9 

ii'8 

Show  that  a  law  of  the  form  /  =  A^^  connects  p  and  ky  and  find  A  and  k. 


14.  W  is  the  density  of  air  at  height  //  feet  above  the  sea  expressed  as  a  percentage 
of  its  value  at  sea-level,  under  the  same  conditions  as  in  Ex.  13. 


h  feet      .     . 

0 

4000 

8000 

12000 

16000 

20000 

24000 

W.    .    .     . 

100 

88-4 

78-0 

68-6 

6o-i 

52-5 

457 
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The  following  three  examples  give  results  of  Winkelmann's  experiments  to  find 
the  rate  of  cooling  of  a  body  in  air.  0  is  the  excess  in  temperature  of  the  body  over 
the  temperature  of  its  surroundings  at  time  /  seconds  from  the  beginning  of  the 
experiment.  According  to  Newton's  law  of  cooling  d  =  0ig-'^K  Test  this  for  each 
case,  and  if  the  law  applies  find  the  values  of  the  constants  tf,  and  a, 

15. 


e°C.    .    . 

19  32 

1832 

16-32 

14-32 

12-32 

10-32 

832 

t  seconds    . 

0 

10 

317 

56-4 

84-2 

117-6 

158-7 

16. 

0 

2065 

18-65 

16-65 

14-65 

12-65 

1065 

8-65 

/ 

0 

16-9 

35*3 

559 

8o-i 

1086 

143' I 

17. 

e 

118-97 

116-97 

114-97 

iii-97 

110-97 

108-97 

106-97 

t 

0 

12-1 

25-8 

417 

597 

820 

1090 

In  this  case  we  find  that  the  values  of  log  9  and  /  do  not  give  a  straight  line  when 
plotted,  but  lie  on  a  regular  curve  of  small  curvature.  Find  an  approximate  law  of 
the  form 

log  e  =  a  +  ^/  +  cf* 


18.  s  is  the  weight  of  potassium  chromate  which  will  dissolve  in  100  parts  by 
weight  of  water  at  temperature  /**  C.  Find  an  approximate  law  of  the  form  s  —  a^\ 
connecting  s  and  /. 


t 

0 

10 

274 

42-1 

t 

61-5 

62-1 

66-3 

703 

The  values  of  log  s  and  /  do  not  give  points  lying  exactly  on  a  straight  line  but  on  a 
regular  curve.     Find  a  law  of  the  form 

log  s  =  a  ■{■  bt  ■\- 0^ 
which  will  fit  this  curve  better  than  the  compound  interest  law  found  above. 

19.  The  following  are  results  of  Beau  champ-Tower's  experiments,  fi  is  the 
coefficient  of  friction  of  a  certain  bearing  in  a  bath  of  lard  oil,  at  temperature  /°  F,  and 
speed  209  ft.  per  minute. 
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t 

1 20 

no 

100 

90 

80 

70 

60 

/* 

00035 

0-0039 

0004s 

0-0052 

0-0063 

00080 

0-0103 

Find  a  roughly  approximate  law  of  the  form  /x  =  a^  connecting  fi  and  /. 

(Beauchamp-Tower,  Proceedings  of  the  Institute  0/  Mechanical 
Engineers,  1883,  pp.  633-653.) 


20.  The  following  results  were  obtained  with  the  same  bearing,  running  at  419  ft. 
per  minute.     Find  a  law  connecting  ti  and  /. 


/ 

120 

no 

100 

90 

80 

70 

60 

ft- 

0-0051 

0-0059 

0-0071 

0-0085 

0-0I02 

0'0I24 

0-0148 
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DETERMINATION  OF  MEAN  VALUES  AND  AREAS 


88.  The  student  is  already  familiar  with  the  arithmetical  method  of  finding 
the  mean  or  average  value  of  a  number  of  separate  values  of  a  quantity.  The 
values  are  added  together,  and  the  sum  is  divided  by  the  number  of  values 
taken. 

For  example,  if  we  have  four  rectangles  on  equal  bases  of  i"  and  of 

heights  2",  5",  7",  6"  respectively,  their  mean  height  is 


2+5+7+6^    , 
4  ^ 


If  they  are  placed  side  by  side  so  that  their  bases 
are  in  a  straight  line,  as  in  the  figure,  then  their 
mean  height  is  the  height  of  a  rectangle  on  the 
same  base,  and  having  the  same  area  as  the  four 
given  rectangles  together. 

87.  Mean  Value  of  a  Variable. — It  often 
happens  in  physical  science  that,  instead  of  having 
given  a  number  of  isolated  values  of  a  quantity, 
we  know  the  way  in  which  one  quantity  varies 
continuously  with  respect  to  another,  and  we  re- 
quire to  find  the  mean  val-ue  of  the  first  with  respect 
to  the  second  :  for  example,  we  may  know  the  way 
in  which  the  speed  of  a  train  varies  between  any 
two  definite  instants,  and  we  may  require  to  find 
its  average  speed  during  that  interval,  i.e.  the  con- 
stant speed  with  which  it  would  describe  the  same 
distance  in  the  same  time  ;  or  we  may  know  the 
pressure  on  the  piston  of  a  steam-engine  at  any 
point  of  the  stroke,  and  require  to  find  the  average 
pressure  throughout  the  stroke,  i.e.  the  constant 
pressure  which  would  do  the  same  amount  of  work  in  acting  through  the 
same  stroke. 

We  shall  define  the  mean  value  of  a  variable  quantity  by  reference  to  a 
graphic  construction  as  follows : — 

Let  J'  and  x  be  two  variables,  such  that^  is  known  when  x  is  known. 

Plot  a  curve  having  values  oiy  as  ordinates  and  values  of  x  as  abscissae. 
Then  the  mean  value  of  y  with  respect  to  x  between  any  two  values  a  and  b 
of  X  is 'the  height  of  a  rectangle  having  the  same  area  as  that  enclosed  by 
the  curve,  and  the  axis  of  x  between  the  two  ordinates  2X  x  —  a  and  x  —  by 
and  standing  on  the  same  base  b  —  a. 

E.g.  in  Fig.  'J^  the  ordinate  represents  the  velocity  z/  of  a  point  at  any 
time  /,  and  the  line  AB  shows  the  relation  between  y  and  /.  The  mean 
value  of  V  with  respect  to  /  is  represented  by  the  height  of  the  rectangle 
CDGF,  which  stands  on  the  same  base  CD  as,  and  whose  area  is  equal  to 
the  area  of,  CABD. 


j 

j 

1 

Fig.  76. 
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In  explaining  practical  methods  of  finding  mean  values,  we  shall  first  con- 
sider the  simple  case  when  the  curve  showing  the  connection  between  the 
two  variable  quantities  is  a  straight  line. 

Example  (i). — A  point  moves  along  a  straight  linCy  so  that  its  velocity  v  at  time  t  is 
given  by  the  following  table: — 


V  feet  per  second  . 

8-5 

14-25 

20- 1 

23 

^seconds    ,     .     . 

o 

2 

4 

5 

Find  the  time  average  of  the  velocity  from  t  =  o  to  t  =  $  seconds. 

On  plotting  the  given  values  oiv  and  /  we  obtain  the  straight  line  AB  (Fig.  77). 

We  require  to  construct  a  rectangle  on  the  same  base  CD,  and  having  its  area  equal 
to  the  area  ABDC. 

Bisect  AB  at  E,  draw  FEG  parallel  to  CD  and  complete  the  rectangle  CFGD, 
Then  CF  represents  the  required  time  average  of  the  velocity. 

For  the  triangles  AFE  and  BGE  are  equal,  and  the  rectangle  CFGD  can  be 


_> 

.20 

/ 

y 

^^ 

^ 

h 

E 

^ 

a. 

|A 

X^ 

y 

/ 

/' 

X 

1 

n 

CO 


2  3 

Ko/wes  0/  t  (seconds) 

Fig.  77. 


formed  from  the  figure  CABD  by  cutting  off  the  triangle  BGE  and  adding  the  equal 
triangle  AFE.     Thus  the  rectangle  CFGD  is  equal  to  the  figure  CABD. 

We  find  that  CF  measures  1575,  and  therefore  the  average  velocity  is  1575  ft. 
per  second. 

When  the  curve  is  a  straight  line  we  see  that  the  mean  value  of  the  ordinate  is 
equal  to  the  ordinate  at  the  middle  point  of  the  base  CD,  and  is  the  arithmetic  mean 
of  the  ordinates  at  the  extremities  C  and  D.  When  the  portion  of  the  curve  con-- 
sidered  is  nearly  but  not^  quite  a  straight  line,  it  is  evident  that  we  shall  get  an 
approximation  to  the  mean  value  by  taking  the  ordinate  at  the  mid-point  of  the  portion 
of  the  base  considered. 
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"We  use  this  principle  to  find  approximately  the  mean  value  of  any  variable  quantity 
which  can  be  represented  by  a  continuous  curve. 

Example  (2). — A  point  moves  along  a  straight  line  so  that  its  velocity  v  at  any 
time  t  is  given  by  the  following  table : — 


V  ft.  per  second  . 

8-5 

9-8 

11-6 

17-8 

23 

/  seconds  .... 

0 

I 

2 

4 

S 

Find  the  time  average  of  the  velocity  from  t  =  0  to  t  =  ^  seconds. 

On  plotting  the  given  values  oi  v  and  /  we  obtain  the  curve  AB  (Fig.  78). 

We  require  to  find  the  mean  height  of  the  figure  ABDC. 

We  divide  the  figure  into  any  given  number,  usually  10,  of  strips  of  equal  width, 


2  3  4 

Values  of  t  (seconds) 

Fig.  78. 


and  assume  that  the  portion  of  the  curve  AB  at  the  top  of  each  strip  may  be  treated 
as  if  it  were  a  straight  line  ;  accordingly  we  take  the  mean  height  of  each  strip  as  equal 
to  the  height  at  the  mid  point  of  its  base. 

This  is  equivalent  to  substituting  a  number  of  rectangles  on  equal  bases  for  the 
strips  of  the  area  ABDC. 

The  height  of  each  rectangle  is  equal  to  the  ordinate  to  the  curve  AB  at  the  mid 
point  of  the  base  of  the  corresponding  strip. 

The  average  value  of  the  heights  of  these  rectangles  is  the  mean  height  of  the 
curve  AB,  being  the  height  of  a  rectangle  on  the  base  CD,  having  its  area  equal  to 
the  sum  of  the  areas  of  the  smaller  rectangles,  i.e.  equal  to  the  area  ABDC  (see  §  86). 

We  find  the  mean  heights  of  the  respective  strips  of  the  area  ABDC  to  be  875, 
9'4,  io'2,  ii'i,  I2'2,  13*4,  15*0,  1675,  19*0,  21*5.    The  mean  value  of  these  is  1373. 

This  is  the  height  of  the  rectangle  ECDG  in  the  figure.  This  rectangle  may  be 
supposed  formed  by  cutting  ofif  the  area  FGB  from  the  original  figure,  and  fitting  it 
into  the  space  EAF,  which  must  be  of  the  same  area,  but  not  necessarily  of  the  same 
shape. 
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Note  that  EG  does  not  in  this  case  bisect  AB,  and  that  the  mean  ordinate  is  not 
the  arithmetic  mean  of  the  two  extreme  values. 

Note  also  that  the  mean  value  of  a  variable  is  always  equal  to  the  actual  value  at 
some  point  within  the  interval  considered. 

We  thus  get  the  following  rule  for  finding  the  mean  ordinate  of  any  curve. 
'Consider  a  curve  having  values  of  y  as  ordinates  and  values  of  ar  as  abscissae. 
Divide  the  area  between  the  curve  and  the  axis  of  x  into  any  number  of  strips  of 
equal  width.  If  the  top  of  each  strip  is  nearly  straight,  take  the  height  of  each  strip 
at  the  mid  point  of  its  base  as  the  mean  height  of  the  strip. 

Then  the  average  value  of  the  mean  heights  of  the  strips  is  the  mean  ordinate  of 
the  whole  curve. 

Note. — If  the  curve  is  so  irregular  that  the  strips  would  have  to  be  made  very 
narrow  before  we  could  take  the  height  in  the  middle  of  each  strip  as 
P  p       its  mean  height,  we  can  estimate  the  mean  height  of  any  strip  by  the 

i'        eye.     If  A  BCD  in   Fig.  79  represents  one  of  the  strips  into  which 
\       an  irregular  area  is  divided,  it  is  evident  that  the  height  of  the  hori- 
zontal line  EF  gives  a  more  accurate  value  of  its  mean  height  than 
would  be  obtained  by  measuring  the  height  at  the  mid  point  of  AB. 
We  estimate  the  position  of  EF  so  that  the  area  cut  off  by  EF  from 
the  strip  ABCD,  appears  equal  to  the  area  which  would  have  to  be 
added  at  the  corners  to   form   the   rectangle   ABFE.     Considerable 
accuracy  in  estimating  mean  ordinates  by  this  method  can  be  attained 
by  practice.     The  student  of  the  steam-engine  will  find  it  useful  to 
bear  in  mind  this  note  when  finding  the  mean  pressure  from  an 
g         indicator  diagram,  especially  with  respect  to  the  two  outer  strips  into 
which  this  diagram  is  divided. 
Fig.  79.  More  advanced  methods  of  finding  mean  values  will  be  treated  in 

Chapter  XIX. 

88.  Area  of  an  Irregular  Figure — (I.)  Mean  Ordinate  Method. — If 
we  agree  to  measure  the  length  and  breadth  of  an  irregular  figure  in  two 


100  150 

Valu68  of  8  (ft ) 
Fig.  80. 


?00 


fixed  directions  at  right  angles  to  each  other,  then  the  area  of  the  figure  is 
the  product  of  its  length  into  its  mean  breadth. 

To  find  the  area  of  an  irregular  figure  we  find  the  mean  breadth  by  the 
method  of  the  last  paragraph  and  multiply  the  result  by  the  length  of  the 
fiigure. 
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Example. — The  following  table  gi^'es  the  half -width  h  of  a  horizontal  section  of  a 
ship  at  different  distances  sfrom  one  end: — 


J  ft. 

0 

20 

40 

80 

120 

160 

200 

220 

240 

hiu 

o-i 

67 

13-5 

167 

17-1 

15-4 

107 

S'o         o-i 

Find  the  area  of  the  section. 

Plotting  the  values  of  h  and  s,  we  get  the  curve  (Fig.  80).     To  find  the  mean 
value  of  h,  we  divide  the  area  between  this  curve  and  the  axis  of  j  into  ten  strips  of 
equal  width.     The  values  of  h  at  the  mid-point  of  the  base  of  each  strip  are  37, 12*5, 
15-6,  i6-8,  17*2,  i6'8,  157,  13-5,  98,  2-5.     The  mean  of  these  is  12-41. 
.*.  the  area  of  the  section  =  (mpan  value  of  h)  X  length 
=  12*41  X  240  =  2978  sq.  ft. 

89.  Simpson's  Rule. — The  following  method  is  more  accurate  than  the 
foregoing  in  certain  cases  determined  by  the  assumption  mentioned  below. 

Draw  ordinates  dividing  the  area  into  an  even  number  of  strips  of  equal 
width. 

Thus  there  will  be  an  odd  number  of  ordinates,  including  the  first  and 
last,  which  are  drawn  at  the  boundaries  of  the  figure. 

Number  the  ordinates  ji,/2. 73  •  •  •  • 

Add  together  the  first  and  last  ordinates,  twice  the  sum  of  the  other  odd 
ordinates,  and  four  times  the  sum  of  the  even  ordinates  ;  multiply  the  result 
by  one-third  of  the  distance  between  two  adjacent  ordinates.  The  result  is 
the  area  of  the  figure. 

For  example,  if  the  area  is  divided  into  ten  strips  there  are  eleven 
ordinates,  and  the  area  is  equal  to 

-{jKl  +/n    +  2(^3  +^6   +  J7   +79)  +  4(^2  +^4  +  J6  +  J8  +.rio)} 

where  h  is  the  distance  between  two  adjacent  ordinates. 

This  method  is  based  on  the  assumption  that  we  can  draw  arcs  of 
parabolas,  to  fit  the  curve  approximately,  through  the  tops  of  the  ordinates 
taken  three  at  a  time,  but  the  student  will  not  be  in  a  position  to  follow  the 
proof  until  a  later  stage  (see  §  137). 

Example. — To  find  the  area  of  the  section  of  a  ship  in  the  last  example  by  Simpson*  s 
rule. 

The  work  may  be  set  out  as  follows  : — 


(0 

(2) 

(3) 

(4) 

(0 

(2) 

(3) 

(4) 

No.  of 

No.  of 

ordinate. 

y 

S  M 

J^XS  M 

ordinate. 

y 

S  M 

^XSM 

I 

o-i 

I 

O-I 

230-9 

2 

8-5 

4 

340 

7 

16-3 

2 

32-6 

3 

14-5 

2 

29-0 

8 

146 

4 

58-4 

4 

ib-3 

4 

652 

9 

121 

2 

242 

5 

171 

2 

3*2 

10 

6-1 

4 

24-4 

6 

17-1 

4 

68-4 

II 

01 

I 

01 

230-9 

370-6  X  8  = 

2964-8 

The  numbers  in  column  (2)  are  the  heights  of  the  ordinates  in  Fig.  80. 
,,         „  „       ,,        (3)  are  the  appropriate  Simpson's  Multipliers. 

„         ,,         „       „        (4)  are  the  products  of  the  corresponding  numbers  in 
columns  (2)  and  (3). 

The  sum  of  the  numbers  in  column  (4)  multiplied  by  -  =  8  is  equal  to  the  area  of 
the  section  =  2965.  ^ 
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Examples.— LIII. 

1.  There  are  two  variables  ^  and  Xy  which  are  connected  together  so  that  they  have 
the  following  pairs  of  corresponding  values. 


X  o  12  3  4 


Find  the  mean  value  of  ^  with  respect  to  x  between  x  —  O  and  jr  =  4. 

2.  A  quantity  of  steam  expands  from  volume  2  to  volume  10.     The  value  of  the 
pressure  p  when  the  volume  is  v  is  given  by  the  following  table : — 


V 

2 

4 

6 

8 

10 

p 

687 

31-3 

19-8 

14-3 

ii-S 

Find  the  average  pressure  between  »  =  2  and  v  —  \o. 

3.  V  is  the  volume  of  the  gas  in  the  cylinder  of  a  gas-engine  when  its  pressure  is 
/.     Find  the  average  pressure  as  v  changes  from  i  to  9. 


V 

08 

2 

4 

6 

9 

p 

200 

57 

22 

12-6 

72 

4.  The  following  table  gives  the  pull   P   lbs.  at  the  drawbar   of   an  electric 
locomotive  at  time  /  seconds  from  starting. 

P 

1150 

1450 

1320 

1350 

1040 

1300 

/ 

0 

12-5 

25 

37-5 

43 

50 

Deduct  300  lbs.  for  friction,  and  find  the  time  average  of  the  remaining  force, 
P  —  300,  which  causes  the  motion  of  the  train. 

5.  The  following  table  gives  the  draw-bar  pull  P  lbs.  exerted   by  an  electric 
locomotive,  at  distance  s  feet  from  rest. 


p 

930 

1000 

930 

835 

1000 

I22S 

1325 

1300 

1230 

1000 

800 

650 

/ 

0 

15 

30 

45 

80 

110 

160 

180 

200 

227 

260 

300 

Find  the  space  average  of  the  force  P  from  jr  =  o  to  x  =  300. 
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6.  V  is  speed  of  a  car  at  time  /  from  rest.     Find  the  time  average  of  the  speed. 


/seconds   .     .     . 

0 

s 

37 

10 

15 

20 

25 

30 

V  ft.  per  second  . 

0 

7*5 

10-85 

12-95 

137 

14 

7.  h  is  the  height  above  the  sea-level  of  various  points  on  a  certain  road  ;  s  is  the 
distance,  measured  along  the  road,  of  the  respective  points  from  a  fixed  point  on  the 
road.     Find  the  average  height  of  the  road  above  the  sea-level. 


hh 

100 

135 

156 

184 

160 

148 

160 

s  miles  .... 

I 

1*5 

2 

2-5 

3 

35 

4 

Note. — Since  h  is  small  compared  with  j,  the  distances  s  may  be  taken  as  if  they 
were  measured  in  a  horizontal  plane. 

8.  Draw  a  circle  of  2  ins.  radius,  and  find  its  average  width  measured  parallel  to 
a  fixed  diameter. 


9.  Find  th6  mean  value  of  *'  between  jf  =  o  and  x  = 
and  find  its  mean  ordinate.) 


(Plot  the  curve  y  —  *', 


10.  Find  the  mean  value  of  the  sine  of  an  angle  when  the  angle  has  all  values 
between  o  and  -  radians. 

Note.— The  values  of  the  angle  must  be  plotted  in  radians. 

11.  Plot  the  curve  ^  =  sin  *  from  *  =  o  to  ;r  =  2ir  radians.  By  squaring  the 
ordinates  of  this,  and  plotting  on  the  same  axis  of  x,  obtain  the  curve  y  =  sin'  x. 
Find  the  mean  value  of  sin'^  x,  taking  x  in  radians.  Note  that  the  mean  value  of 
sin'  X  is  not  the  same  as  the  square  of  the  mean  value  of  sin  x.  The  result  of  this 
example  is  important  in  the  theory  of  alternating  electric  currents. 

12.  A  gas  expands  from  volume  2  to  volume  10,  so  that  its  pressure/  and  volume 
V  satisfy  the  equation  pv  =  100.  Find  the  average  pressure  between  z/  =  2  and 
»  =  10. 

13.  A  body  weighing  500  lbs.  moves  along  a  straig^^t  line  without  rotating,  so 
that  its  velocity  v  at  time  /  is  given  by  the  following  table : — 


/  seconds 


V  ft.  per  second , 


1*53 


1-65 


1-77 


13 


1-89 


Its  kinetic  energy  is  equal  to  one-half  the  product  of  the  mass  into  the  square  of  the 
velocity.     Find  the  mean  value  of  the  kinetic  energy  from  /  =  i  to  /  =  13. 

Note. — To  obtain  the  energy  in  foot-pounds  take  32-2  lbs.  as  the  unit  of  mass. 
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14.  Find  the  area  between  the  curve  given  by  the  following  values,  and  the  axis  of 
r,  from  :r  =  2  to  ;c  =  4. 


X 

2'0 

2-6 

30 

3-25 

3-6 

3-8 

40 

y 

3-03 

461 

5-80 

6"59 

776 

8-46 

919 

15.  Find  the  area  between  the  curve  given  by  the  following  values,  and  the  axis 
oix  from  X  =  3'lo  to  :c  =  5*20  : — 


X 

3-.0 

3-56 

41 

4-85 

5-20 

y 

22*47 

I9I9 

IS'97 

12-85 

1 1 72 

16.  Find  the  area  between  the  following  curve,  and  the  axis  of  x  from  *  =  o  to 
jr  =  96  : — 


X 

0. 

12 

24 

48 

72 

84 

96 

y 

1*2 

61 -2 

86 -o 

I2I-0 

96-6 

768 

« 

1*2 

17.  Find  the  area  between  the  curve  given  by  the  following  data,  and  the  axis  of  x 
from  ;c  =  o  to  j;  =  5  : — 


X  inches . 

0 

ro 

20 

25 

3'3 

4'o 

44 

SO 

y  inches  . 

I 

205 

2*54 

2-6i 

2-40 

2-03 

194 

2-2S 

18.  Find  the  area  lying  between  the  following  curve,  and  the  axis  of  x  from  x 
0-5  to  jr=  5-3:— 


X 

o's 

1-2 

2-5 

3-6 

4-5 

53 

y 

3*42 

3-6 

4*34 

4-25 

375 

3-27 

19.  Find  the  area  of  a  half-section  of  a  ship  at  the  water-level,  of  which  the 
curved  form  is  defined  by  the  following  equi-distant  ordinates  spaced  12  ft.  apart: — 

Ordinates  (feet) — 

o-i,  5-1,  7-17,  87s,   lo-i,  9-17,  80s,  6'4,  01. 

(Board  of  Education  Examination  in  Naval  Architecture,  1902.) 

20.  ITie  numbers  given  below  refer  to  horizontal  sections  of  the  same  ship  at 
different  distances  above  the  keel.  A  is  the  half-width  across  the  section  at  distance  j 
from  the  stern.     Find  the  area  of  the  half-section  in  each  case,  by  Siaipson's  rule. 
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s  feet 

0 

20 

40 

80 

120 

160 

200 

220 

240 

I  ft.  above  keel 

A 

O'l 

I  "4 

5-6 

II'I 

13-1 

io'5 

57 

17 

O'l 

2  ft.  above  keel 

h 

O'l 

2-6 

8-2 

137 

15-6 

12-6 

7*5 

2'7 

O'l 

4  ft.  above  keel 

h 

01 

4-6 

ii'5 

15-9 

171 

146 

9-5 

4*1 

O'l 

8  ft.  above  keel 

h 

O'l 

9-0 

147 

17-0 

i7'4 

15-8 

11-6 

6-0 

01 

loft.  above  keel 

h 

O'l 

ii'i 

15-3 

i6'9 

17-4 

i6'o 

125 

9'i 

01 

(Board  of  Education  Examination  in  Naval  Architecture,  1902.) 
21.  The  following  are  values  of  x  and  y  for  a  certain  curve : — 


X 

I 

1-8 

2'5 

3-15 

4 

4-6 

5'4 

6-3 

6-8 

7'o 

y  ^ 

0 

I -06 

i'7i 

210 

2'36 

2'39 

230 

I  80 

1*2 

08 

Find  the  area  enclosed  by  this  curve,  the  axis  of  x  and  the  ordinates  at  j:  =  i  and 
ar  =  7,  by  Simpson's  rule,  using  (i)  5  ordinates,  (2)  7  ordinates,  (3)  9  ordinates,  (4)  11 
ordinates,  (5)  13  ordinates,  (6)  21  ordinates,  respectively. 

Observe  and  record  the  time  taken  to  obtain  each  of  the  above  6  results.  Taking 
the  last  result  as  accurate  calculate  the  percentage  error  in  each  of  the  others.  Take 
the  reciprocal  of  the  percentage  error  as  an  index  of  the  accuracy  of  each  method. 

Compare  the  accuracy  of  the  different  results,  and  also  the  time  occupied.  In 
which  of  the  above  results  do  you  obtain  the  highest  accuracy  per  minute  occupied. 
Also  find  the  area  by  means  of  a  planimeter  if  you  have  the  opportunity. 

22.  Find  the  area  in  the  last  example  by  mean  ordinates,  dividing  the  base  into 
4,  6,  8,  10,  12,  20  divisions  respectively. 

Compare  accuracy  obtained  and  time  occupied  as  before. 

23.  Plot  the  curve  which  passes  through  the  following  points  in  the  order  given, 
and  find  the  area  which  it  encloses  : — 


x 

09 

I '9 

2-6 

3'4 

41 

47 

5-55 

6 

6-4 

6-46 

6-3 

y 

o'6 

02 

025 

0-38 

025 

o'i6 

03 

o'6 

1*35 

1-8 

2'59 

X 

5'9 

5'4 

4'5 

3*5 

31 

21 

I  "4 

07 

0'42 

0'2I 

0-5 

09 

y 

2'9 

2'7 

2'SI 

2-8 

3-19 

356 

3-46 

3 

2-6 

I '9 

o'99 

o'6 
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90.  The  plotting  of  curves  from  their  equations  or  from  tabulated  lists  ol 
values  will  already  have  made  the  student  familiar  with  the  conception  of  two 
mutually  dependent  variables.  We  regarded  y  and  x  as  two  quantities,  such 
that  definite  changes  in  x  were  accompanied  by  definite  changes  in  /,  and 
the  nature  of  these  changes  was  exhibited  to  the  eye  by  a  curve. 

We  shall  now  consider  more  fully  the  rate  of  change  of  one  quantity  with 
respect  to  another. 

Consider  the  following  cases  : — 

{a)  The  following  table  shows  the  average  height  at  different  ages  of  a 
boy  in  Great  Britain  : 


Age  /  years  .     .     . 

s 

6 

12 

13 

19 

2a 

Height  h  inches     , 

41-03 

44-00 

54-99 

56-91 

67-29 

67-52 

From  these  numbers  we  infer  that  the  mean  rate  of  growth  between  the 
ages  of  5  and  6  is  2-97  inches  per  annum,  between  12  and  13  it  is  1*92  inches 
per  annum,  between  19  and  20  it  is  0-23  inches  per  annum. 

If  /  represents  the  age  measured  in  years  and  h  the  height  in  inches,  we 

use  the  symbol  -j:  to  represent  the  rate  at  which  h  is  increasing  per  unit 

increase  of  /. 

Thus  the  above  statement  may  be  expressed  in  another  way  by  saying 

that  the  mean  value  of  ^  is  2*97  between  the  ages  of  5  and  6  years,  i'92 

between  12  and  13,  and  0-23  between  19  and  20. 

For  the  present  the  student  should  regard  the  symbol  -j-  simply  as  an 

abbreviation  for  "  the  rate  of  increase  of  h  with  respect  to  /." 

{b)  The  population  of  England  and  Wales  in  1881  was  25*974  millions,  in 
1891  it  was  29*002  millions.  The  increase  was  3,028,000  in  10  years,  an 
average  increase  of  302,800  per  annum.     If  P  denotes  the  population  and  / 

the  time  in  years,  the  mean  value  of  —^  is  thus  302,800  between  the  values, 

1881  and  1891,  of/. 

{c)  A  bar  of  zinc,  which  is  10  ins.  long  at  temperature  0°  C,  measures 
10*03  ins.  at  100°  C,  so  that  the  length  increases  0*03  in.  while  the 
temperature  increases  100°.     Thus  the  mean  rate  of  increase  of  the  length  is 
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o'cxx33  in.  per  degree,  or,  if  /  is  the  length  in  inches  and  e  the  temperature  in 
degrees,  the  mean  value  of  ^  is  o'ooo3. 

(d)  If  the  same  bar  of  zinc  is  i  sq.  in.  in  cross-section,  and  is  subjected 
to  a  tension  of  one  ton,  it  will  stretch  0*02  in.    Therefore,  if  W  is  the  tension 

in  pounds  the  mean  value  of  ^^tt^  is =  0*000008925. 

(e)  A  train  passes  a  point  A  distant  12  miles  beyond  a  certain  station  at 
1.50,  and  a  point  B  ten  miles  further  on  at  2.20.  It  has  travelled  10  miles  in 
30  minutes,  and  its  average  speed  is  therefore  20  miles  an  hour,  or,  if  s  is  the 
distance  in  miles  traversed  along  the  line  from  the  station  at  time  /  hours, 

the  mean  value  of -7^  is  20. 
at 

On  considering  the  above  cases,  we  notice  that  in  every  case  two 
quantities  have  to  be  specified :  {a)  the  quantity,  such  as  height,  population, 
length  of  a  bar,  distance,  whose  rate  of  increase  is  being  measured,  and  {b)  a 
second  quantity,  such  as  time,  temperature,  or  tension,  with  respect  to  which 
that  rate  of  increase  is  measured.  The  first  of  these  quantities  is  called  the 
dependent,  and  the  second  the  independent  variable. 

In  example  {a)  above,  h  is  the  dependent  and  t  the  independent  variable  ; 
in  example  \c)  I  is  the  dependent  and  0  the  independent  variable. 

Note  that  it  is  always  necessary  to  specify  both  variables  before  the 
meaning  of  the  rate  of  increase  can  be  understood. 

For  example,  in  cases  {c)  and  {d)  above,  the  dependent  variable  /,  the 
length  of  a  bar  of  zinc,  is  the  same  in  both  cases,  but  the  rate  of  increase  of 
its  length  /  has  a  very  different  meaning,  according  as  we  mean  the  rate  of 

increase  ^  with  respect  to  the  temperature  of  the  bar  when  heated,  or  the 

rate  of  increase  -p^  with  respect  to  its  tension  when  stretched. 

In  general,  \i  y  is  the  dependent  and  x  the  independent  variable,  the 
symbol  ^  denotes  the  rate  of  increase  oiy  per  unit  increase  of  jt. 


Examples.— LIV. 

1.  \{y  —  12  when  *  =  5»  and^  =  '7  when  *  =  7,  what  is  the  mean  value  of -,  ? 

2.  An  electric  tramcar  passes  one  trolley  pole  at  a  certain  instant,  and  the  next 
trolley  pole  8  seconds  afterwards.     The  distance  between  the  trolley  poles  is  120  ft. 

If  s  denotes  the  distance  moved  in  time  /,  what  is  the  mean  value  of  ^  ? 

3.  The  speed  z/  of  a  falling  stone,  after  falling  2  seconds  from  rest,  is  64*4  ft.  per 

second.     At  2^  seconds  from  rest  it  is  80*5  ft.  per  second,     lit  denotes  the  time,  find 

dv 
the  value  of  the  acceleration  -ji- 

4.  \i  y  —  520  when  *  =  12,  and^  =  340  when  x  —  15,  what  is  the  mean  value 

dx 

5.  When  the  volume  »  of  a  certain  quantity  of  gas  is  2  cu.  ft.  the  pressure  /  is  60 
lbs.  per  square  inch.     When  the  volume  is  4  cu.  ft.  the  pressure  is  35  lbs.  per  square 

inch.     Find  the  mean  value  of  -^, 
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6.  The  volume  v  oi  z,  certain  quantity  of  gas  at  temperature  9  =  17°  C.  is  341  oc. 

The  volume  at  temperature  25°  C.  is  350*5  cc.    What  is  the  mean  value  of  -^  ? 

do 

7.  The  pressure  /  of  saturated  steam  at  temperature  d  —  193*3°  F.  is  10  lbs.  pei 
square  inch.    At  I97"8°  F.  the  pressure  is  11  lbs.  per  square  inch.    What  is  the  mean 

value  oi  -y-'i 

8.  The  unstretched  length  /  of  a  wrought-iron  bar  is  10  ins.  When  it  is  subjected 
to  a  pull  F  of  3  tons,  its  length  is  10*033  ii^s.  What  is  the  mean  value  of  ^  in  inches 
per  pound  ? 

9.  The  current  t  in  a  conductor  is  1*3  amperes  when  the  time  /  =  21*3  sees.  At 
time  33  sees,  the  current  is  3*4  amperes.     What  is  the  mean  value  of -7  ? 

10.  When  jr  is  42*1,  we  find  from  the  tables  that  logi,  :r  is  1*6243.  When  jr  is 
42*2,  log,,  X  is  r6253.  What  is  the  mean  value  of  -^^^^—  between  x  =  42*1  and 
X  =  42*2? 

11.  When  X  =  0*3840  radian,  sin  x  =  0*3746  ;  when  x  —  0*4014  radian, 
sin  X  —  0*3907.  What  is  the  mean  value  of  .  —  between  x  —  0*3840  and 
X  —  0*4014? 

12.  When    x  =  0*9076    radian,    cos    x  =  0*6157  J    when    x  —  0*9250    radian, 

cos  X  =  o'6oi8.     What  is  the  mean  value  of  -^-3 — -  in  this  interval  ? 

ax 

91.  Variable  Rates  of  Increase. — In  all  the  cases  considered  in  the 
last  paragraph  we  spoke  of  the  mean  value  of  the  rate  of  increase  through- 
out a  definite  interval.  In  the  first  case  (a),  for  example,  we  found  this  by 
considering  the  growth  in  a  whole  year  and  treating  it  as  if  it  were  quite 
steady  and  uniform. 

If,  however,  we  consider  this  case  more  closely,  we  find  that  the  rate  of 
growth  is  not  uniform  throughout  the  year,  it  is  not  the  same  in  winter,  for 
instance,  as  it  is  in  the  summer.     This  is  the  reason  why  we  called  our 

previous  result  the  mean  value  of  the  rate  of  growth  ^  for  a  year. 

If  we  make  very  exact,  measurements  from  week  to  week  we  shall  obtain 

results  which  will  be  nearer  to  the  true  value  of  the  rate  of  growth  -r-  at  any 

time  than  the  results  which  were  obtained  by  taking  the  total  growth  in  a 

year.     Even  these  values,  however,  are  only  mean  values  for  the  respective 

weeks  over  which  they  are  taken.     It  is  supposed  that  the  rate  of  growth  is 

different  at  different  times  of  the  day  and  night,  so  that  if  we  could  consider 

the  growth  for  periods  of  one  hour  we  should  get  even  nearer  to  the  actual 

dh 
value  of  the  rate  of  growth  -r-  at  any  instant. 

Thus  we  see  that,  as  we  consider  smaller  and  smaller  intervals,  we  get 
values  of  the  mean  rate  of  growth  which  are  nearer  and  nearer  to  the  actual 
rate  of  growth  at  some  time  within  the  intervals  considered,  and  we  can  get 
as  near  as  we  please  to  this  actual  rate  of  growth  by  taking  the  interval 
small  enough. 

Another  example  of  a  variable  rate  of  increase  is  afforded  by  the  case 
{€)  above. 
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The  train  travels  a  distance  AB  equal  to  10  miles  in  30  n^inutes,  and  we 
Infer  that  its  average  speed  throughout  that  half-hour,  or  the  average  value 

of  ~i  is  20  miles  an  hour. 
at 

There  may,  however,  be  varying  gradients  between  A  and  B,  and  the 
train  may  be  brought  to  a  stop  at  B,  so  that  its  actual  speed  will  be  some- 
limes  greater  and  sometimes  less  than  20  miles  an  hour  at  different  times 
between  1.50  and  2.20. 

We  shall  evidently  get  a  closer  approximation  to  the  actual  speed  at 
some  particular  time,  say  2  o'clock,  by  measuring  the  distance  travelled 
between  1.55  and  2.5  and  dividing  by  the  time  taken,  i.e.  by  10  minutes 
expressed  in  hours. 

ds 

We  shall  get  even  closer  to  the  actual  value  of  ^  at  2  o'clock  by  findmg 

the  mean  speed  between  1.59  and  2.1,  and  closer  still  by  finding  the  mean 
speed  between  i  hr.  —  59  mins.  —  59  sees,  and  2  hrs.  —  o  min.  —  i  sec,  and 
so  on.  Thus  we  can  get  as  near  as  we  please  to  the  actual  speed  at 
2  o'clock  by  taking  the  interval  of  time  small  enough. 

In  mathematical  language,  we  may  say  in  general  that  the  mean  value  of 
the  rate  of  increase  <*f  y  with  respect  to  ;r,  in  all  the  cases  which  we  shall 
consider,  approaches  a  definite  limiting  value  as  the  total  increase  of  x  con- 
sidered is  made  smaller  and  smaller  so  as  to  include  some  definite  value 
of  :r. 

This  limiting  value  defines  the  actual  value  of  the  rate  of  increase  of  y 
with  respect  to  x  for  any  particular  value  of  x^  and  is  denoted  by  the  symbol 

dx 

Thus  in  the  case  {a)  above,  the  actual  rate  of  growth  -^  at  any  age,  say 

5^  years,  may  be  defined  as  the  limit  of  the  average  rate  of  growth  taken 

over  an  interval  including  the  age  5^  years,  when  that  interval  is  made 

smaller  and  smaller. 

ds 
Similarly  in  case  (^),  the  actual  value  of  ^  at  2  o'clock  may  be  defined  as 

the  limit  of  the  average  velocity  taken  over  an  interval,  including  2  o'clock 
when  this  interval  is  made  smaller  and  smaller. 


92.  We  may  express  the  statements  of  the  last  paragraph  as  follows  : — 

If  ix  represents  a  definite  increase  in  x  and  5y  the  corresponding  increase 

hy  dy 

in  y,  then  --  is  the  mean  value  of  —  throughout  the  interval  ^x. 

As   Zx  is   made  smaller  and  smaller,  so  as  always  to   include  some 

particular  value  of  Xy  ~-  approaches  a  definite  limiting  value,  which  is  the 

actual  value  of  -r-  for  that  value  of  x.    We  can  make  -^  as  near  as  we  please 
dx  ox 

to  the  actual  value  of  -^    by  taking  Sx  small  enough. 

For  example,  in  the  case  {a\ 

when  5^  =  I  year  between  5  and  6 
S/i  =  44*00  -  4 1  "03  =  2*97 

and  ?^  =  2-97 
0/ 
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This  is  the  mean  value  of  -r.  for  the  year  between  5  and  6  years  of  age. 

We  saw  that  if  5/  were  diminished,  first  to  a  week  and  then  to  an  hour 

we  should  get  values  of  —  which  would   continually  approach  the  actual 
01 

value  of  -3-  at  some  instant  within  the  interval  5/. 
at 

Similarly   in    the   case    {e\    5/  =  30  minutes  =  \  hour,   5j  =  10  miles, 

4  =  -5-  =  20  miles  per  hour. 

*  ds 

This  is  the  mean  value  of  ^  for  the  half-hour  from  1.50  to  2.20.    To  get 

ds 
the  actual  value  of  -r,  at   2  o'clock,  we  continually  diminish  8/,  first  to 

10  minutes,  then  to  2  minutes,  then  to  2  seconds,  and  so  on,  so  as  always  to 
include  the  instant  2  o'clock. 

In  some  cases  we  find  that  the  value  of  ^  is  the  same,  whatever  value  of 

ox 

Ix  is  taken. 

In  case  (^,  for  instance,  it  is  found  that,  provided  5W  is  not  made  too 

great,  the  value  of  r^  is  always  the  same,  whatever  value  of  5W  is  taken. 

The  rate  of  increase  of  the  length  with  respect  to  the  tension  is  therefore 
said  to  be  uniform,  and  r^  is  equal  to  the  actual  value  of  ^^^  for  every 
value  of  W  considered. 

So  also,  in  general,  if  ^  is  the  same  for  all  values  of  Jjr,  th-s  rate  of 

increase  of  y  with  respect  to  x  is  said  to  be  uniform,  and  j    ~  ^  foi^  al^ 

values  of  x  considered. 

The  cases  considered  in  §  90  may  be  set  down  as  follows  : — 


(^) 

/yean 

Abches. 

ih. 

12      . 

^3    . 

• 

54'99\ 
56-91/        • 

.          1-92 

(f) 

tPC 

/  inches. 

a/. 

0     . 

100     . 

, 

lO'OOl 
I0'03/   •     • 

•    o'03 

(^) 

/hours. 

s  miles. 

6s. 

w  ■ 

• 

.      I2| 

.      10 

it. 


it' 

1-92  =  mean  value  of  ^ 


a/ 

M' 

dl 

de 


100    ,    .     0*0003  =  mean  value  of 


it. 


is 

it 

05     ,    .    20  =  mean  value  of  -5- 
-3     '    •    '     — '  dc 

The  student  should  state  the  other  cases  considered  in  the  same  way. 

83.  Example  (i). — The  following  values  of  s  in  feet  show  the  distance  of  the  centre  of 
gravity  (oj  measured  in  a  skeleton  drawing)  of  a  piece  of  mechanism  from  some  point  tn^ 
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»75 


ifs  straight  path  at  the  time  t  seconds  from  some  era  of  reckoning.     Find  its  mean 
velocity  during  the  interval  between  each  pair  of  measurements . 

(Board  of  Education  Examination,  1901.) 


«. 

/. 

Af. 

it. 

6t 

0-3*90 
0-4931 
0-6799 

0-8701 

1-0643 
I -263 1 

2'00 
2-02 
2 -04 
206 
208 
2-IO 

O-184I 
0-1868 
01902 
0-1942 
01988 

002 
0-02 
0-02 
0-02 
002 

9-205 
9-34 
9-51 
9-71 

994 

Mean  values 

of$L 
dt 

throughout 

^  each  interval 

By  subtracting  each  value  of  s  from  the  following  value  we  obtain  the  values  of 
lis  in  the  third  column.  Similarly  the  values  of  5/  in  the  fourth  column  are  obtained 
by  subtracting  each  value  of  /  from  the  next  value. 

Then  each  value  of  5j  represents  the  increase  in  j,  or  the  distance  moved  during 
the  corresponding  interval  of  time  3/.  Therefore  the  mean  rate  of  increase  of  j,  or  the 
mean  velocity  throughout  each  interval,  is  obtained  by  dividing  each  value  of  hs  by 
the  corresponding  value  of  3/. 

The  results  are  placed  in  the  fifth  column,  r^  is  always  equal  to  the  exact  value 
of  the  velocity  -r  at  some  instant  within  the  corresponding  interval,  and,  if  3/  is  small 

enough,  we  may  take  jj^  ai  an  approximation  to  the  actual  velocity  j-  at  the  middle 

of  the  interval  (see  §  87). 

Thus  in  the  above  example  the  velocity  at  time  2-05  sees,  is  9*51  ft.  per  second. 


Example  (2). — To  show  that^  with  the  data  in  example  I,  the  mean  velocity  — 

approcLches  nearer  and  nearer  to  the  actual  velocity  when  t—  2*05,  as  the  interval  St  is 
taken  smaller  and  smaller ^  so  as  always  to  include  the  instant  when  t  —  2-05. 

We  calculate  the  values  of  r-,  first  for  the  interval  between  the  first  and  sixth 

measurements,  second  for  the  interval  between  the  second  and  fifth  measurements, 
and  so  on.     The  calculations  are  given  in  the  following  table  : — 


iU 

is. 

»s 

it 

'    'o'lo 
0-06 
0-02 

0-9541 
0-5712 

0-1902 

9*541 
9-520 
9-510 

Thus  we  see  that  as  the  interval  3/  is  made  smaller  and  smaller  the  average 

velocity—  approaches  nearer  to  the  value  9-51,  which  we  have  taken  as  the  velocity 

3/ 
when  /  =  2-05. 

Example  (3). — In  example  l   we  have  found  a  series  of  values  of  the  velocity 

--  =  V.     7'he  acceleration  is  the  rate  of  increase  of  the  velocity  with  respect  to  the  tinu. 
dt 

Find  the  mean  acceleration  between  each  pair  of  values  of  the  velocity.      What  is  the 
probable  acceleration  at  time  t  —  2*05  seconds. 
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We  have  from  "example  i — 


dv. 

/. 

r. 

iv. 

it. 

It 

2-00 

_ 

_ 

_ 

\ 

201 

9-205 

— 

— 

2 -02 

0-135 

0*O2 

675 

Mean  value  of 

2-03 

9-34 

— 

acceleration 

2-04 

017 

0*02 

8-5 

dv      d^s 

2-05 

9'5i 

— 

~  dt~d? 

•  2  06 

— 

0-20 

0"02 

lO'O 

throughout 

2-07 

971 

— 

— 

— 

each  interval 

2 -08 

— 

023 

0'02 

US 

2'09 

9'94 

— 

210 

— 

— 

/ 

As  explained  in  example  i,  we  have  taken  the  mean  value  of  the  velocity  as  found 
for  each  interval  in  example  i,  as  being  equal  to  the  exact  value  of  the  velocity  at  the 
middle  of  that  interval. 
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A 
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/ 

/ 

c 

/ 

8  02  .2  03  2  04  2  05  2  08 

yaluGs  of  t  (seconds) 

Fig.  8x. 


2  07 


eoa 


Thus  the  value  9*34  of  the  mean  velocity  found  in  example  i  for  the  interval 
between  /  =  2 '02  and  t  =  2*04  has  been  taken  as  the  actual  velocity  when  t  =  2'03. 

Subtracting  each  value  of  v  from  the  next,  we  obtain  the  values  of  dv  given  in  the 

hv 
third  column.     Dividing  by  the  value  of  5/,  we  obtain  the  value  j-  of  the  average 
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acceleration  for  each  interval  as  given  in  the  fifth  column.  As  before,  we  have  taken 
each  value  of  the  average  acceleration  to  correspond  to  the  middle  of  the  correspond- 
ing interval  of  time.  Thus  we  find  that  the  mean  acceleration  between  /  =  2*03  and 
/  =  2*05  is  8*5.     We  take  this  as  the  actual  acceleration  when  t  =  2 '04. 

The  acceleration  when  /  =  2*05  is  approximately  equal  to  the  mean  of  the  values 
when  /  =  2*04  and  2  =  2'o6,  /.<?.  the  acceleration  for  /  =  2*05  is  9*25. 

A  probably  more  accurate  value  may  be  obtained  by  the  graphic  method  0/ 
interpolation  described  on  p.  80. 

Plotting  the  values  of  the  acceleration  and  the  time,  we  obtain  the  curve  (Fig.  81). 
From  the  curve  we  find  that  the  acceleration  when  /  =  2*05  is  9'25. 

It  may  happen  that  the  values  of  s  and  /  are  not  given  with  sufficient  accuracy  to 
give  values  of  the  acceleration  which  will  lie  on  a  regular  curve  when  plotted.  In 
this  case  we  could  draw  the  regular  curve  which  seenris  to  represent  the  values  of  the 
acceleration  best  on  the  whole,  and  take  intermediate  values  of  the  acceleration  firom 
this  curve. 

There  are  other  more  accurate  methods  of  interpolation  which  the  student  is  not 
yet  in  a  position  to  understand,  but  the  graphic  method  will  usually  be  found  to  give 
values  as  accurate  as  the  experimental  results  will  allow. 

94.  The  acceleration  -j   may  also  be  written  ^.     This  denotes  the 

result  of  performing  the  operation  of  finding  the  rate  of  increase  with  respect 
to  /  twice  in  succession. 

Similarly,  in  the  general  case, 

dy 

-J-  denotes  the  result  of  finding  the  rate  of  increase  oiy  with  respect  to  x. 

—^  denotes  the  result  of  finding  the  rate  of  increase  of  ^  with  respect 
to;r. 

d^y  d^v 

^  denotes  the  result  of  finding  the  rate  of  increase  of  ^  with  respect 

to  jr. 


95.  Geometrical  Bepresentation.' — If  we  take  the  two  variables  in  any 
of  the  cases  already  considered  as  co-ordinates  of  a  point,  we  may  represent 
the  rate  of  increase  by  a  graphical  method. 

In  case  (a\  p.  170,  for  instance,  we  may  take  values  of  the  age  /  measured 
in  years  as  abscissae,  and  values  of  the  height  h  measured  in  inches  as 
ordinates. 

Plot  a  point  A  (Fig.  82)  whose  abscissa  is  5  and  ordinate  4ro3,  and 
a  point  B  whose  abscissa  is  6  and  ordinate  44*00. 

Then  NB  represents  the  increase  in  h  which  takes  place,  while  /  increases 
by  the  amount  AN,  or 

NB  =  5/^,  AN  =  5/ 

Then*  the  mean  rate  of  increase  of  h  with  respect  to  /  between  /  =  5  and 
/  =  6  is 

Sh      NB       ^.^^ 
87  =  AN  =  ^97 

This  is  the  slope  of  the  straight  line  AB  to  the  axis  of  /  when  h  and  /  are 
measured  on  the  same  scale,  as  in  the  figure. 

If  we  measure  N  B  and  AN  each  on  its  proper  scale,  and  use  the  numerical 

values  obtained  to  find  ^j^,  ind  if  we  agree  to  call  this  result  the  slope  of 
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sh. 


AB,  we  may  still  say  that  y  is  the  slope  of  AB,  even  if  /t  and  /  are  not  plotted 

on  the  same  scale. 

Similarly,  if  in  case  (d)  we  plot  points  A  and  B  with  values  of  population 
as  ordinates  and  values  of  time  in  years  as  abscissae,  the  slope  of  AB  will 

represent  the  mean  rate  of  growth  of  population,  i.e.  the  mean  value  of  -^ 

between  1881  and  1891. 

We  thus  obtain  the  very  important  result  that,  if  we  are  given  two  pairs 
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Fig.  8a. 


of  corresponding  values  of  the  independent  variable  x  and  the  dependent 

variable  7,  and  plot  two  points  to  represent  them,  then  the  value  of  f^tOr 

dy 
the  mean  value  of  the  rate  of  increase  4-^  between  A  and  B  is  the  slope  ol 

AB  to  the  axis  oi  x. 

The  student  should  plot  the  cases  given  in  Examples  LIV.,  showing  that 
the  rate  of  increase  in  each  case  is  given  by  the  slope  of  a  line. 

98.  Variable  Rate  of  Increase — Geometrical  Representation. — The 
following  table  gives  the  time  taken  by  the  projectile  of  a  38-ton  gun  to  travel 
to  various  points  throughout  the  first  8  ft.  of  the  bore. 


/  feet,  travel  through 
bore      .... 

0 

01 

o-s 

10 

20 

30 

40 

i    seconds,  time   of 
travel    .... 

0000 

000143 

000273 

0-00360 

000490 

0*00598 

000695 
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t 

50 

60 

7-0 

80 

t 

0*00785 

0-00871 

0009S3 

0-01032 

Taking  values  of  j  as  ordinates  and  values  of  /as  abscissae,  and  plotting 
these  values  we  obtain  the  curve  OCA  in  Fig.  83. 

While  /  increases  from  0*00143  to  0*01032,  s  increases  from  o'l  to  8. 
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Le.  while  It  is  0-00889,  Is  is  7*9>  and  the  mean  value  of  the  velocity  ^ 
througliout  the  interval  considered  is  ^^  =  ^^;^g^  =  888  ft.  per  secomL 


i8o  Practical  Mathematics 

In  the  figure  5j  =  NA,  5/  =  SN,  and  the  mean  velocity  throughout  the 
Is      NA 
interval  SN  is  -  =  gjq  =  slope  of  chord  SA  to  the  axis  of  /. 

Similarly,  the  mean  velocity  from  /  =  o'ooi43  to  /  =  0*00871  is  equal  to 
the  slope  of  the  chord  SB. 

Mean  velocity  from  /  =  0*00143  to  /  =  0*00695  is  slope  of  chord  SC. 
„  „  /  =  0*00143  to  /  =  0*00490        „  „        SD. 

Thus  we  see  that  the  mean  velocity  between  any  two  definite  instants  is 
equal  to  the  slope  of  the  chord  joining  the  two  points  on  the  curve 
corresponding  to  those  instants. 

We  have  already  seen  (§  92)  that,  as  we  diminish  the  interval  5/,  as  above, 

the  mean  velocity  ^  approaches  a  definite  limiting  value,  which  is  the  actual 

value  oi-j  when  /  =  0*00143  seconds. 

We  may  gradually  diminish  5/  in  the  figure  by  making  the  point  A  move 
along  the  curve  towards  S,  so  that  the  chord  SA  passes  through  the  positions 
SA,  SB,  SC,  SD  in  succession. 

Thus,  as  5/  is  diminished  and  A  approaches  8,  the  phord  SA  produced 
continually  approaches  the  tangent  ST  to  the  curve  at  S,  and  the  chord  may 
be  made  as  near  to  ST  as  we  please  by  taking  A  near  enough  to  S. 

The  tangent  ST  is  thus  the  limiting  position  of  the  chord  SA,  and  the 
slope  of  the  tangent  is  the  limiting  value  of  the  slope  of  the  chord.     But  we 

have  seen  that  the  slope  of  the  chord  measures  the  mean  velocity  — ,  and  the 

limiting  value  of  ^  is  the  value  of  ^  at  S. 

/.  the  slope  of  the  tangent  to  the  curve  at  S  measures  the  actual  velocity 
rr  when  /  =  0*00143  second. 


97.  In  the  general   case,  if  we  plot  a   curve  to  show  the  connection 

dy 
between  two  variables^;/  and  jr,  the  value  of  j-  for  any  value  of  ;r  is  the  slope 

of  the  tangent  to  the  curve  at  the  corresponding  point.  We  call  this  the 
slope  of  the  curve  at  that  point. 

Note  that  the  curve  connecting  j  and  x  may  be  merely  a  curve  obtained 
from  experimental  results,  and  the  equation  connecting  _y  and  x  need  not  be 
known. 

Note,  also,  that  if  the  rate  of  increase  is  uniform,  the  slope  of  the  curve  is 
everywhere  the  same,  and  the  tangent,  the  chords,  and  the  curve  in  Fig.  83 
all  coincide  in  one  straight  line. 

Note  that  f^  is  an  ordinary  fraction,  and  means  that  ly  is  divided  by  8;r, 

but  ^  does  not  mean  that  dy  is  divided  by  dx.     ~-  is  not  a  fraction,  but  a 

symbol  used  to  denote  the  rate  of  increase  of  ^^  with  respect  to  x.     In  our 

present  notation  dy  and  dx  standing  alone  have  no  meaning,  and-;^  is  only 

written  in  the  form  of  a  fraction  because  it  is  the  limiting  value  towards  which 
a  fraction  approaches. 

Also,  in  the  expression  ^  <^  is  not  multiplied  hy  y  oxhy  x  \d  standing  by 

itself  would  have  no  meaning. 


Rate  of  Increase 
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98.  Rate  of  Decrease — Negative  Rate  of  Increase. — It  sometimes 
happens  that,  as  the  independent  variable  x  becomes  greater,  the  dependent 
variable  y  becomes  less,  so  that  the  curve  slopes  downwards  as  x  increases. 

If,  for  example,  we  plot  the  pressure  and  volume  of  a  given  quantity  of  a 
gas  at  constant  temperature  (see  Fig.  52),  p  decreases  as  v  increases,  i.e.  Ip  is 

negative  when  ^v  is  positive.     The  value  of  ^  and  therefore  of  -^  is  now 

negative,  and  the  curve  slopes  downwards  as  v  increases.    Thus  a  negative 

value  of  ^  denotes  a  rate  of  decrease,  and  is  represented  graphically  by  the 

case  of  a  curve  which  slopes  downwards  to  the  axis  of  ;ir  as  :r  increases. 

98a.  Interpolation  Formula  for  Rate  of  Increase. — To  find  the  value 
of  -J-  from  a  table  of  values  of  y  and  x  when  the  values  of  x  are  equidistant 
we  may  proceed  as  shown  in  the  following  example  \^— 


X. 

" 

«y. 

h-y. 

«'y. 

«v. 

i'y- 

&x. 

no 

1593 

no 

i'5 

1703 

121 
137 

II 

i 

120 

1824 

16 

4 

1 

125 

1961 

162 

25 

14 

5 

1 

5 

130 

2123 

201 

39 

20 

6 

135 

2324 

260 

59 

140 

2584 

The  column  of  second  differences  5*^  is  obtained  by  subtracting  each  value  of  5j/ 

from  the  next,  and  so  on. 

dy 
Then  the  value  of  -^  iox  x  —  125  is  given  by  the  formula 


l=r.(''^-g'''»>+iM 


where  Imy  denotes  the  mean  of  the  two  values  of  ly  lying  immediately  above  and 
below  a  horizontal  line  through  the  value  125  of  ;r. 

Thus  we  have,  as  accurately  as  is  possible  from  the  number  of  values  given  above, 
^  ^  1/137  +  i62_  I     9  +  H  4.  I    .  LJli\ 

<^^*=»s    •  ^V        ^  6  '       2  30  *      2    ^ 

=  6(M9'5  -  i'9i7  +  0-033)  =  29-523. 
So  also  the  value  of  ^J  for  x  =  125  is  given  by  ^  =  (g^/sV  -  jz'y  +  ^S^j 

where  5-j  =  25  is  the  value  on  the  horizontal  line  through  the  value  125  of  x.     The 
student  is  not  yet  in  a  position  to  follow  the  proof  of  these  formulae. 

Examples. — LV. 

1.  Tabulate  the  mean  values  of  -j  for  the  intervals  between  each  of  the  given 

dy 
values  of  :c  in  the  following.     What  is  the  value  of  ^  when  x  —  13*50? 


X 

13-25 

i3'35 

13-45 

13-55 

13-65 

y 

152 

1-83 

2-i6 

2-51                 2-88 

l82 
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dy 
2.  Tabulate  the  values  of  -~  from  the  following.     Plot  curves  showing  the  values 

dy 
of  {d)y^  {b)  j^,  for  any  value  oi  x  throughout  the  above  range. 


X 

1675 

17-27 

1776 

18-22 

18-65 

1905 

y 

3-41 

3*43 

3'4S 

3*47 

3*49 

3-51 

dy 
What  is  the  value  of-^  when  x—  17*99? 

3.  J  is  the  distance  moved  by  a  piece  of  mechanism  in  a  straight  line  in  time  /. 
Tabulate  the  values  of  the  velocity  ^. 


«• 

t. 

0*4502 
0-6218 

I -GO 
I -02 

0-7930 
0-9639 

1-1345 
1*3048 

I -04 
I -06 
I -08 

i-io 

4.  Tabulate  the  values  of  the  velocity  from  the  following  data,     s  and  /  have  the 
same  meaning  as  in  the  last  example. 


t. 

i. 

Vd'J^iZ 

I -02 

1*3078 

1-05 

0-9386 

108 

0-5688 

I'll 

0*1983 

I-I4 

6.  If  the  chronograph  records  of  the  time  at  which  a  shot  flying  horizontally  cuts 
three  equidistant  screens  150  ft.  apart  are  0-48907,  0*56331,  0*63865  seconds,  find 
the  velocity  of  the  shot  at  the  middle  screen. 

6.  Tabulate  the  values  of  -j=^  from  the  following  values  of  x  and  y  :— 


X. 

y- 

781 

152490 

783 

153272 

78S 

154056 

787 

154842 

789 

155630 

791 

156420 
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7.  Tabulate  the  values  of  ^and  ^^from  the  following  corresponding  values  0/ 


y  and  x. 


What  is  the  value  of  — ^  when  *  =  7*2  ? 


Plot  three  curves  showing  the  values  of  {a)  y,  (^)-r ,  and  (r)  ^^,  for  every  value 

of  X.     Verify  by  measurement  that  the  slope  of  (a)  is  equal  to  the  ordinate  of  (^),  and 
that  the  slope  of  {J>)  is  equal  to  the  ordinate  of  {c). 


jr. 

y- 

6-8 

11-431 

70 

11-957 

72 

12-567 

^'1 

13-305 

5^1 

14-215 

7-8 

15-341 

8.  From  the  following  list  of  corresponding  values  of  y  and  jr,  find  the  value  of 
^when  X  =  4-0 : — 


X. 

y- 

3*5 

12-30100 

37 

13-37300 

3*9 

14-65024 

41 

16-13376 

43 

17-82476 

45 

19-72460 

9.  s  feet  is  the  distance  moved  in  a  straight  line  by  a  portion  of  a  machine  in 
time  /  seconds.  Find  its  acceleration  when  /  =  3*04.  The  force  acting  upon  it  is» 
equal  to  its  mass  multiplied  by  its  acceleration.  Its  weight  is  400  lbs.  The  unit  of 
mass  is  taken  as  32-2  lbs.  in  order  to  obtain  the  force  in  pounds.  Find  the  force  acting 
upon  it  when  /  =  3-04. 


/. 

s. 

3-02 

1-2534 

3-03 

1-3859 

3-04 

1-5194 

3-05 

1-6540 

3-06 

1-7898 

10.  In  the  same  way  find  the  acceleration,  when  /  =  6-14,  from  the  following 
data :— 
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i  seconds. 

t  feet. 

6l2 

4-2691 

613 

4-3992 

614 

4*5349 

6IS 

4-6765 

6-i6 

4-8243 

11.  /  gives  the  distance  at  time  /  of  the  piston  of  an  engine  from  some  fixed  point 
on  its  stroke,  as  measured  on  a  large  scale  drawing.  Construct  a  table  to  show  the 
velocity  and  acceleration  at  any  time  between  3-01  and  3'ii  sees.  Also  plot  two 
curves  to  show  {a)  the  value  of  s  at  any  time,  {b)  the  velocity  at  any  time,  and  verify 
by  measurement  that  the  ordinate  of  {b)  is  equal  to  the  slope  of  (a). 


t  secondi. 

t  feet. 

3-OI 

o-cx)65 

3-03 

0-0373 

305 

0-0922 

3-07 

0-1692 

309 

0-2663 

311 

0-3815 

12.  In  the  following  table  s  is  the  distance  in  feet  which  the  projectile  of  a  gun 
travels  along  the  bore  in  /  seconds. 

Make  a  table  showing  the  velocity  v  and  the  acceleration  a  for  different  values  of 
s  from  o  to  14  ft. 

Plot  curves  showing  how  v  and  a  depend  upon  s  assuming  that  each  value  of  the 
speed  corresponds  to  the  middle  point  of  the  corresponding  interval  hs. 


s  feet. 

t  seconds. 

*  feet. 

/  seconds. 

0-0 

0-00000 

r° 

0-00953 

o-i 

0-00143 

8-0 

0-01032 

o-S 

000273 

9-0 

O-OII09 

I"0 

000360 

lo-o 

O-OI184 

2*0 

0-00490 

II-O 

0-01258 

30 

0-00598 

12-0 

O-OI33I 

40 

0-00695 

130 

0-01404 

50 

0-00785 

140 

0-01476 

6-0 

0-00871 

It  will  be  found  that  the  above  values  of  s  are  not  given  with  sufficient  accuracy 
to  obtain  values  of  the  acceleration  lying  exactly  on  a  regular  curve  when  plotted. 
Draw  the  curve  representing  the  results  best  on  the  whole. 


13.  In  the  following  table  P  is  the  population  of  England  and  Wales  in  millions 
as  enumerated  at  each  decennial  census.  Make  a  table  showing  the  average  rate  of 
increase  of  population  per  annum  throughout  each  ten  years.  Plot  curves  to  show  the 
connection  (a)  between  the  population  and  the  time  {b)  between  the  rate  of  growth  of 
population  and  the  time. 


Rate  of  Increase 
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Year.     .     . 

l8oi 

1811 

1821 

I83I 

I84I 

I85I 

I86I 

I87I 

I88I 

I89I 

I90I 

Population . 

889 

io*i6 

I2'00 

I4I6 

15-91 

1793 

2007 

2271 

25-97 

2900 

32-53 

14.  The  table  shows  the  average  height  of  boys  at  different  ages  in  Great  Britain. 
Construct  a  table  showing  the  average  rate  of  growth  in  inches  per  annum  for  every 
year  of  age  between  4  and  21.  Plot  two  curves  showing  {a)  the  height  at  any  age, 
{6)  the  rate  of  growth  at  any  age. 


Age  (years) 


Height  (inches) 


3846 


41-03 


44-00 


45*97 


47-05 


49-70 


5184 


53-50 


5499 


13 
5691 


Age  (years)  .     .     . 

14 

15 

16 

17 

18 

19 

20 

21 

Height  (inches) 

59*33 

62*24 

64-31 

6624 

6696 

67-29 

67-52 

67-63 

(British  Association  Report ^  1883.) 


15.  The  following  table  shows  the  average  strength  as  measured  by  the  drawing 
power  of  boys  at  different  ages. 

Make  a  table  showing  the  rate  of  increase  of  strength  per  annum  at  all  ages 
between  11  and  19.     Plot  two  curves  as  in  the  last  example. 


Age  (years)     .     . 

II 

12 

13 

14 

15 

16 

17 

18 

19 

Strength  (lbs.)     . 

37*5 

387 

44-2 

47-0 

52-2 

58-2 

67-8 

74.-2 

76-4 

» 

16.  From  the  following  data  construct  a  table  showing  the  rate  of  increase  of 
freight  of  boys  at  any  age  between  10  and  20.     Plot  two  curves  as  before. 


Age   .     .     . 

10 

II 

12 

13 

14 

15 

16 

17 

18 

19 

20 

Weight  (lbs.) 

67-5 

72-0 

767 

82-6 

92-0 

102-7 

1 190 

130-9 

137-4 

139-6 

143*3 

17.  The  following  is  part  of  the  record  of  a  rough  survey  with  a  level. 
A  number  of  stations  are  fixed  along  a  road,  so  that  each  station  is  5  ft.  higher 
than  the  one  before  it. 
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No.  of  station. 

Distance  to  next  station  (yards). 

i 

30 

2 

70 

3 

27 

4 

20 

I 

23 

35 

7 

30 

The  stations  are  in  the  same  vertical  plane. 

Plot  a  curve  to  show  the  contour,  i.e.  the  shape  of  a  vertical  section  of  the  road 
between  stations  i  and  7.  Also  plot  a  curve  having  as  ordinate  the  slope  of  the  road 
at  any  point,  and  as  abscissa  the  distance  along  the  road. 

18.  A  body  weighing  150  lbs.  moves  along  a  straight  line,  so  that  its  velocity  v  at 
distance  s  from  a  fixed  point  on  the  line  is  given  by  the  following  table : — 


xfeet     .     .     . 

0 

I 

2 

3 

4 

5 

V  ft.  per  second 

5*2 

6-5 

10-4 

16-9 

26-0 

377 

The  kinetic  energy  is  equal  to  \mv^^  where  m  is  the  mass,  and  the  force  on  the 
body  is  equal  to  the  rate  of  increase  of  the  kinetic  energy  with  respect  to  the  distance. 
Construct  tables  and  plot  curves  showing  the  kinetic  energy  of  the  body  and  the  force 
upon  it  throughout  the  above  range  of  values  of  s. 

19,  ^  is  the  entropy  of  i  lb.  of  water  at  temperature  /**  F.  Make  a  table  to  show 
the  values  of  the  mean  rate  of  increase  of  <p  per  degree  rise  in  temperature  for  the 
intervals  between  each  of  the  given  values  of  /. 


/ 

200 

210 

220 

230 

240 

250 

V 

0*2949 

0-3101 

0-3251 

o'3399 

o'3545 

0-3690 

Plot  a  curve  to  show  the  value  of  ~  throughout  the  above  range  of  temperature. 


20.  p  is  the  pressure  in  pounds  per  square  inch  of  saturated  steam  at  temperature 
•°F. 

Make  a  table  showing  the  values  of  -^  throughout  the  given  range  of  temperature. 


/ 

70 

75 

80 

85 

90 

95 

100 

105 

no 

"5 

9 

302-7 

307-4 

311*8 

316-0 

3200 

323-9 

327-6 

331-1 

334-5 

337-8 
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Plot  two  curves  showing  the  values  of  /  and  of  ~  for  any  value  of  B  throughout 
the  above  range. 

21.  The  following  are  results  of  the  experiments  of  Bartoli  and  Stracciati  to  find 
the  specific  heat  of  water.  Q  is  the  quantity  of  heat  required  to  raise  the  temperature 
of  I  grm.  of  water  from  0°  C.  to  0°  C. 

The  specific  heat  s  is  the  rate  of  increase  of  the  quantity  of  heat  per  unit  rise  in 

temperature,  i.e.  s  —  -jj.     Construct  a  table  and  a  curve  to  show  the  specific  heat  of 

water  at  any  temperature  throughout  the  above  range.     What  is  the  specific  heat  at 
tenaperalures  of  5**  and  7°  respectively  ? 


$. 

Q. 

3 

3"oi7i9 

4 

4'02i8o 

1 

5-02590 

6-02946 

I 

7-03255 

8-03512 

\.  From  the  tables  make  out  a  list  of  the  values  of    ^^^"    '  between  0 

de 


56 


radian  and  B  =  0*8378  radian.      Note  that  the  value  of  --~jr —    between  any  two 
values  of  B  is  equal  to  some  value  of  cos  B  between  the  same  values  of  B. 

23.  Make  out  a  list  of  values  of  -^^-jz —  between  B  =  0-6981  radian,  and  B  =  0-7854 

do 

radian.     Note  that  each  is  equal  to  a  value  of  —  sin  B  within   the   corresponding 
interval. 

24.  Make  out  a  list  of  values  of    ^      —  from  B  =  0-4363  radian  to  d  =  0*5236. 

do 

25.  From  the  data  given  in  Ex.  XXXV.  14,  plot  a  curve  to  show  the  rate  of 
increase  in  the  returns  per;^i  increase  in  the  capital  and  labour  expended  for  different 

values  of  the  amount  already  invested  in  the  farm,  i.e.  plot  -^  and  C. 

The  farmer  finds  that  he  can  get  5  per  cent,  for  his  money  elsewhere  with  equal 
safety.     How  much  will  it  be  profitable  to  invest  in  the  land  ? 

dr 

Note. — As  soon  as  -;^  becomes  less  than  the  rate  of  profit  which  he  could  obtain 

elsewhere,  it  is  not  worth  his  while  to  invest  any  more  in  the  land. 

26.  The  following  values  of  x  and  y  being  given,  find  the  most  probable  value 


of  ~  when  j;  =  3  :— 

- 

X 

0 

' 

2 

3 

4 

5 

6 

y 

11-8 

160 

20-0 

23-9 

27-6 

3I-I 

34-5 

All  the  given  numbers  should  be  used. 


CHAPTER  XI 

DIFFERENTIA  TION 

99.  Differential  Coefficient  of  a  Function. — We  have  shown  how  to  find 
the  rate  of  increase  oiy  with  respect  to  x  from  a  Hst  of  corresponding  values 
at  small  intervals. 

If^  is  given  as  a  function  of  ;r  by  means  of  an  equation,  we  can  calculate 
the  value  of  ly  corresponding  to  any  value  of  Ix  from  the  equation,  and  thus 
obtain  a  formula  for  the  rate  of  increase. 

The  process  will  be  understood  from  the  following  example  : — 

Example. — Let y  =  5^  be  the  function  whose  rate  of  increase  with  respect  to  x  we 
require  to  find. 

If  X  increases  by  the  amount  5jr,  so  as  to  become  x  -^Zx^y  becomes 
5(;c  +  Ix)  =  S^c  +  <fix 

',  if  Sy  denotes  the  corresponding  increase  in^, 

^  +  8y  =  5^;  +  554f 
and  since  y  ■=.  ^x 


dy 
diminished  to  obtain  the  limiting  value  ~ 


;  subtracting,  ly  —  ^Ix 

and  ~-  =  i 
Sx      •' 

Since  this  does  not  contain  Sx,  it   is  unaltered  when   5x  and   Sy  are  indefinitely 

x' 

"dx      ^ 

dy 
The  value  of  -j-  is  called  the  differential  coefficient  of  y  with  respect  to  x» 

dy 
The  process  of  finding  -j  is  called  differentiating  y  with  respect  to  x. 

If  y  is  expressed  as  a  function  of  x  in  the  form  F(;r),  we  may  write  its  differential 
coefficient  in  the  form  v~\I'^(-^)j>  where  the  symbol  ^  denotes  the  operation  of 
differentiating  with  respect  to  x. 

In  the  same  way  -ty  denotes  the  result  of  performing  the  operation  -7-  twice  in 

succession  upon  the  function^,  and  is  called  the  second  differential  coefficient  of^. 

d'^y 

~-  is  called  the  «^  differential  coefficient  of  y  with  respect  to  x,  and  denotes  the 

result  of  performing  the  operation  -j-  n  times  in  succession. 
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100.  Geometrical  Illustration. — Consider  the  geometrical  meaning  of 
the  process  in  the  above  example. 

The  function  ^^  =  5;ir  is  represented  by  the  straight  line  OA,  whose  slope 
Is  5. 

Let  OB  be  any  value  of  x  and  BC  the  corresponding 
value  of  y.  Then,  if  x  is  increased  to  OD,  _y  increases 
to  DE. 

Thus,  in  the  figure,  BD  =  CF  =  nx  and  FE  =  Zy. 

Thus  ^  =  ^  =  5  =  slope  of  line  OA. 

This  is  the  mean  rate  of  increase  of  _y  from  C  to  E. 

For  this  case  of  the  straight  line  it  is  evident  that  as  D 
moves  back  to  B,  and  F  and  E  to  C,  the  triangle  EFC 
remains  always  the  same  shape,  however  small  ix  may  be. 

5y 


in  the  limit,   as   E  moves  to  C,  the  value  of 


Zx 


remains  equal  to  5. 

.*.  5  is  the  value  of  the  actual  rate  of  increase  of  y  at 

the  point  G  or  -^  =  5. 


dx 


5y 


Note  that  for  a  straight  line  j-  is  the  slope  of  the  line, 

and  is  the  same  however  large  the  interval  CE  is  taken. 

It  follows  that  -^  is  the  slope  of  the  line,  and  is  the  same  for  all  values 

ofr. 

The  same  method  evidently  applies  to  any  equation  y  =  ax  where  «  is  a 
constant. 


Next  consider  a  function  of  jr,  such  as  s^  +  2.  Here  the  line  representing 
y  =  5;r  +  2  is  obtained  from  the  straight  line  OA  in  the  previous  figure  by 
increasing  every  value  of  ^  by  2  ;  i.e.  by  moving  the  line  parallel  to  itself 
upwards,  through  a  distance  of  2  units  parallel  to  Oy. 

We  thus  obtain  the  straight  line  PA'  in  the  figure  parallel  to  O A.     If  we 

proceed  as  before  to  find  ~.  the  triangle  E'F'C,  from  which  we   obtain 
r^  is  equal  in  every  respect  to  EFC. 

E'F' 


.•.,^  =  ^4  =  5as  before 


dy 


and  /.  5^  =  5  for  every  point  on  PA'  as  it  is  for  every  point  on  OA ;  or, 

otherwise,  since  the  slope  of  PA'  is  the  same  as  the  slope  of  PA,  the  value  of 

dy 

-J-  must  be  the  same,  for 

^  =  5;r  +  2  and  J/  =  $x 

So  also,  in  general,  the  effect  of  adding  a  constant  b  to  ax  is  simply  to 

move  the  line  /  =  «;r  up  through  a  distance  b  without  altering  its  slope. 

dy 
Thus  ^  is  not  altered,  and  it  follows  that 
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£(a.  +  ,)  =  fja.)  =  a 

Similarly,  it  follows  that  the  addition  of  a  constant  c  to  any  function  of  x 

moves  the  whole  curve  upwards  through  a  distance  ^,  but  does  not  alter  the 

slope  of  the  curve  for  any  value  of  x. 

dy 
Therefore  the  value  of  ~  is  not  changed  when  y  is  increased  by  a 

constant,  or 

If  ^y  is  a  constant  it  does  not  change  when  x  changes,  and  consequently 

Its  rate  of  mcrease  is  zero,  or  -7-  =  o. 
'       dx 

Geometrically,  the  equation  y  =  c  represents  a  straight  line  parallel  to 

the  axis  of  ;r,  and  at  a  distance  c  from  it,  and  the  slope  of  this  line  is  o. 

Note  that  if  ^  =  ax  +  b^  then,  since  ~-  -  a^  which  is  a  constant,  ^  and 

all  higher  differential  coefficients  are  zero. 


Examples.— LVI. 

Differentiate  the  following  functions  of  x.  Also  plot  the  straight  lines  which 
represent  them,  and  verify  that  in  each  case  the  slope  of  the  line  is  equal  to  the 
differential  coefficient. 

I.  ST.  2.  \x,  8.  --2X.  4.  -\x. 
&.Zx-\-2.                   e.  4jf-3.            7,  _3;r4.i,               8.  -odr  +  2-i. 
9.  -  oi3;r  -  2*5.      10.  o-253;p  -  6*2i. 

Find  the  values  of — 

II.  j^  {at  +  b)i  12.  ^  (2  -  zz)\ ;  13.  ^  ( J/  -  J) ; 

where  a,  b,  and  c  are  constants. 

17.  If  V«  is  the  volume  at  temperature  /**  C.  of  a  quantity  of  gas  which  occupies 
volume  Vo  at  0°  C,  and  at  the  same  pressure,  then 

V,  =  V,(i+ 000366/) 

What  is  the  rate  of  increase  of  the  volume  per  degree  rise  in  temperature? 
Illustrate  by  plotting  V{  and  /  for  the  case  Vo  =  loo. 

18.  The  current  C  amperes  in  a  conductor  of  resistance  R  ohms,  under  an  electro- 

Tj' 

motive  force  E  volts,  is  given  by  C  =^. 

K. 

Find  the  rate  of  increase  -^  of  the  current  with  respect  to  the  electro-motive 

force. 

19.  If  we  find  by  experiment  that  the  speed  f  of  a  falling  body  and  the  time  / 
from  rest  are  connected  by  a  straight  line  law  ;  prove  that  the  acceleration  must  be 
constant. 
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20.  A  point  moves  along  a  straight  line  so  that  its  distance  s  from  a  fixed  point 
on  the  line  at  time  /  is  given  by  the  equation 

s  =  1-32  +  2-6/ 

Find  its  velocity  and  acceleration. 

21.  The  length  /  of  a  stretched   wire  of   unstretched  length  /  is  given  by  the 
formula 

/  =  /+^ 


where  A  and  E  are  constants,  and  W  is  the  stretching  force.     Find  the  rate  at  which 
the  length  increases  per  unit  increase  in  the  stretching  force. 

22.  The  length  /  of  a  copper  cable  at  temperature  6°  F  is  given  by  the  formula 

/  =  1560  (i  +  o-ooi8(e  -  32)} 

What  is  the  rate  of  increase  of  its  length  per  degree  rise  in  temperature  ? 


101.  Differentiation  of  ax^. — Next  consider  the  function  y  =  ax\ 

Let  X  increase  to  :r  +  5x. 

Then  the  new  value  ofy  which  we  denote  by 

jf  +  Sj^  =  a(x+  ixy  =  ax^+  2ax8x  +  a{lixy 

Also  we  have^  =  ax^. 

We  have  here  a  pair  of  values  of  x  and  the  corresponding  values  of  >',  and 
we  proceed  to  find  8/  by  subtraction,  as  in  the  previous  paragraph. 
/,  subtracting 

Sy  =  2axSx  +  a{Sxf 

/.  ^  =  2ax+  aSx 
Sx 

In  the  limit  when  8^  =  o  this  becomes 

ax 


102.  Geometrical  Illustration. — We  shall  now  illustrate  the  geometrical 
meaning  of  the  above  process  as  applied  to  the  graphic  representation  of  the 
equation  J/  =  ax^. 

y3 


/ 

y 

1-4 

1-2 

11 

a1 

/ 

A/ 

/ 

y 

/' 

B 

E 
C 

/ 

V\ 

0  )  2 

Fig.  85. 

Take  the  case  where  a  =  \. 
Plot  the  curved'  =  \x^. 


Fig.  86. 
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Consider  the  point  A  on  the  curve  when  x  =  OB  =  ?,  and  j  =  BA  =  i. 
Let  X  increase  to  ;r  +  5:r  =  OC  =  2*4,  so  that  Sx  =  BC  =  0*4. 
We  thus  get  the  point  D  on  the  curve,  and  if  AE  be  drawn  parallel  to 
Ojt,  Sy  =  ED  =  0-44. 

Then  the  mean  rate  of  increase  of  ^  with  respect  to  x  throughout  the 
interval  5^  is 

5y  ^  ED^o;44  ^  n 
Bx      AE       0*4 

This  is  equal  to  the  slope  of  the  line  AD,  and  measures  the  mean  slope  of 
the  curve  from  A  to  D. 

8v 
As  Sx  is  diminished  C  moves  back  to  B,  and   E  and  D  to  A,  and  ~- 

ox 

dy 
approaches  its  limiting  value  ~j  which  is  equal  to  the  slope  of  the  tangent 

to  the  curve  at  A. 
We  find  that 

when5.  =  o-3.    1  =  °^     =  ro75 

y     o'2i 

„     5jr  =  0-2,    f  = =  I-05 

"  '    Zx      0-2 

Zy      01025 

,,      5;ir  =  o'l,    f^  = =1*025 

"  *    hx        o'l  ^ 

,  5y      0*0506 

„      Zx  =  0*05,  ~-  —  — - —      =  1*0125 
"  ^^  Zx       0*05  ' 

-.  5y      0*010025 

„      Zx  =  o'oi,  f- ^  =  1*0025 

"  '5^         o-oi  ^ 

Thus  ~  may  be  made  as  near  to  the  value  i  as  we  please  by  making  Zx 

sufficiently  small,  and  is  never  less  than  i. 

/.  the  value  of  -j-  at  A,  which  is  the  limit  of  f^  as  C  approaches  B,  is 

equal  to  i. 

This  agrees  with  the  result  of  the  last  paragraph,  where  we  found  that, 

when  y  =  ^-r^,  ^  =  2xixjr  =  -   and  when   x  =  OB  =  2  this  becomes 

equal  to  i. 


103.  Differentiation  of  ax^. — The  two  cases  _y  =  ^jr  and  ^  =  ax^  have 
been  very  fully  treated  to  enable  the  student  to  get  a  clear  idea  of  the  method 
of  obtaining  a  formula  for  the  rate  of  increase  of  a  function.  These  are 
special  cases  of  the  more  general  class  y  =  ax*. 

We  shall  now  find  the  rate  of  increase  of  ax*. 

Let  y  "F  ^ 

Then  J  +  8y  =  (^  +  SxY 

=  jr"  +  nx*~^Zx  +  . . .  terms  of  higher  degree  in  5:jr(see  §  45) 
/,  subtracting 

Zy  =  nx*-'^Zx  +  terms  of  higher  degree  in  Zx 

Zy 
/.  r=^  =  nx*-^  +  terms  containing  Zx 
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In  the  limit  when  ^x  becomes  indefinitely  small,  it  can  be  proved  that  the 
sum  of  all  the  terms  containing  Ix  vanishes. 
We  thus  get 

In  the  same  way,  if  a  is  any  constant,  it  follows  that 
^(«a-)  =  nax--^ 

As  before,  the  addition  of  a  constant  to  the  value  of  y  does  not  affect  the 
differential  coefficient,  or 

— (ajr*  -k-  b)  =  nax"-^  where  3  is  a  constant 

Example.— 7<7  ven/y  numerically  the  ahove  result  for  the  differential  coejicicni  oj 
X^/or  the  case  when  «  =  3. 


By  calculation  we  get  the  following  values  : — 

• 

M. 

x'=,. 

iy. 

ix. 

Ax* 

lOOO'I 
IOOO-2 
10003 

1000300030*001 
1000600120-008 
1 0009002  70 '02  7 

300090-007 
300150019 

O'l 

o-i 

3000900-07 
3001500-19 

Mean  of  above  values  of  t^  =  3001200-13  =  probable  value  of  ^  for  x  =  iooo'2. 

By  the  rule  proved  above  for  differentiating  jr"  we  get 

dv 
•  -J-  =  3^'  =  3(10002)*  =  3001200-12  for  X  =  iooo'2 

This  agrees  with  the  numerical  result  obtained  above  to  8  significant  figures. 

The  slight  error  in  the  second  decimal  place  is  due  to  the  assumption  that  -£^  is 

exactly  equal  to  the  mean  value  of  -j  as  found  above. 

Examples. — 


(1.)  If  /  =  4^»,  ^;J^  =  4  X  5^*  =  20^*. 


dx    .dx 


2^'X 


(6.)  i(2/-i32)=  -i-32i/-aM 
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Examples. — LVII. 
Write  down  the  values  of  /  for  the  following  cases  :- 


1. 

y  =  x\ 

a.  >■  =  X*. 

5. 

I 

>'  =  p 

6.  ^  =  x^^. 

Find  the  value 

of  the  following  : — 

8. 

i--- 

-'f- 

11. 

jy^- 

^^-  X('J^)- 

3.  ^  =  Wx)'.  *•  >'  =  ^' 


*'  y  —  4.1V 


10.  ^^(5-2/"-«). 
13.  -r-X    \  where  C  is  a  constant. 
14.   -r  {^j/*  +  b)  where  a  and  b  are  constants. 

104.  To  differentiate  the  Sum  of  a  Number  of  Terms. 

Let  ^  =  «i  4-  «2  +  ^3  •  •  •  where  «i,  «2i  «3  •  •  •  are  functions  of  jr,  which 
we  can  diflferentiate. 

Let  X  increase  to  jt  +  5jr,  «i,  «2>  «3  •  •  •  to  «i  +  5«i,  7/3  +  5«2)  «3  +  5«s » *  • 
and^  to^+  5y. 

Then  Sy  =  5«i  +  lu^  +  87/3  +  ... 

a„d??  =  '^  +  ^^  +  '3+  ... 
Ix      Ix        hx       Ix 

and  in  the  limit  as  Ix  and  therefore  Sw^,  5«2  •  •  •  and  8v  are  indefinitely 
diminished, 

^  =  ^1  +  ^4.  ^  + 
</jr      <f jr      dx       dx 

.'.  the  differential  coeflEicient  of  the  sum  of  a  number  of  terms  is  equal  to 
the  sum  of  their  differential  coefficients,  or  the  sum  of  a  number  of  terms  can 
be  differentiated  term  by  term. 


Examples. — 
d_ 
dx 


(I.)  4  KZx  -  s;c«  +  6a^  +  8jc«)  =  3  -  icmt  +  iSjt'  +  32x". 


(2.)  ^(5*3  -  6-2  Ji »  +  2j')  =  -  6-2  X  I -S^o  +  V. 
=  -  9*3  •»"  °  +  4^- 

105.  Velocity  and  Acceleration. 

Example. — A  point  moves  along  a  straight  line  so  that  its  distance  s  feet  from  some 
fixed  point  on  the  line  at  time  t  seconds  from  some  definite  instant  is  given  by  the 
formula 

*  =  4^  -  5/  +  3 

F^nd  expressions  for  its  velocity  and  acceleration  at  any  time.     Calculate  the  velocity  at 
time  5  seconds. 


Dlfferentiatioa  ipj 

We  have  • 

velocity  =  ^  =  8/  -  5 

/.  velocity  when  /=  5  is  40  -  $  =  35  ft.  per  second 

To  find  the  acceleration  we  have,  if  v  be  the  velocity  at  time  /, 

acceleration  =  rate  of  increase  of  velocity  with  respect  to  time 
dv 
^~dt 
and  since    w  =  8/  —  5 

—  -8 
i.e.  the  acceleration  is  constant,  and  equal  to  8  ft.  per  second  per  second. 

106.  Example. — If  the  pressure  and  volume  of  a  gas  are  connected  by  the  relation 
pu'  =  C,    where  7  and  C  are  constants^  find  the  volumetric  elasticity  e^=  —  v~ . 
"W'e  have 


pv*  =  C,  and  .*.  p-Qv    ^ 
dv 


e.=  -vf=-v{-y.Cv-'^-')  =  vy^^^y.Cv-^^y.p, 


106a.  Example. —  To  test  whether  two  quantities^  y  and  x,  are  connected  by  a 
relation  of  the  form  y  =  a+  '5-^",  having  given  a  curve  representing  y  as  a  function 
ofx. 

Differentiating,  we  have 


Taking  logarithms 


dx 


,      dy 
^^dx  =  («-  0  log  4r  +  log  bn. 


Thus  log  ^  and  log  x  are  connected  by  an  equation  of  the  first  degree,  and   the 

relation  between  them  is  represented  by  a  straight  line. 
We  therefore  proceed  as  follows  : — 
From  the  curve  tabulate  values  of  j  for  equal  intervals  in  the  value  of  x, 

dy 
Thence  tabulate  values  of  ^  as  on  p.  175. 

dy 
Plot  log  -T-  and  log  x.     If  the  law  is  of  the  form  ^  =  a  +  ^jr",  we  shall  get  a 

straight  line. 

dy 
By  substitution  of  the  values  of  log  -r  and  log  x  obtained  from  two  points  on  the 

line,  the  values  of  «  —  i  and  log  bn  are  obtained,  and  n  and  b  are  determined. 
The  value  of  a  may  now  be  found  by  substitution  in  the  'equation  y  —  a  -k-  bx". 

Examples. — LVIII. 

Differentiate  with  respect  to  x, 

1.  3^;'  —  2jir  +  I.  2.  2  —  5^:  —  6x*. 

3.  4x^  -  3^*  +  7X*  -x^  +  2x^  -  X  -3. 

4.  3x^  —  2ijr*  4-  6^»  —  X.  5.  3J?'  —  zx'^  +  ^'  —  **. 
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Find  the  value  of  the  following  : — 

6.  J,  (3  +  5^  +  6/'). 

7.  J  {a  +  6i+  c^)  where  a,  b,  and  c  are  constants. 


9.   ^  (I  •3x1-21  _  2;c2-3  +  3;t^-«  -  x). 


'•  dxy 


d  {  5 

11.  tAix^'^-ix-^-^^ ^ 


X       x'V' 


12.  1(. 


fl'Ar^ 


•86  +  3;t-2-9  _  ;^  013  4.  2-1). 


15.  ^(V^  +  i  +  «+i). 

-^•£("-;-7+3Wr.). 


20.  £(^  -  3^  +  4  +  5.'')- 


S("" 


"■*"  +  iS7r.-3^+'8 


) 


</      Z'  -  32«  +  2Z  -  5 


24.  ^    Ari-7  +  2.rg^-;t<'i-f  r$ 


dx 


m-^m    ^-m 


28.  Find  the  1st,  2nd,  3rd,  4th,  and  5th  differential  coefficients  of  ^. 

d* 

29.  Show  that  -7—  (jp*)  is  a  constant,  and  that  any  higher  differential  coefficient 

is  zero. 

30.  From  the  following  data  verify  the  rule  for  differentiating  x'  :— 


X. 

x\ 

966 

967 

968 

969 

933156 
935089 
937024 
938961 

31.  Calculate  the  values  of  3;c' when  jc  has  the  values  I2i*i,  I2i'2,  1213,  and 
thence  verify  numerically  the  rule  for  differentiating  ax**  for  the  case  when  a  =  3, 
n  =2. 

32.  Verify  the  rule  for'  differentiating  '</ x  from  the  following  : — 


X. 

sl^. 

966 

969 

31-081 
31-097 

31-113 
31*129 

Differentiation 

33,  Verify  the  rule  for  differentiating  />Jx  from  the  following 
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X. 

VJ. 

406 

410 

414 
418 

20-1494 
20*2485 
20-3470 
20-4450 

Plot  two  curves  showing  {a)  the  value  of  s/x  for  any  value  of  x,  {b)  the  value  0/ 

dJx 

— -  for  any  value  of  x.     Verify  by  measurement  that  the  ordinate  of  {b)  is  equal  to 

the  slope  of  {a). 

dy 
34.  From  the  following  numbers  tabulate  the  values  of  -j-y  and  compare  with  the 

I  dy 

result  of  differentiating  -.     Plot  curves  showing  the  values  of  y  and  l^for  any  value 

of  jr  within  this  range. 


I 

X. 

y^x 

8-81 

011351 

8-82 

01 1338 

8-83 

0-11325 

8-84 

0-11312 

8-85 

0- 1 1299 

8-86 

0-11287 

Plot  iwo  curves  showing  [a)  the  value  of  y^  {b)  the  value  of  ~  for  any  value  of  x 
within  the  given  range. 

36.  Do  the  same  for  j  =  x^  having  the  following  values  given  :-- 


X. 

y^A 

91 

20-231 

92 

20-379 

93 

20*527 

94 

20-674 

36.  Calculate  the  values  of  :^  for  the  cases  when  x  —  1000,  looi,  and  1002. 
From  your  results  find  the  mean  rate  of  increase  of  x'  between  each  successive  pair  of 
the  above  values  of  x,  and  compare  with  the  result  of  differentiating  3^. 

37.  Calculate  the  values  of  -^  for  the  cases  x  =  1000,  looi,  and  1002  respec- 
tively, and,  as  above,  find  the  rate  of  increase  of  —^  for  the  given  intervals,  and  compare 
with  the  result  obtained  by  differentiation. 
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In  the  four  following  examples  the  curves  should  be  drawn  on  a  large  scale 
between  the  given  values  : — 

38.  Draw  the  curve  ^  =  x*  —  ^x  •{-  2  from  x  -  2*8  to  x  =  3*2,  and  measure  its 

slope  at  the  point  where  ^  =  3.     Compare  this  value  with  the  value  of  y-  obtained  by 

differentiation. 

Note. — This  and  the  following  examples  will  serve  to  give  the  student  an  idea  of 
the  accuracy  which  he  can  attain  in  measuring  the  slope  of  a  curve. 

39.  Draw  the  curve/  =  2  +  2x  —  ;i-'  from  x  =^  i'8  to  x  =  2*2.     Find  its  slope  at 

X  —  2,  and  compare  with  the  value  of -j^,  obtained  by  differentiation. 

40.  Draw  the  curve ^^  =  x from  x  —  0*9  to  jt  =  ri.     Find  its  slope  at  jc  =  i, 

and  compare  with  the  value  of  ^-  obtained  by  differentiation. 

41.  Draw  the  curve/  =  x-^"^  +  2x^'^  from  x  =  0*9  to  ;c  =  11.  Find  its  slope  at 
jc  =  I,  and  compare  with  the  value  of -^  obtained  by  differentiation. 

42.  If  a  point  moves  along  a  straight  line  so  that  its  distance  s  feet  from  one  end 
at  time  /  seconds  always  satisfies  the  equation  s  =  yi  —  5^?  +  6/',  find  its  velocity 
and  acceleration  at  the  end  of  5  seconds. 

43.  Similarly,  if  j  =  ^,  find  the  velocity  and  acceleration  at  the  end  of  6  seconds. 

Plot  curves  showing  the  values  of  {a)  the  distance  moved,  {l>)  the  velocity,  (<•)  the 
acceleration,  at  any  time  from  /  =  i  to  /  =  7. 

44.  The  distance  s  feet  travelled  by  a  falling  body  from  rest  in  time  t  seconds, 
neglecting  the  resistance  of  the  air,  is  given  approximately  by  the  formula  s  =  i6-i/'. 
Find  an  expression  for  its  speed  at  any  time.  Plot  the  curve  s  —  i6*i/',  and  by 
measuring  its  slope  to  the  axis  of  /  at  the  points  /  =  i,  /  =  2,  /  =  3,  /  =  4,  obtain  the 
velocity  after  falling  i,  2,  3  and  4  seconds  respectively.  Compare  with  the  values 
found  by  differentiation.     Also  find  the  acceleration. 

45.  The  distance  s  feet  fallen  by  a  stone  in  /  seconds  is  given  by  j  =  i6'i/'  — 
200/  +  5-     -Find  expressions  for  the  velocity  and  acceleration  at  any  time. 

46.  A  point  moves  in  a  straight  line,  so  that  its  distance  from  a  fixed  point  on  the 
line  at  time  /  is  given  by  the  formula  s  =  a  +  di  +  c^.  Find  formulae  for  its  velocity 
and  acceleration  at  any  time. 

47.  A  mass  of  200  units  moves  along  a  straight  line,  so  that  its  distance  s  from  a 
fixed  point  on  the  line  at  time  /  is  given  by  the  equation 

s=  i-3  +  2'5/  +  4-2/» 

Let  V  be  its  velocity.  Then  its  kinetic  energy  is  Jwz/',  and  its  momentum  is  ot», 
where  m  is  the  mass.  Find  expressions  for  its  kinetic  energy  and  momenium  at  any 
time. 

48.  The  pressure  and  volume  of  a  gas  at  constant  temperature  are  connected  by 
the  equation  pv  —  Q.  Find  an  expression  for  the  rate  of  increase  of  the  pressure  with 
respect  to  the  volume.  Plot  the  curve  /z/  =  i ,  and  verify  your  result  by  measuring 
its  slope  at  the  point  where  v  —  \. 

49.  The  volumetric  elasticity  of  a  fluid  is  equal  to  ^  =  —  v~-.     If  a  gas  expands 

at  constant  temperature,  so  as  to  obey  the  law  pv  =  Cy  find  an  expression  for  the 
volumetric  elasticity  ^,  and  show  that  e  =  p. 

50.  It  was  found  from  Regnault's  experiments  that  the  total  heat  Q  required  to 
raise  the  temperature  of  I  gram,  of  water  from  0°  C.  to  6°  C.  between  6  =  0  and 
%  =  200  is  given  by  the  equation 

Q  =  e  +  2  X  io-» .  «*  +  3  X  10-^  e* 

The  specific  heat  at  temperature  6  is  the  rate  of  increase  of  the  quantity  of  heat  per 
unit  rise  in  temperature.  Find  a  formula  for  the  specific  heat  s  of  water  at  any 
temperature. 


DiHerentiatlon 


19§ 

to  raise  the 
equation 


61.  It  was  found  by  Weber  that  the  quantity  O  of  heat  required  tc 
temperature  of  unit  mass  of  diamond  from  o°  C.  to  ^  C.  was  given  by  the 

Q  =  0*0947^  +  0*000497^*  —  0'OOOOOOI25» 

Find  a  formula  for  the  specific  heat  s  at  any  temperature,  and  plot  curves  to  show  the 
values  of  s  and  Q  for  all  values  of  6  between  0°  and  200°. 

52,  This  and  the  following  examples  refer  to  beams  loaded  in  various  ways 
(see  pp.  97,  102).  y  is  the  deflection  at  a  distance  x  from  a  fixed  point  on  the  beam. 
W,  Wt  E,  I,  and  /  are  constant. 

W 


EI 


{W  -  i^') 


find  t^:^.  and  ^^ 


dx'  dj(^ 


dx* 


63. 


find^  ^  ^y  ^*I 

dx'  dx"'  dx"'  dx*' 


54. 


48EI 


[2,nx'  -  2x*) 


find'^  ^  *»;>  ^ 

dx'  dx^'  d^c"'  dx*' 

55.  Find  the  law  connecting^  and  x,  having  given  the  following  corresponding 
values : — 


X 

05 

075 

I 

I -25 

1*5 

y 

3 

7'7S 

17 

32-25 

55 

56.  A  curve  passes  through  the  following  points.     Show  that  its  equation  is  of 
the  form^  =  a{x  +  3)"  and  find  the  values  of  the  constants. 


X 

o-o;52 

0-3784 

0-4832 

07029 

y 

2'4 

3-8 

4*4 

5-8 

107.  DilTerentiation  of  e*. 

If  e  is  defined  as  in  §  7,  it  can  be  shown  that 

€*  =  1  +  x-\ H i 

1.2      1.2.3      1.2.3.4 


+  .  . 


where  the  sum  of  the  series  continually  approaches  a  definite  limiting  value 
as  the  number  of  terms  is  indefinitely  increased. 

It  can  be  shown  that  such  a  series  can  be  differentiated  term  by  term, 
and  that  the  result  is  the  differential  coefficient  of  the  sum. 

Differentiating  term  by  term,  we  find  that 
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£^X^     ^  1.2         1.2.3         1.2.3.4^ 

=  I  +  ;r  + +  + +   .  ,  . 

1.2       1.2.3       1.2.3.4 

Thus  <?*  is  a  function  whose  rate  of  increase  with  respect  to  x  is  equal  to 
the  function  itself. 

This  result  shows  that  if  we  plot  the  curve  y  =  e*  the  slope  of  the  curve 
at  any  point  is  equal  to  the  ordinate  at  that  point. 

Example  (i). — Plot  the  curve y  =  e^  from  x  =  o  to  x  =  2^  measure  its  slope  at  the 
points  where  x  —  0*5,  i,  l  '5,  and  compare  with  the  values  of  y. 

Example  (2). — Plot  the  curve  y  =  e*  on  a  large  scale  from  x  =  0*99  to  x  —  I'oi, 
and  measure  its  slope  at  the  pot  fit  x  =  i. 

The  differential  coefficient  of  ae^''  may  be  obtained  in  the  same  way. 
We  have 

ae^"  =  a  +  abx  +  a-^ — V  a h  .  .  . 

1.2        1.2.3 

Differentiating  term  by  term,  we  get 

— (^^*0  =  ab^ab.bx-\-  ab-^  +  .  . .  =  abc"^ 
ax^       '  1.2 

Note  that  the  rate  of  increase  of  ae^*  is  proportional  to  the  function  ac^ 
Itself. 


EXAMPLES." 


(I.)      J^  (Z'")  =  12^" 


We  may  extend  this  method  to  the  differentiation  of  a*  ;  for,  by  the 
definition  of  a  logarithm, 

a  =  ^<«. "  and  .*.  a*^  -  e^-^^»* 

,\  ^Jid')  =  (log.  fl)^i««-»>  =  a* .  log.  a 

Example.— 

d 

^(2'l)*=2-I«.log.2-I. 
=  0742  X  2*1*, 

Examples.— LIX. 
1.  Plot  the  curve  y  =  ^'  from  x=  —  i   to*=4-i;   then  by  the  result  just 
proved  the  slope  of  this  curve  at  any  point  should  be  equal  to  —  (<?'*)  =  2^*  =  2y. 
Verify  this  by  measuring  tne  slope  at  the  points  x  =  —  o'5J  x  =  0*25,  and  x  =  07. 


Differentiation 


20I 


2.  Tabulate  the  values  of  o-  from  the  data  given  in  the  following  table.     Note 

that  in  each  case  the  value  of  -J-  is  equal  to  some  value  of  ^  within  the  corresponding 
interval. 


jr. 

e'^y. 

1-50 

4-48169 

1-51 

4*52673 

1-52 

4*57223 

I '53 

4-61818 

154 

4-66459 

Find  the  value  of- 
e.  ^^(i-6^«). 


4.  ^(4'2.-3ix). 


5.  ±(^-" 


7.^;^- +  5). 


8. 


^(^^-^')' 


0-  |(3'7^''-2^^  +  3-i*'^''}. 


dx 


10.  jJai-^  +  ce'^^-^,^}, 
a,  i,  and  c  are  constants. 


11.  |.{ji-8  -  2-6x4^  +  S-i^-'^  -  se"-^}. 


12.  If  sinh  ^  =  ,  and  cosh  x  —  — ^ ,  show  that  -j-  (sinh  x)  =  cosh  x.  and 

2  2  </:<;^  * 


^(cosh  ;r)  =  sinh  x. 
13.  ^^(4.8,).. 


14. 


^,(2-3)-. 


15.^(a-8s)». 


<// 


18. 


^2j 


If  J  =  7^-'*  4-  S^',  prove  that    ,^  =  9J 


19.  If  ^  =  a<;*^  find  the  value  of 


^V- 


20.  \{y  =  A^a^  +  B^^  find  the  value  of  0-5^+  e^/. 

21.  If ^  =  Ar-«i'  +  B^j-^a*,  find  the  values  of  C  and  D  so  that 

■j^  4.  C  ;v-  +  Dy  may  be  equal  to  o  for  all  values  of  x. 

22.  If  »  =  A^  ^   +  B^  ^   where  Xi,  X,  are  the  roots  of  the  quadratic  equation  in  X 


LX«  +  RA  +  ^  =  o, 

d^v  dv       V  _ 

prove  that  L  -j^  +  R  ^  4-  ~  —  °' 


di  ^  K 


23.  If  a  body  is  heated  to  a  temperature  0,°  and  then  allowed  to  cool  by  radiation, 
its  temperature  at  time  /  seconds  is  given  by  the  equation  0  =  0,^-«*  where  a  is  a 
constant.  Prove  that  the  rate  of  cooling  in  degrees  per  second  is  proportional  to  the 
temperature. 
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24.  If  V  IS  the  difference  of  potential  at  time  /  between  the  plates  of  a  condenser 

dW  V 

discharging  through  a  resistance  R,  it  can  be  shown  that  77  =  -~  Wr>'     Show  that 

_  « 
this  equation  is  satisfied  if  V  =  V,^  kr  where  V,  is  constant.     What  is  the  value  of  V 
when  /  =  o  ? 

25.   Test  the  following  numbers  for  a  law  of  the  (oxm  y  =  «  +  be^',  and  find  the 
values  of  the  constants  : — 


X 

01 

0-2 

0-3 

0-4 

y 

5663 

6-476 

7-466 

8-675 

108.  Differentiation  of  sin  Jr. 

Let  y  —  s\n  X  where  x  is  measured  in  radians. 

Let  X  increase  to  r  +  5.r,  and  j'  to^  +  8y. 


Then  y  +  Sy  =  sin  (x  +  dx) 

/,  5y  =  sin  (x  +  Sx)  —  sin  ;r 
ix 


{'*'() 


*.  mean  rate  of  increase  of^  is 


Sx 


2  COS 


(-t) 


.     Sx 

Sin  — 
Sx\  2 


Sx 


.     Sx 
Sin  — 

COS  (  X  -i )■ 


(- 


2  /       Sx 
2 


8;r  . 


We  notice  from  the  tables  that  as  the  angle  -    is  made  smaller  and 


.    Sx 


Sx 


smaller  the  values  of  sin  —  and  of  ~  become  more  and  more  nearly  equal. 
2  2 

.     Sx 
sin  -- 
It   may  be   rigorously  proved  that   the  fraction  -  .     ■  becomes  equal  to 


Sx 


in  the  limit,  as  the  angle  —  is  indefinitely  diminished. 


/.  -^  =  (limit  of  ^  when  Sjr  =  o )  =  cos 
dx      \  Sx  / 


109.  Differentiation  of  cob  x. 
Let  y  =  cos  x. 


Differentiation 


803 


Let  X  increase  to  jr  +  8jr,  and/  Xoy  -V  ^y. 

Then  y  -\- ly  =  cos  (;r  +  S^r) 

5y  =  cos  (;r  +  5jr)  —  cos  ;r 

=  -  2  sin  (^^  +  y  j  sin  J 


5^ 

sin  — 


8;r 


/         8;r\  2 


In  the  limit,  as  cos  Zx  vanishes,  this  becomes 

-^-  -  —  sin  X 
ax 


This  result  may  also  be  obtained  from  the  previous  one  by  writing  x  -k-  ~ 


for  X. 


110.  Example. —  To  verify  from  the  tables  that  —  (sin  x\  —  cos  x. 
We  have. 


jr. 

y  —  sin  X. 

*y. 

hx. 

hy 
hx* 

Mean  value  of 
dx' 

23°  0' 
23°  I' 
23°  2' 

0-3907311 
0*3909980 
0-3912666 

0-0002669 
00002686 

|i'=  o'ooo2909 
)     radian 

0*9177 
09234 

}    0-9205 

ly 


dy 


—  is  equal  to  the  mean  value  of  -j    throughout  each  interval  of  i'  for  which  it  is 


5;«: 


ly 


measured,  and  the  mean  of  the  two  values  of    —  is  approximately  equal  to  the  value 

of  ^  when  x  =  23°  i'. 
ax 
From  the  tables  we  find  that  the  value  of  cos  23°  1'  is  0*9204. 

.*.  ;j-  (sin  x)  =  cos  X  for  the  value  .r  =  23°  i'  within  the  limits  of  accuracy  of  the 
above  method. 

Note. — ^x  must  be  expressed  in  radians  because,  in  proving  that  -r  (sin  x)  —  cos  jr, 
it  is  assumed  that  x  is  measured  in  radians. 


111.  Geometrical  Illustration. — Plot  the  curves  y  —  sin  ;r,  ABC,  and 
y  ■=■  cos  :r,  A'B'C,  measuring  x  in  radians. 

Then  the  result  of  §  108  shows  that  the  slope  of  the  sine  curve  at  any 
point  P  is  ^iven  by  the  corresponding  ordinate  NP'  of  the  cosine  curve. 

In  particular,  the  slope  of  the  sine  curve  at  A  is  equal  to  AA'  or  unity. 
Note,  however,  that  the  slope  is  measured  as  in  §  95. 

From  A  to  B  the  sine  curve  becomes  less  and  less  steep,  until  at  B  the 


204 


Practical  Mathematics 


slope  is  zero,  corresponding  to  the  point  B'  where  the  cosine  curve  cuts  the 
axis  of  jr. 

From  B  to  C  the  sine  curve  slopes  downwards  and  increases  in  steepnesj 

A'  B 


9-5 


-0-5 


'^ 

N 

A- 

\ 

/ 

\ 

P 

\ 

\ 

/ 

/ 

s 

\ 

\ 

\ 

/ 

\ 

B' 

\ 

^ 

N 

\ 

o 

\ 

k. 

— 

\ 

\ 

^ 

d 

0 

I 

': 

J 

Fig.  87. 

until  at  C  its  slope  is  -  i,  corresponding  to  the  point  C  on  the  cosine  curve, 
and  so  on. 

If  we  consider  the  slope  of  the  cosine  curve  we  see  that,  since  the  curve 

(iy 
slopes  downwards  from  A'  to  B',  -~  must  be  negative,  and  pass  from  o  at  A 

to  —  I  at  B'  as  the  ordinate  of  the  sine  curve  changes  from  o  at  A  to  +  i 
at  B. 

This  agrees  with  the  result  -r  (cos  x)  -  -  sin  r,  and  gives  a  geometrical 

explanation  of  the  minus  sign. 

112.  By  a  similar  method  to  that  used  to  differentiate  sin  r  and  cos  x 
we  may  show  that 

-T-  {a  sin  {bx  +  c)}  -  ab  cos  {bx  +  c) 


dx 


{a  cos  {bx  -^  c)\  —  —  ab  sin  {bx  +  c) 


Thus 


dx 


sm  IX  =  1  cos  2x 


-J-  sin  {7.x  +  i)  =  2  cos  {2x  +  1) 

'Y  3  sin  (2;r  4-  i)  =  6  cos  {ix  +  i) 

-r-  sin  (i  —  x)  -  —  cos  (i  —  jt) 


cos  43-  =  —  4  sm  4-r 
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-r:  2  COS  is^  -  2)  =  -  10  sin  (5r  -  2) 


dx 


-^  cos  (3  -  4^)  =  4  sin  (3  -  4^) 


Examples. — LX, 
Differentiate  the  following  with  respect  to  x  : — 
1.  sin  3jf.  2.  cos  2x.  3.  sin  Jx 

5.  cos  (-  zx).  6.  3  sin  (-  \x). 


4.  cos  -. 


8.  2  sin  {zx  -  4). 
11.   —  2  cos  (i  —  3;*:). 


9.-3  cos  (2  +  3;r). 
12.  6  sin  (2  —  5jr). 


14.   1-002  sin  (035i;«;  +  0-273). 
Find  the  value  of  the  following  : — 


7.  4cos(-2-35;«r). 
10.  5sin(2-5  +  3-i:r). 
13.  '-^,  cos  {\  -  Ix). 
15.  2-56  cos  (3-71  -  1-52^). 


16.  ^  a  sin  («/  +  «). 


17.  ^  A  sin  (//  +  e). 


18. 


^  A  cos  (//  +  a). 


19.  ^  •  {A  sin  {ct  +  a)  +  B  sin  {ct  -  a)}. 
21.  ^3  sin  (1-03/ +  2-51). 


20.  ^  A  sin  (e  +  e). 
22.  ^^sin(2V"/+^). 


23.  From  the  following  values  of  x  and  sin  x  find  the  value  of  -v  sin  ;r  for  jt  =  20° 

and  verify  that  it  is  equal  to  cos  20°. 

Note. — 5^;  must  be  measured  in  radians,  i'  =  0-0002909  radian. 


X. 

sin  X. 

19°  59' 

20°  0' 

20°  I' 

0-3417468 
0-3420201 
0-3422935 

24.  From  the  following  values  of  x  and  cos  x  verify  that  -7-  cos  x 
the  case  x  =  30°. 


sin  X  for 


jr. 

cos  jr. 

29°  59' 
30°  0' 
30°  I' 

0-8661708 
08660254 
0-8658799 

26.  Verify  that  —  cos  x  —  —  sin  jr  for  the  case  x  =  74° 


X. 

cos  jr. 

73°  59' 
74°  0' 

74°!' 

0-2759170 
0-2756374 
0-2753577 
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28.  Draw  the  portions  of  the  curves 

y  —  sin  X,  and  y  =  sin  ^x 

between  x  —  0*1745  radian  =  10°  and  x  =  0*3491  radian  =  20°,  plotting  the  values 
of  X  in  radians.  Measure  the  slope  of  both  curves  when  x  =  0*2618,  radian  =  15°, 
and  compare  the  measured  values  of  the  slope  with  the  values  cos  x  and  3  cos  3^  given 
by  differentiation. 

27.  Give  the  proof,  as  in  §  108,  that 

-y  a  sin  {bx  •{■  c)  =  ab  cos  {bx  +  c) 
ax 

28.  Find  the  first  eight  differential  coeflficients  of  sin  x  and  cos  x. 
Find  the  value  of— 

29.  ^,  a  sin  {qi  +  g).  80.   ~  3  sin  {2x  +  4). 
31.  £-,  {i-2sin(2*6;r-4*i)}. 

82.  If  J  =  4  sin  2/  +  8  cos  2/,  prove  that  s  satisfies  the  equation  -v,  +  4J  =  o. 

(Py 

83.  liy  =  A  sin  (4Jf  +  B),  find  the  value  of  ,  ,  +  \6y. 

d^y 

34.  If ;/  =  A  sin  {nt  +  g)y  find  the  value  of  j^  -f  w'j'. 

^  dy 

35.  J'  =  fl  sin  //  +  ^  cos  pt.     Find  the  value  of  ~  .     Express  ^"^  in  the  form 

Asin(//  +  ^).     (See  §37.) 

36.  If  a  piece  of  mechanism  moves  with  a  simple  harmonic  motion,  its  distance  » 
from  a  fixed  point  on  its  path  at  time  /  is  given  by  the  equation 

/  =  a  sin  (iirnt  +  g)y 

where  a,  g  and  n  are  constants.  Find  expressions  for  the  velocity  and  acceleration  at 
any  time.     Show  that  the  acceleration  is  proportional  to  s. 

37.  In  the  last  example,  take  ^  =  o,  a  =  0*458  ft.,  n  =  -~-,  and  plot  curves  to  show 

(a)  the  distance  x,  (3)  the  velocity,  {c)  the  acceleration  at  any  time  from  /  =  o  to 
/  =  o*44  seconds. 

38.  A  mass  M  moves  in  a  straight  line  with  a  simple  harmonic  motion  given  by 
the  equation  x  =  a  sin  gt^  where  s  is  the  distance  of  its  centre  of  gravity  from  the  mid 
point  of  its  path  at  time  /.  If  v  is  its  velocity  find  expressions  for  its  kinetic  energy 
^  Mz/',  and  its  momentum  Mv  at  any  time  t.  The  force  on  the  body  at  any  time  is 
measured  by  the  mass  multiplied  by  the  acceleration.  Find  an  expression  for  the 
force  at  any  time,  and  show  that  it  is  equal  to  the  rate  of  increase  of  the  momentum 
with  respect  to  the  time. 

39.  A  closed  plane  circuit  of  wire  enclosing  an  area  A  square  centimetres  is 
rotating  with  angular  velocity  q  radians  per  second  in  a  magnetic  field  of  intensity  H. 
If  /  is  measured  from  the  instant  when  the  plane  of  the  circuit  is  parallel  to  the  field,, 
the  magnetic  induction  through  the  circuit  is  I  =  AH  sin  qt. 

The  electromotive  force  V  in  the  wire,  expressed  in  volts,  is  the  rate  of  increase  of 
the  magnetic  induction  per  second  multiplied  by  lo-^.     Find  an  expression  for  the 
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electromotive  force  at  any  time.     In  the  case  when  A  =  550  sq.  cms.,  q  =  -p , 

H  =  7500,  plot  a  curve  to  show  the  electromotive  force  at  any  time  from  /  =  o  to 
/  =  0*0545  sees. 

d*u 

40.  The  equation  -r-^  —  m*u  occurs  in  the  theory  of  the  whirling  of  shafts,     m  is 

a  constant.     Show  that  this  equation  is  satisfied  by  putting 

u  =  A^^  +  Br-"*  +  C  cos  mx  +  D  sin  mx. 
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41.  The  equation 


irx 


(Pu       Tu      WL 


occurs  in  finding  the  shaj)e  of  a  strut  which  carries  a  thrust  at  the  end,  and  also  a 
lateral  load.     Show  that  it  is  satisfied  by  putting 

iWLcos^ 
Elg-P 

All  the  letters  except  u  and  x  represent  constants. 

42.  If  f  =  rf  sin  /  +  ^  sin  2/  +  ^  sin  3/,  find  the  value  of  j-  and  ^. 

43.  If  X  =  r  sin  f/  +    ,  cos  2^/ ,,  where  x  is  the  displacement  at  time  /  of  the 

4*  4* 

piston  of  a  steam-engine  from  the  middle  of  its  stroke,  r  =  length  of  crank,  /  =  length 
of  connecting  rod,  find  expressions  for  the  velocity  and  acceleration. 

What  are  the  values  of  the  acceleration  when  /  =  ^,  —  and  -  ? 

2q  q 

44.  A  point  moves  along  a  straight  line  so  that  its  distance  s  from  a  fixed  point 
on  the  line  is  given  by  j  =  a  sin  (2ir/?  ■\-  g)  ^r  h  sin  (315/?  -V  h)  \  a^  b,  /,  g,  and  h  are 
constants.  Write  down  expressions  for  the  velocity  and  acceleration  at  any  time. 
Plot  a  curve  to  show  the  value  of  s  for  any  value  of  t  when  a  =  i  '5,  ^  =  o'6,  g  =  0733, 

^  =  o  9Si»/=  ^• 

113.  Diflferentiationoflogjr. 

If  ^  is  a  function  of  ;r,  and  5y  and  5jr  are  simultaneous  increments  of  >' 
and  Xy  then 

^y  _  I 
hx~  Zx 

hy 
This  remains  true  as  5y  and  Zx  are  made  smaller  and  smaller,  and  g, 

dy 
approaches  the  limiting  value  ^. 

,   dy  _    \ 
"  dx~  dx 
dy 
Letj/  =  log,  jr 
Then  x  =  ey 

and  -r  -  ^  -  X 
dy 

.    dy  ^    \^_i_ 

*'  dx      dx     X 

dy 


It  follows  in  the  same  way  that 


|^{Alog.(B^  +  C)}  =  g^ 
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where  A,  B,  and  C  are  constants. 

Since  logjo  ■*■  =  0*4343  ^^g,  x^  we  have  as  a  special  case 

d ,,  .      0-4343 

We  may  verify  this  result  numerically  as  follows  : — 
From  the  tables  we  have 


JOf. 

log,  jr=>. 

a>. 

Sx. 

ix 

j-^  (mean). 

5-40 
5-41 
542 

1-6863989 
I -6882491 

r 690095 8 

0-0018502 
0-0018467 

OOI 
OOI 

0-18502 
0-18467 

0-18484 

We  have  by  differentiation 
d 


^^(log.  ^)  =  ^  =  5-:^  =  0-18484,  for  X  =  5-41 
which  agrees  to  5  significant  figures. 


Examples. — LXI. 
Find  the  vahie  of  the  following  : — 

1.  ^a^g.5^)-  2.  ^  {log.  (4^  +  3)}. 

4.  ^  {6  loge  (I  -  2x)Y       6.  ^^  {3  log.  (5/  +  4)} 

7.  i,aog».5«). 


8.^^,(logeX). 


S-  ^  {log.  4^  +  3}. 
0-  7,{61ogK(7^  +  3)}. 
».  ^(log.^). 


10.  ^  (log.  3^).  11.  ^  (log.  3-^  +  2). 

12.  Verify  the  result  of  differentiating  log.  x  fiom  the  following  values :- 


X. 

log,  X. 

8-6o 
861 
8-62 
863 

2-1517622 
2-1529243 
2-I54085I 
2-1552445 

Plot  two  curves  showing  the  values  of  (a)  log,  jr,  (/J)  -,  for  the  above  values  of  *, 
«nd  verify  that  the  ordinate  of  b  at  any  point  measures  the  slope  of  a. 

13.  Find  the  value  of  ^  logj,  x,  when  x  —  4*1735,  from  the  following  valies, 
and  compare  with  the  result  obtained  by  differ  en  liating  : — i 
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X. 

•og ,  0  X. 

4* '734 
4173s 
41736 

0-6204900 
0*6205004 
0*6205108 

14.  riot  the  curves  {a)  y  —  log«  jr,  {b)  y  =  log,,  x,  between  jp  =  2  and  x  =  2*5, 
Verify  by  measurement  at  three  places  on  each  cuive  that  the  slope  of  {d)  is  04343  of 
the  slope  of  {a)  for  the  same  value  of  x. 

15.  Find  the  value  of  —  {\oge{x  +  2)},  when  x  =  6*23,  from  the  following  values, 
and  compare  with  the  result  of  differentiating  : — 


6'20 
6*23 

6'24 

626 


y  =  log,  {x  +  2). 


2-1041341 
2*1065720 
2*1089998 
2*1114243 


le.  If  <pt  =  log,  r  +  —  —  0*695,  find  an  expression  for  -~ . 

17.  If  </)  =  0*737  log,  -™-  -f  2*875  •  lo-V  -  1096O  +  0-648,  find  '-^. 
2/j  7  «♦ 


Examples.— LXII 
Miscellaneous  Examples  in  Differentiation, 
Fin(!  the  value  of  the  following  '.-^ 


1.    -7  j  JT*  —  ^'   +  sin  jr}. 


3. 


-( 


^n  +  ^__cos2.rJ 


{^-'•^  +  7^  4- sin  (3.^ +  2)}. 


4.    -  (^-2-36x  +  ^x-  +  cos  {2X  -   !)}. 


6.  ^{^-^"^  +  VAr'-2  _  5  sin  (3^  +  4)  +  6  cos  {2x  -  i)}. 


(I  -  30}. 

7.  £{2ari-3  -  -L  4.  3^,  -  J^  +  sin  (2.r  +  i ) J. 


^•^K5-"-^^  +  ^'^^""~573}. 


d 


9.  4  {3-i«/*8  -  2*1  sin  (I  -  3.V)  —  5  cos  (2  -  4*3;/)  +  rg^H"  -  6Vm}. 


10.  ^^(,.-,+  --,1 


/-2-8  +    I). 


X2.  li^-" -3sin  (3/+  U-f  4C0S  (3/- 2)  +  sin  (1 -4/)- 2  cos(i  -/)     - 

'^  +  3  cos  (07854)}. 


CHAPTER  XII 

DIFFERENTIATION  OF   A    PRODUCT,    QUOTIENT,    AND 
FUNCTION  OF  A  FUNCTION 

114.  Differentiation  of  a  Product. 

Let^  =  uv,  where  u  and  v  are  functions  of  jr  which  can  be  diflcrentiatcd. 
Let  X  increase  to  jr  +  Sx,  so  that,  in  consequence, 

u  becomes  u  +  Su 

y      »      /  +  «y 

Then  ^^  +  5/  =  («  +  lu){v  +  5r') 

—  uv  •\-  uSv  4-  v5u  +  5// .  iv 
and  since  ^  =  uv 
subtracting,  we  get,  Sy  =  uiv  +  t/S//  +  8«5r/ 

.    5/         52/         5«       ^   Sv 

.'  ~  =  u—  +  V—  +  5//r- 

S^         5^         Ix  Ix 

In  thelimit,  when  5jr diminishes  indefinitely,  ^,  —,  —  become  ^  »  ^'i  J" 
respectively,  and  the  term  5//  —  becomes  o  x  ^  =  o, 

"  dx        dx        dx 


Examples— { I.)— ^<f^>'  =  x^c'*. 


Take  u  = 

x\  «/  =  ^*  ; 

then^^  = 

dv          du 

».;,(^')  +  ^" 

= 

5arV*  +  3^V'  = 

:  (5^  +  3)-^V« 

(2.)- 

-Zrf;. 

=  x*  sin  {2x  +  I). 

Take  u 

=  j:*,  f  =  sin  {2x 

+  1) 

dy 

dv          du 

dx 

-"^  dx-^'^di 

=  x*^{5in(2jr+l)}  +  {sin(2x+i)}  x  ^^U«) 
j=  zr*  cos  (2-r  +  0  +  4-^  sin  (2jr  +  i) 
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(3,)  Lely  =  2^2*  sin  (3*-  +1). 
Let  u  =  2/^  J  V  —  sin  (3jr  f  i). 

r^  6^2^:  COS  (3^  4-  I)  +  4^2:t  sin  (;t  +  I) 

(4.)Z./^  =  -^-^- 

Take  u  -  log^  (jr  —  3) ;  z/  =   -^  —  x~\. 

^^  =  log«(x-3)^^-^-J+^-i^^log.(^-  3). 

=  -  A^oge(^-3)  + 


(5.)  7>  /^;vz/<?  the  rule  for  differentiating  x^  by  means  of  the  rule  for  differentiating 
a  product  for  the  case  when  n  is  a  positive  whole  number. 

dx 
It  follows  from  the  definition  of  a  differential  coefficient  that     ,   =  I. 

dx 

_,        d^x-")      d{x  X  ;r)  dx  ,      dx 

Then    -~^  =  -^j  —    =  x  j-  +  x  -j-  =  2x. 
dx  dx  dx         dx  . 

dx^      d{x  X  x^)         -  dx  ,      dx'         .   .  , 

=  A_^ 1  =  x'  ,    +  X  -T-^  =  x^  +2X .  x  =  3^-'. 

dx  dx  dx  dx 

dx*      d{x  X  x»)         ,  dx  ,      dx>         .  .   ^  3  . 

dx  dx  dx  dx  ^  t- 

In  the  same  way,  it  evidently  follows  that  as  we  proceed  to  higher  powers  of  x  the 

effect  of  each  addition  of  one  to  the  power  of  x  is  to  add  ^  =  i  to  the  numerical 

coefficient,  and  to  raise  the  power  of  the  differential  coefficient  by  unity,  and  therefore 

if  «  is  a  positive  whole  number  -^^^  —  nx"  -  ^ 

dx 


Examples.— LX  III. 
Find  the  value  of — 

1.   -y-  e-"^  cos  x.          2.   -^-'*  sin  {x  -  i).           3.  -j-  e-^  sin  (3  -  zx). 

dx                                  ax  dx 

4.  J-  (sin  zx)  loge  (JT  +  i).  5.  ^  sin  3^;  cos  5^:. 

a    -—  7  sin  4r  cos  dx.  7.  -^  lo  sin  yx  sin  nx. 

'  dx'  dx            '' 

S    —- 15  cos  6jf  COS  5jr.  9.  --  sin  (2^  +  i)  cos  (3jr  +  2). 

dx  dx 

10.  ^cos  (3jr  +  \)  cos  {^x  -  5).  11.  —sin  [2x  +  i)  sin  {2x  +  3). 

12.    T-  sin  {ax  +  b)  sin  {ax  +  d).  13.  -j  cos  {ax  +  ^)  cos  (^x  +  c). 

14.  ^  sin  {ax  +  iJ)  cos  (rjr  +  J).  15.  ^  jr*  sin  x. 

16.   /  :«:i-3i  sin  {2x  +  i).  17.  ^  ;r'^^                      18.   -^  x"/**. 

ax  dx                                      dx 
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d^y        dy 


19.  \i  y-  Ae-'^  sin  {x  +  B),  find  the  value  of  ^  +  4^  +  S>'. 

20.  liy  =  ( A  +  Bjc)^**,  find  the  value  of  ^  +  4^  +  4y. 

21.  If  ^^  =  A^"-*  sin  ( V2^  +  B),  find  the  value  of  ^^  +  2^-^  +  Zy. 
;.  If  r  =  A^^^  sin  (\/^  "  p?  •  '+  ^)'    ''^"''   ^"   ^^^  letters  except 


22 

and  /  represent  constants,  show  that 


r<^v  ,^dv  ,    V  _ 


115.  Differentiation  of  a  Quotient. 

Let  y  =  -  where  u  and  v  are  functions  of  ;r  which  can  be  differentiated. 

Then,  if  5;r,  5^/,  5^/,  5/  are  simultaneous  increments  of  ;r,  «,  t/,  and  ^'j 


y  = 

u 

V 

Subtracting 

57  -  ^'  +  !" 

2/ 

2/ 

_  uv 

•  ulv 

Dividing  by  8jr  we  get 

5;r 

«y- 

Ix      {v  +  Sv)v 
In  the  limit,  when  5jr  diminishes  indefinitely,  A  — ,  j-  become  ~,  ^.»  -^- 


^w        dv 

V —  —  u — 

.     ,  -  ^dy        dx        dx 

respectively,  and  we  get  j^ -^ 


Example  (i). — To  differentiate  tan  x. 

_.    ^  ^  sin  ^      tt 

Let  y  =  tan  *  =  =   - 

'^  cos  X       V 

where  u  =  sin  x  and  v  —  cos  x, 

du  dv 

^        dy          dx          dx 
Then  /  =  3 

dx  v* 

_  cos  x  .  COS  jr  —  sin  X  ( —  sin  x)  _  cos'  x  -\-  sin*  * 
~  cos'  X  ~  cos'  X 

=  sec' X 

This  is  an  important  result,  and  should  be  rfinembci.;d. 
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^         u 
Example  (2). — Uty  =  -: —  =  -,  where  u  —  e*yV  —  sin  x, 

du         dv 
Th      ^  —     ^-y         dx  _  sin  x  .  e'  —  e"  cos  x 
dx  ~  v^  sin'  X 

_  sin  jf  —  cos  X 


Example  (3). — To  verify  the   rule  for  differentiating  a  quotient  for  the  case 

X*         u 

y  =  -^  =  -  where  «  =  *',»  =  x'. 
x*      V  * 

du         dv 

Then  ^  _  ^  dx  ~  ^  dx  _  x^  .6x^  -x*  .2x  -  ^, 

dx  V*  X* 

dy 
But  we  may  also  take  y  =  x\   and   .*.  j-  =  ^x^  by  the    previous  method  for 

diflFerentialinj:  x*. 


Examples.— LXIV. 

Find  the  value  of  the  following  : — 

d^  cosjjf.  2     d_  sin  (I  -  3jr).  g     d /e-^*\ 

^'  dx      x"  '  dx  X  '  dx\^x)' 

7.  ^  (sec  x).  8.  ^  (cosec  x).  9.  ^  (cot ;?). 


*  ^oryog,^/ 


11.  If  sinh  X  = ,  cosh  x  =  -^ ,  and  tanh  x  =  ; — ,     Find  the 

2  2  cosh  X 

value  of  J-  (tanh  x). 

12.  Show  that  j-  {x  log,  x  —  x)  =  log«  x.     This  result  is  important. 

13.  Prove  the  rule  for  differentiating  x*  for  the  case  where  «  is  a  negative  whole 
number  by  using  the  rule  for  differentiating  a  quotient. 

d     2  sin  {2x  -  3)  </     sin  (3^-1)  </  ^-a« 


^Jf  '  5^  '  dx  '  cos (24?  +  3)  '  dx'  cos  (2;c  +  3)* 

17.  ^ . ,      f^'     ^.  18.   f .  ,^^^3  10     d_        sin  2^ 


dTx  •  log,(j:  -  I)  '  dx    (x  +  5)«  •  dx  •  log«  (;r  -  3)' 

20   J^.-— 3£!1_  21    -^       ^Qg^  ^^  -  4) 

'  dx    cos  (2j?  -  I)*  dx  '  cos  (3ljr  +  7)' 


116.  Piinction  of  a  Function.— We  may  require  to  differentiate  such  a 
function  as  sin  {x*)  where  we  already  know  how  to  dififerentiate  the  functions 
sin  u  and  x*  separately. 

Let>'  =  F(«)  where  a  is  a  function, y(;r),  of  x  and  F  and/  are  functions, 
which  we  can  differentiate. 

Let  X  increase  by  the  increment  5jr,  and  at  the  same  time  let  u  increase 
by  8«  and.y  by  Jy. 
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Then  g        5^  ^  i~  t)y  algebra,  since  r^  and  —  are  algebiaical  fractions. 
Now  let  5jr  and  consequently  5«  and  5y  be  indefinitely  diminished. 
Then,  in  the  limit,  ^y  .— ,  —  become  ^- ,  J-^  and  -j-  respectively. 

dx     du      dx 

Note  that,  since  ^  and  ^    ^^^  "o  longer  fractions,  this  does  not  follow 
at  once  by  cancelling  du. 

Example  (r). — Let y  =  sin  {x^). 

This  is  a  sine  of  a  fourth  power  anJ  both  of  these  are  functions  which  we  can 
a'l  ready  difierentiate. 

Let  u  —  x''  \  then  j  =  sin  « 
dy       dy  ^  du      d{%\n  u)  ^  dx^      ,         »  ,,       ,  ,  . 

Example  {2).—y  =  logt  {sin  x). 

Let  sin  ;c  =  «  ;  then  y  =  log,  u 

dy       dy       du       </(lo5««)       ^/(sinjr)       I  ^  cos  jr 

-f-  =  i^  X  -7-  =  —-7 — -  X  "S —  =  -  X  cos  ^  =  - —  =  cot  X. 

dx      du       dx  du  dx  u  sin  x 

Example  (3)  —Lety  =  (i  -  jr)'. 

Let  u—  \  —  x  ',  then  y  —  u* 

and  #"  =  *><  T  =  -/'  '<  ^—  =  6"'  X  (-  0  =  -  6C  -  .)• 
dx       du       dx        du  dx 

Similarly  -r  {^x  +  ^)"  =  aft{ax  +  ^)"  ~  ^  where  a  and  b  are  any  constants. 

^  ~  3 

Example  (4).— J  =  /-f^.    /^jT-Ti' 

We  must  here  combine  the  various  methods  of  this  chapter. 

•*■  ~  3 
Let  ~  =  w  :  then  y  =  \oz  tu 

^2x  +!'-''» 

.  dy       dy       dw        i  ^  dw 

and  /=-f-x-r-=-XT~ 

To  find  -7-,  let  w  =  -  where  u  —  x  —  -x.  v  —  v'2jr  -f-  i. 
dx  V  o.  'V         • 


Then    , 
dx 


du        dv 
dw 


sf2x  +  I  -  (j:  -  3)  -VzJT  +  I 
ax 

-     ^-3 


V24r4-i 


20:  +  1 
(2Jr+i)> 


V  2j:  +  I  ^^pp  example  3) 


Differentiation  of  a  Product,  Quotient,  etc, 

substituting  and  simplifying 

dy  _         :r  +  4 
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<ix      {x  -  3)(2jr  +  i] 


Example  (5). — To  find  an  expression  for  the  slope  of  the  tangent  to  a  circle  at  any 
point. 

Take  the  centre  of  the  circle   as   origin  of  rectangular  co-ordinates.     Let  the 

radius  =  a,  and  let  x  and^/  be  the  co- 
ordinates of  any  point  P  on  the  circle. 


Then  x'  +y  =  a»  ;  >.  =  Va2  -  x". 

dy 
We  require  to  find-^. 

Let  «  =  <i«  -  jr'  ;  then  y  =  V«j 
>..id  the  slope  of  the  tangent  to  the 
circle  at  P  is 


dx      du      dx        du  dx 


Fig.  88. 


-^  X  (-  2x)  =     ,       -^ 


Note  that  in  the  figure,  -=  tan  NPO,  and  slope  of  PT  =  -  tan  NTP. 

Thus  the  above  result  proves  that  NPO  =  NTP,  and  therefore  NPT  =  NOP, 
andOPT  is  a  right  angle,  or  the  tangent  to  a  circle  is  perpendicular  to  the  radius  at 
theooint  of  contact. 

IXAMPLK  (6). — OP  is  a  crank  of  length  a,  revolving  with  constant  angular  velocity 
«,  /;  a  counter-clockwise  direction.  PQ  is  a  connecting-rod  of  length  I.  Q  moves 
hachards  arid  forwards  in  the  straight  line  OQ.  OR  is  perpendicular  to  OQ,  PN 
to  O?,  and  PM  to  OQ. 


Fig.  89. 


PQ. 


Free  that  PR  represents  on  some  scale  the  angular  velocity  of  the  connecting-rod 


Let?OQ  =  ff,  PQO  =  <». 
TherPM  =  «  sin  *  =  /  sin  ^. 
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Diflferentiate  both  sides  of  this  equation  with  respect  to  /. 

<f  d  dQ  de 

-^(^sme)=«^^(sin5}X  ^^  =  «cos0^^ 

-^  (/  sin  <p)  =  I  cos  <p  -J^ 

d<t>  .  dQ 

Now    ,.   is  the  angular  velocity  of  the  connecting-rod  PQ,  and  j   i^  the  angulai: 

velocity  of  the  crank  OP,  and  is  constant  and  equal  to  «. 

d<b 
,*.  »  a  cos  e  =  /  cos  ^ 

d<p  _     a  cos  B 
dt   ~     I  cos  0 

PN  OM  cos  % 

Now  PR  =  - — kiDb  = 1  =  '^ ■ 

cos  N  PR       cos  0         cos  0 

dip      1^       ^  j 

"dt  -/P"  / 

i,e    PR  is  proportional  to  the  angular  velocity  of  the  connecting-rod  PQ. 

/ 

Examples.— LXV. 
Find  the  value  of— 


dx^  dx    \  -  X  dx    2  +  ^ 


4-  fx  •  r^T^'  ^'  ix  ^^^^  «•  Tx  ^^^^ 

10-  ^  V^^  -  3-*^  +  5-  11-  ^  v^'^^'  +  ^^  +  ^.       12.  ^log.  (2x  +  I). 

13.  ^ .  log.  (3  -  4-r).  14.  ^ .  log,  {I  -  JT).  15.  ^log,  (x'  -  2.,-l-  5) 

16.  ~  .  loge  (2Jr»  -  3x  +  4).  17.  ^  log,  (flj:'  -f  ^x  -f  f).  ' 

18.  We  have  log«  {x^  ■\- x  -  \2)  -  log,  (x  -  3)  +  log.  (x  +  4).    DifferentiaS  both 
sides  of  this  equation  separately,  and  verify  that  the  result  is  the  same  in  both  oses. 

Differentiate  with  respect  to  x — 

19.  Sin'  x.               20.  Sin  x\  21.  Log.  (jr').  22.  (log.  J». 
23.  <r(A                   24.  (^)'.  25.  Sin*jc.  26.  Log.  os  a-. 
27.  ^'"'^.                  28.  Cos  (r-').  29.  Log.  (^^).  30.  Cos*  (:r  -  i). 
31.  Log.  sin  (3jr  +  2).  32.  Log  tan  x.  33.  Sin*  x  .0%*  x. 

34.  — V-.  35.  Sin-'xcos'x.  36.  Show  that  3-^*»  =  a«*ft. 

cos'  X  dx 

37.  Show  that ; — - .  jr»  =  //jr»-i.     (Put  x  +  a  =  2,  and  jr  =2  -  a.) 

</(jr  +  tf) 

d 

38.  Find  -7-  log,  ax,  where  a  is  any  constai^l. 
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i''ind  the  value  of— 

30-  ^  log.  {X  +  ^/PT^«).  40.  4     -  log.  -^  ~  ?. 

.*3-   Prove  that  OR  in  Fig.  89  represeuts  on  some  scale  the  linear  velocity  of  the 


44.  Uy=  \/(V+3'!r)(i  -4^) '  ^""^  ^?     '^^^^  logarithms  of  both  sides  before 
dilTerentiating. 

46.  Find  -~  when  _j/  =  sin-^  x  and  when  y  =  cos"^  x. 

First  find  :,- ,  then  —  =  ~r-' 
ay  dx      dx 

Ty 
Explain  by  means  of  a  curve  the  geometrical  meaning  of  the  ambiguity  in  the 
sign  of  ^^. 


CHAPTER  XIII 


CALCULATION  OF  SMALL   CORRECTIONS 


il7.  Let  A  and  B  be  two  neighbouring  points  on  a  curve  representing  jas 
a  function  of  x.     Let  (^i,  y^  be  the  co- 
ordinates of  A,  and  {x^  -f  hXy  y^  +  5/)  the 
co-ordinates  of  B. 

Then,  if  AN  and  NB  are  parallel  to  the 
axes  of  ;r  and  y^  AN  =  Sjr,  NB  =  ly, 

5y  . 
Then  ~  is  the  slope  of  the  chord  AB. 

hx  ^ 

It  appears  evident  from  the  figure,  and 
can  also  be  proved  analytically,  that  AB 
is  parallel  to  the  tangent  to  the  curve  at 
some  point  C  between  A  and  B. 

dy 
Now  -^  measures  the  slope  of  the  tan- 
gent to  the  curve. 
.    8y 


^ 


Fig.  90. 


5^ 


slope  of  chord  AB 


<?, 


value  of  ^'  correspondmg  to  some  pomt 


C  between  A  and  B. 

•*•  ^y  —  j^^^  where  the  value  of  -^  is  taken  for  some  value  of  x  between 

r,  and  x^  +  5;r. 

dy 
If  ^x  is  sufficiently  small,  we  may  take  the  value  of  ^  at  A  instead  of  at 

C  in  the  above  equation,  with  an  error  which  is,  in  general,  small  compared 

with  hx. 

Thus,  if  a  small  variation  Ix  occurs  in  the  value  of  r,  the  corresponding 

.    .      .       .    dy 
variation  in  y  is  -j-^^' 

Example  (i). —  The  radius  of  a  circle  is  found  by  measurement  to  be  ^26  inches^ 
and  the  area  is  calculated  from  this  value. 

If  there  may  be  an  error  of  2  per  cent,  in  the  observed  value  of  the  radius^  what  is  tht 
possible  error  in  the  calculated  value  of  the  area  f 

Let  X  =  the  radius,  y  the  area  ; 

then  y  =  irx* 


But  if  there  is  an  error  9x  in  the  observed  value  of 

dy 
the  consequent  error  in  y  is  Sy  =  ^  Sx  =  2irjr5j:. 


it  has  just  been  shown  that 


if  8;r 


(2  per  cent,  of  x) 

iy 


x^ 

2irxSjr 
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.     ,    ,                                    .        .    100 .  5y       TTX* .  100 
And  the  percentage  error  in  jf  is =  — ^  ~  4  P^""  cent. 

Example  (2). — An  electrical  resistance  y  is  measured  by  balancing  it  against  a 
known  resistance  o  by  means  of  a  slide  wire  bridge.  I  —  x  and  x  are  the  resistances  of 
the  proportional  arms  of  the  bridge  corresponding  to  y  and  w  respectively. 

It  is  required  to  find  the  error  in  the  value  obtained  for  y,  due  to  a  known  small  error 
a  in  the  value  of  x. 


It  is  known  that 


y  _  l_-jc  _  /  _ 

u~      X       ^  X 

lo» 
y  — w 

"^  X 

^We  have  Zx  =  a 

Sv  / 

/.  percentage  error  in  j  =  loo  —  =  —       ._ — .  X  loo.a 

Example  (3), — The  angle  K  of  a  triangle  is  found  by  measurement  to  be  63°,  and 
the  area  is  calculated  by  the  formula  \  be  sin  A. 

P'ind  the  percentage  error  in  the  calculated  value  of  the  area,  due  to  an  error  of  l*^  in 
the  observed  value  of  A. 

Let  S  =  the  area. 

Then  S  =  J  3r  sin  A 

JS  =  ^-  5A  =  i  be  cos  A  .  8A 
dK 

5S 
/,  percentage  error  in  S  =  100  -^  =  100  cot  A  .  SA 

Now  5A  =  1°  =  0*0175  radian 
,*.  percentage  error  in  the  area  =  loo  X  cot  63°  x  0*0175  =  °'^9  P^""  cent. 

Example  (4). — An  error  equal  to  i  in  the  fourth  decimal  place  is  made  in  obtain- 
ing the  logarithm  of  a  number  as  the  result  of  a  calculation  with  four-figure  log  tables. 
7^0  find  the  consequent  e^ror  in  the  number. 

Let  X  be  the  logarithm  obtained,  and  y  its  antilogarithm.     Then  we  require  to 
find  the  error  in_y  due  to  an  error  of  O'oooi  in  x. 
We  have — 

X  =  logic  y 

dx    ^        o*4343    ^ 
^""-"Ty'^y^y'^y 

,\  5y  =  -^— ^  =  -^  when  ix  =  O'ooos. 
•^      o'4343      4343 

Thus  the  difTerence  in  a  number  corresponding  to  a  difference  of  i  in  the  fourth 
decimal  place  of  its  log  is  j.}^^  of  the  number.  This  enables  us  to  calculate  the  table 
of  differences  for  anlilogarithms. 


Examples. — LXVI. 

1.  The  radius  of  a  sphere  is  found  by  measurement  to  be  5  ins.  Find,  by  the 
methods  of  this  chapter,  the  error  caused  in  the  calculated  volume  by  an  error  of 
I  per  cent,  in  the  measur'ed  value  of  the  radius. 

2.  An  error  of  o'i°  is  made  in  measuring  the  value  of  an  angle  i.     What  is  the 
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consequent  error  in  the  value  of  the  sine  of  the  angle  ?     Estimate  the  numerical  value 
ot  this  error  (i)  when  6  is  small,  (2)  when  6  is  nearly  89°. 

3.  The  side  a  of  a  triangle  is  calculated  from  the  formula  /z*  =  ^^  +  ^'  -  2bc  cos  A. 
Obtain  expressions  for  the  error  in  the'  value  of  a,  consequent  upon  a  known  small 
error,  (i)  in  the  value  of  the  angle  A,   (2)  in  the  value  of  the  side  c. 

4.  The  value  of  gy  the  acceleration  due  to  gravity,  is  found  to  be  32*2  by  calcula- 
tion from  the  formula  T  =  2w.    /-,  where  T  is  the  time  of  a  complete  oscillation  of  a 

pendulum  of  length  /.     What  will  be  the  calculated  value  of  g  if  the  value  of  T  is 
measured  i  per  cent,  too  large  ? 

5.  If  V  cubic  feet  is  the  volume  of  water  displaced  by  a  ship  when  drawing  h  feet 
of  water,  and  if  for  a  certain  vessel  V  =  izooh^'^,  find  an  expression  for  the  change 
produced  in  V,  at  any  given  draught  h^  by  a  change  of  i  inch  in  h.  Hence  find  an 
expression  for  the  cross-sectional  area  A  at  the  water-line  for  any  value  of  h. 

e.  If  Jt^  is  the  reading  of  a  tangent  galvanometer  when  a  current  y  passes  through 
it,  then  ^  =  C  tan  ;ir  where  C  is  a  constant.  Find  the  percentage  error  in  the 
estimated  value  of  the  current  due  to  an  error  of  1°  in  the  observed  value  of  x, 
(l)  when  j:  =  20°  J  (?.)  when  *  =  45°  5  (3)  when  x  -  70°. 

7.  A  searchlight  is  half  a  mile  from  a  straight  shore.  Find  the  distance  travelled 
along  the  shore  by  the  beam  at  a  point  one  mile  from  the  point  on  the  shore  nearest 
the  light  when  the  projector  is  turned  through  an  angle  of  one  minute. 

8.  A  captive  balloon  at  a  vertical  height  of  2000  feet  is  travelling  in  a  horizontal 
direction  at  20  miles  per  hour.  Find  the  rate  at  which  the  cable  is  being  paid  out 
when  2500  feet  of  cable  are  out. 


CHAPTER  XIV 

EXPANSION  OF  CERTAIN  FUNCTIONS  IN  SERIES 

118.  In  Chapter  VIII.  it  was  seen  that  when  the  values  of  two  variables  y 
and  X  give  points  lying  on  a  regular  curve  when  plotted,  and  the  equation 
to  this  curve  does  not  seem  to  take  any  simple  form,  the  law  connecting^ 
and  X  can  be  found  in  the  form 

y  -  a  -^  bx  -^  cx"^  -^  dx^  -if  ... 

We  found  that  the  coefficients  ^,  ^,  <:,  d^  etc.,  are  in  general  smaller  and 
smaller  as  the  series  is  continued  to  higher  powers  of  x^  and  that  we  can 
usually  obtain  as  close  an  approximation  as  we  please  to  the  actual  law  con- 
necting ^  and  jr,  by  taking  a  sufficient  number  of  terms. 

When  y  is  given  as  a  function  of  jr,  it  is  often  possible  to  find  an 
equivalent  series  of  the  above  form,  by  which  the  value  of  the  function  can 
be  calculated. 


119.  Sin  X  ajid  cos  x. 

Example  (i). — To  find  a  series  for  sin  x  in  amending  powers  of  x. 
Assume  that  there  is  such  a  series. 

Let  sin  jf  =  a  +  3j;  +  rx' +  ^jr' + (i) 

Since  this  equation  is  assumed  to  be  true  for  any  value  of  jr,  we  may  substitute 
*  =  o. 

We  geto=a-|-o  +  o-|-  .  .  . 

/,  tf  =  O,  the  sum  of  all  the  remaining  terms  vanishing  since  we  have  assumed 
that  the  sura  of  the  series  is  not  infinite,  however  many  terms  are  taken. 
Differentiate  both  sides  of  the  equation  (i). 

cos  jf  =  ^  4-  lex  +  3^J^'  + (2) 

We  here  assume  that  an  infinite  series  can  be  differentiated  term  by  term,  and  that 
the  result  is  the  differential  coefficient  of  the  sum. 
Putting  jf  =  o  in  equation  (2),  we  get 

1=^4-04-0.  .  , 
:,b=\ 

Differentiating  both  sides  of  equation  (2),  we  get 
Putting  jr  =::  o,  we  get 
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Diflfeientiating  again,  and  putting  ;>?  =  o,  vre  get 


1.2.3 


Similarly,  we  may  find  the  values  of  the  constants  <?,  /,  ^  .  .  .  to  as  many  terms 
as  we  please  by  ditferentiating  any  number  of  times,  and  substituting  x  =  o  after 
differentiation. 

We  find  that  the  coefficients  of  all  the  even  povs^ers  of  x  vanibh,  and  that  the 
series  is 

X*  ^  x'  , 

1.2.3^  1.2.3.4.5       1.2.3.4.5.6.7 

We  may  use  this  series  to  calculate  the  vahie  of  sin  x  when  x  is  known. 
It  is,  of  course,  assumed  in  the  diiTerentiation  of  the  above  series  that  x 
«s  measured  in  radians. 

Example  (2). — Show  in  the  same  way  thai 

x^      .  x'  X*  . 


cos  Jf  =  I 4. 


2^  1.2.3.4         1.2.3.4.5.6    ■     •   •   • 

Example  (3). —  To  calculate  the  value  o/sin  10°  cof-rect  to  four  decimal  places. 
We  have  10°  =  0*1745  radian 

/.  in  the  series 

x»  X* 

sm  jr  =  jr 4. 


1.2.3       1.2.3.4.5 

we  must  take  x  —  0*1745. 

It  is  most  convenient  to  arrange  the  work  as  follows,  so  that  each  term  can  be 
calculated  from  the  preceding  : — 

Positive  Negative 

tenub.  terms. 

jr  =  0-1745  =0-1745 

x""  =  0-03044 
x^  X  ^  x^ 

0-1745  X  0-005073       =       0-000884 


1.2.3  6 

X^  X^  X^  JT* 

X    —   =    X  OOOIi;22  =0-0000013 


1. 2.3.4. 5      1.2.3      20      1.2.3 


2.3.4.5.6.7    1.2.3.4.5    42    1.2.3.4.5 


X                      X^ 
^   —    =  X  0-00072  =  0"00000010 


,*.  sin  10°      =01745   —  o'oooSS 
=  0-1736 
to  four  decimal  places. 

We  find  from  the  tables  that  sin  10°  =  0-1736.     We  see  that  the  successive  terms 
in  the  series  for  sin  x  get  smaller  and  smaller.     We  have  omitted  all  terms  beyond 

x'' 

7 — ,  assuming  that  their  sum  will  not  affect  the  fourth  decimal  place  ; 

1.2.3.4.5.6.7'  ^ 

this  may  be  formally  proved. 


Examples.— LXVII. 

1.  Calculate  the  value  of  cos  10°,  correct  to  four  decimal   places,   and  compare 
with  the  tables. 

2.  Calculate  the  value  of  sin  5°  correct  to  four  decimal  places,  and  compare  with 
the  tables. 
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3.  Calculate  the  value  of  sin  20°  correct  to  four  decimal  places,  and  compare  with 
the  tables. 

Note  that  as  the  angle  becomes  larger  we  require  to  take  more  terms  of  the  series 
to  obtain  a  value  of  the  sine  correct  to  any  desired  degree  of  accuracy,  and  that  as  x 
becomes  smaller  and  smaller  sin  x  becomes  more  and  more  nearly  equal  to  x, 

120.  liOg.  (1  +  x). 

Example  (i). — Tofitida  series  for  logt  (i  ^  x). 

Assume  log,  [\  -V  x)  =  a  ■\-  bx  -^  cx"^  ■\-  dx*  +  .rjr*  +  .  •  - 
Putting  j:  =  O  we  have  a  =  log,  (i)  =  o. 
Differeniiating  with  respect  to  x  we  have 

3  4-  2ex  +  idx"^  +  /^x^  .   .  , 


Substituting  jt  =  o  we  have  3  =  1, 
Differentiating  again,  we  get 


2r  4-  2  .  3^j;  +  3  .  ^ex-  +  .  .  - 


(1  +  x)* 

Substituting  j:  =  o  we  have  c  —  —  \ 
Differentiating  again, 

Substituting  a:  =  o,  we  have  d  —\. 
Similarly,  ^  =  —  ^,  and  so  on,  and  the  series  is 

1       ,      .      X  ;r'      jt'      A-*       ;t* 

It  can  be  shown  that  the  assumptions  involved  in  this  proof  are  permissible  when 
X  is  numerically  less  than  i. 

Example  (2).— 71?  calculate  log^t  1*05  correct  to  four  decimal  places. 
We  shall  first  find  loge(i  05)  by  putting  x  =  0-05  in  the  above  series. 

,      .        .  ,       (0-05)'   ,   (005)' 

log,(i-o5)  =  0-05  -  ^—^-  +  -y--  •  •  • 

Positive  terms.  Negative  term*. 

X  =  005 

x^       0*0025 

2    ~         2 


0"00I2S 


X*       0000125 

—  = ^     =  0*00004 1 7 

3  3 

X*  _  o;ooooo625  000000156 

4-4 

log,(i  +  x)  =  0-05004  -  00012516 

=  0*04879 

/.  log,,  1-05  =  0*04879  X  o*4343 

=  0*02I2 

The  value  given  in  the  tables  is  0*0212  to  four  decimal  place*. 

We  do  not  here  consider  the  question  of  how  far  the  assumptions  involved 
•n  the  proofs  of  the  series  of  this  chapter  are  allowable.     The  student  may 
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satisfy  himself  by  numerical   examples,  like   the   above,   that    the   results 
obtained  are  correct  for  the  series  which  we  treat  of  here. 

At  the  present   stage,    he  will  not  meet  with    any  series  where  these 
assumptions  cannot  be  allowed. 

Examples.— LXVIII. 

1.  Calculate  log,o  I'oi,  log,,  i*i,  log,,  r2,  log,,  1*3,  correct  to  four  places  of 
decimals,  and  compare  with  the  tables. 

Note  that  more  terms  are  required  as  x  becomes  larger. 

2.  If  X  —      v/e  have 

n 

log  (I  +  x)  =  log  -^-^ —  =  log  («  +  I)  -  log  n 

Thus  if  log   n   is   known   we  can   calculate   log   («  +  i)   by  using   the   series   for 
log  (i  +  ^)-     Calculate  log,,  3  having  given  that  log,,  2  =  o'3oio. 

3.  An  important  property  of  the  function  e*  in  its  physical  applications  is  that  its 
rate  of  increase  with  respect  to  x  is  equal  to  the  function  itself  (p.  200).     If  we  define 

^  as  a  function  of  x  such  that  ^-  is  always  equal  to/,  show  that  if  there  is  a  series  for 

y  in  ascending  powers  of  x  it  must  be 

given  that  y  =  i  when  x  =  o. 

Note  that  this  is  the  series  for  e*  given  on  p.  199. 

X-  I 

4.  We  have  =  •*•     Hence  prove  that 

and  calculate  loga  2  and  log,  3. 

121.  Exponential  Values  of  Circular  Functions. 
We  have  shown  that 

sin  JT  = 


1.2.3      1.2.3.4 
cos  X  =  1 + 


1.2        1.2.3.4 

Comparing  these  series  with  the  series 

x^     ,       x^       ,  X*         , 


I  +  X+—-  + 


1.2      1.2.3      1.2.3.4      1.2.3.4.5 

we  see  that  it  appears  probable  that  there  is  some  close  relation  between  the 
exponential  function  /?*  and  the  circular  functions  sin  x  and  cos  x.  The 
difficulty  is  that  the  signs  are  alternately  positive  and  negative  in  the  series 
for  sin  x  and  cos  ;r,  while  they  are  all-  positive  in  the  series  for  e'. 

To  remove  this  difficulty  we  may  introduce  the  imaginary  quantity  v'—  i. 
If  we  use  this  quantity  as  if  it  were  real  in  algebraical  work,  of  which  the 
result  is  real  and  can  be  tested,  we  find  that  the  result  is  correct.  It  is  usual 
to  write  v/  -  I  =  /.  so  that  t^  =  —  t,  z^  =  -  i  x  /  =  -/,/<  =  (-  1)2  =  +  i, 
*  =  t\  and  so  on,  all  even  powers  of  /  being  real. 
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If  we  substitute  tx  for  x  in  the  series  for  <?*,  we  get 


1.2        1.2.3        1.2.3.4        1.2.3.4. 5 
=  (  I + ...  1  +  /(  X 4-  — —   —   ...   I 

V      1.2^1.2.3.4        J      \      1.2.3^1.2.3.4        J 

=  COS  jr  +  /  sin  :r 

Similarly  ^-**  =  cos  x  —  t  sin  ;r. 

From  these  equations  we  get  cos  x  = 


sm  X  = -. 

21 

Example. — By  means  of  these  expi-essions  for  cos  x  and  sin  x,   show   that 
sin  2jc  =  2  sin  x  cos  x. 

121a.  Hyperbolic  Functions. 

The  functions  which  are  obtained  by  omitting  z  from  the  exponential 
values  of  the  circular  functions  are  called  the  hyperbolic  functions. 
Thus  we  have 

The  hyperbolic  sine  of  .t,  which  is  written  sinh  x  = 


the  hyperbolic  cosine  of  x,  which  is  written  cosh  x 


2 
e^  +  e- 


2 

tanh  X  = r— ,  sech  x  =  — r — ,  cosech  x  =  -7—. — ,  coth  x  =  ^ — r — 

cosh;r'  cosh  x  smh  x'  tanh  x 

Expanding  the  values  of  e"  and  ^"*  in  the  above  definitions,  we  have 

x^  x^ 

sinh  X  =  X  ■{ + h  .  .  . 

1.2.3^1.2.3.4.5 

^2  ^4 


cosh  X  =  I  +  -'- —  4- 


1.2      1.2.3.4 

The  curve  jj/  =  cosh  ;r  is  a  catenary,  and  has  been  plotted  in  Fig.  57. 
The  value  of  e  being  known  the  hyperbolic  functions  may  be  calculated 
from  the  definitions  or  from  the  series  to  any  desired  degree  of  accuracy. 

Example. — Calculate  the  value  of  sinh  0-1745  correct  to  four  decimal  places. 
We  have  sinh  x  =  x-\- ,    ^    -  +  ,    „   ^    .    ,.  + 


1.2.3      1.2.3.4.5      I  .2.3.4.5.6.7 
=  0-1745  +  0-000884  4-  0-0000013  +  o-ooooooio  + 

=  0-1754 

Otherwise  log  e  -  0-4343 

0-1745 


Multiplying  log  ^'"^^  =  0*07577  =  log  1*1906 

Subtracting  from  o, 

log  ^»-i^«  =  1-92423  =  log  <^'8398 

Subtracting  if°*^'"  -  r-"""-"  =         0-3508  =  2  sinh  0-1745 

/.  sinh  0-1745  =         0*1754 

We  have  j-  (sinh  x)  =  cosh  x,  and  —  (cosh  x)  =  sinh  x.    (Ex.  LIX.  12.) 

Example. — Find  the  value  ofcosh'^  i'i03. 

Let  X  =  cosh"^  1-103. 

£*■  +  e~* 
^  Then  1*103  =  cosh  x  = 

^  —  2*206  4-  ^--^  =  o 
Multiplying  by  ^~*    ^^^  —  2-2o6t'^  4-1=0. 
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Solving  this  quadratic  for  e^,  we  get 
/f^=  i'569  or  0637 
,*.  X  =  loge  1-569  or  loge  0*637  =  0*450  01  -o*45o 

Examples. — LXVIIIa. 

1.  Plot  the  curves^  =  sinh  x,  y  =  tanh  x  from  x  =  —i,  to  x  =■  ■\-^. 

2.  Prove  the  formulae        cosli'^  x  —  sinh^  x  =  i 

I  —  tanh^  X  =  sech'  x. 
What  are  the  corresponding  formula  for  circular  functions? 

3.  Show  that  \{  x  —  a  co%^,  y  =:  a  sin  ^,  {x,y)  is  a  point  on  the  circle,  x^-\-y^  =  a^. 
Show  that  if  X  =  a  cosh  (f>,  y=  a  sinh  ^,  {x,  y)  is  a  point  on  the  rectangular 

hyperbola,  x"^  ^  f-  —  a\ 

4.  Prove  that         sinh  {x-^y)  —  sinh  x  cosh  ^  ±  cosh  x  sinh  ^ 

cosh  (jf  ±^)  =  cosh  ;r  coshjj/  d:  sinh  x  sinh  y. 

5.  Prove  that      sinh  2x  —  2.  sinh  x  cosh  x. 

cosh  2Ar  =  cosh^  x  +  sinh^  ;r  =  I  +  2  sinh'  ;r  =  2  cosh'  jf  —  i. 
What  are  the  corresponding  formulae  for  circular  functions  ? 

6.  By  means  of  the  series  calculate  the  values  of  sinh  0-2  and  cosh  0*2  to  four 
places  of  decimals.  ^/w.  0*2013,   i'020i. 
Evaluate 

7.  tanh-io*5,  tanh-»  (-0*5).  (0*55,  -0-55.) 

8.  sinh-i  1*3.         (ro8.)  9.  tanh-^  0*65,  tanh"' 0*2.         (0*78,  0*203.) 

10.  Express  5  sinh  ^  +  4  cosh  x  in  the  form  A  sinh  {x  +  B).     (3  sinh  [x  -\-  1*1).) 

11.  When  X  is  small,  show  that  the  following  approximations  may  be  used  : — 

:j:  +  -^  for  sinh  x^     ^  +  T  ^^^  cosh  x,     x  —  —  for  tanh  x. 
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12.  If  sinh  u  =  tap  ^,  show  that  cosh  x  =  sec  <p,  and  tanh  u  =  sin  (p.  Hence, 
if  sinh  u  =  1*5,  find  cosh  u  and  tanh  u  by  means  of  the  trigonometrical  tables. 

13.  A  mass  M  moves  in  a  straight  line,  so  that  its  distance  s  from  a  fixed  point 
at  time  i  is  given  by  s  =  a  sinh  (;//  +  g).  Find  expressions  for  the  velocity  and 
acceleration  at  any  time  /,  and  show  that  the  force  on  the  mass  at  time  i  is  repulsive 
from  the  fixed  point  and  proportional  to  s. 

{velocity  =  an  cosh  {ni  +  g),    acceleration  =  an^  sinh  (;z/  -{-  p)}, 

14.  If  J  =  3  cosh  3^+5  sinh  3/,  prove  that  ^  =  gs. 

15.  If  J  =  A  cosh  jix  4-  B  sinh  nx,  show  that  -^-^  =  «^j,  and  determine  A  and 

B  if  ^  =  o  when  x  =  o,  and  j  =  i  when  x=-.  (A  =  o,  B  =  0-85.) 

16.  If  z/  =  A  cosh  nx  -{-B  sinh  nx,  determine  A  and  B  so  that  v  may  be  .  v^ 
when  X  =  o,  and  v  =  o  when  x  =  L.  _  (A  =  z^oj  I^  =  — z'o  coth  «L.) 

17.  Prove  the  following  identity,  which  is  useful  in  calculations  relative  to 
composite  telephone  lines  : — 

Zi  sinh  61  cosh  6^  +  z^  cosh  6^  sinh  6^  = ^  sinh  (e^  +  ^2)  +  ^^       ^^  sinh  (0i  -  e^) 

18-  Show  that  -7-  tanh  x  =  sech'  x,  -j-  coth  :t:  =  —  cosech''  x. 
ax  ax 

19.  Find  the  values  of  j-  (sinh-^  x\j-  (cosh"*  x),  -^  (tanh-^^a;).  {v.  Ex.  LXV.46.) 


I , 

Ans,     ,  — . — ,»  =t: 


Differentiate — 

20.  sinh  2:*:  cos  3^.  (2  cosh  2;r  cos  3^  —  3  sinh  2x  sin  3^1;.) 

21.  logsinh  x.  (coth  x,)  22.  sinh^*  a:.  {3  sinh^  x  cosh  ^.) 
cosh  (3x  +  i)           (3  sinh  (3.^+1)  cos  (4^;- 2)4-4  cosh  (3j;+i)  sin  (4-^-2)^ 

^^'    cos  (4;c  -  2)  *         I  cos'  (4.^:  -  2)  / 

24.  logsechji;.  (-tanh.ar.) 


CHAPTER  XV 
MAXIMA  AND  MINIMA 


(I.)  Graphic  Method. 

122.  The  following  table  gives  the  density  and  the  volume  in  cubic 
centimetres  of  i  grm.  of  water  at  temperatures  ranging  from  o°  C.  to 
1 00°  C.  :— 


fC. 

Density. 

Volume  of  1  grm.  in  cc 

0 

0-999874 

I'OOOI27 

I 

0-999930 

1-000070 

2 

0-999970 

I  000030 

3 

0-999993 

i-ocxxx)7 

4 

I -000000 

1-OLKXXX3 

5 

0999992 

1  000008 

6 

0-999969 

I  000032 

7 

0-999931 

1-000069 

8 

0999878 

IOOOI22 

We  see  that  as  /  increases  from  o°  C,  the  density  increases  until  /  =  4°  C, 
and  then  diminishes,  while  the  volume  decreases  until  /  =  4°  C.  and  then 
increases. 


o  1  000100 


to 


*^5 


^  1  000000 


0}  0> 


^0-999000 


0-990850 


D  > 


2  3  4 

Temperature. 


5  6 

,  Cent 


Fig.  qi. 
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Plotting  the  curves  D  and  V  (Fig.  91)  to  represent  the  density  and 
volume  as  functions  of  the  temperature,  we  see  that  for  the  value  4°  C.  of  / 
there  is  a  point  on  D  which  is  further  from  the  axis  of  /  than  any  point  on  the 
curve  in  its  immediate  neighbourhood.  Similarly,  for  the  same  value  of  / 
there  is  a  point  on  V  which  is  nearer  to  the  axis  of  /  than  any  point  on  the 
curve  in  its  immediate  neighbourhood.  We  express  this  by  saying  that  for 
the  value  4°  C.  of  /  there  is  a  maximum  value  I'ocoooo  of  the  density  and  a 
minimum  value  I'oooooo  of  the  volume. 

If/  and  X  are  two  quantities  connected  in  such  a  way  that  as  x  increases 
there  is  a  value  of  x  for  which  y  stops  increasing  and  begins  to  decrease, 
that  value  of/  is  called  a  maximum  value. 

If  there  is  a  value  of  x  for  which  as  x  increases  y  stops  decreasing  and 
begins  to  increase,  that  value  of/  is  called  a  m.inimuin  value. 

When  the  values  of/  and  x  are  found  by  experiment,  as  in  the  above 
example,  we  can  sometimes  detect  the  maximum  and  minimum  values 
without  plotting  the  curve,  but  the  method  of  plotting  has  the  following 
advantages  : — 

(i)  When  the  maximum  or  minimum  value  is  between  two  tabulated 
values  the  shape  of  the  curve  in  the  neighbourhood  may  indicate  the  position 
of  the  maximum  or  minimum  value. 

(2)  It  shows  by  the  slope  of  the  curve,  near  the  maximum  or  minimum 
value,  whether  /  approaches  that  value  rapidly  or  slowly,  and  consequently 
what  error  will  be  made  by  taking  a  value  of  x,  which  is  slightly  greater  or 
less  than  the  true  value. 

123.  Instead  of  having  a  tabulated  list  of  values  of/  and  jr,  found  by 
experiment,  we  may  have/  expressed  as  a  function  of  x  by  an  equation. 

If  we  plot  a  curve  having  values  of/  as  ordinates,  and  values  of  x  as 
abscissiE,  we  can  find  the  maximum  or  minimum  values  by  inspection  of  the 
curve. 

Example  (i). —  To  divide  16  into  two  parts  so  that  their  product  is  a  maximum 
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Fig.  92. 


Plot  a  curve  for  which  values  of  one  of  the  parts  are  abscissae,  and  /alues  of  the 
protluct  are  ordinates.  We  see  that  the  maximum  product  is  64,  given  by  the  point 
M,  for  which  the  two  parts  are  each  equal  to  8. 
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Example  (2). —  JVA^  is  the  sum  of  a  number  and  the  square  of  its  reciprocal  a 
minimum  f 

Let  X  be  the  number.     Then  we  require  a  minimum  value  of  y  =  x  -\-     ,• 

Plotting   the  curve   to   represent   this   equation,  we   see  that  j'  is  a    minimum, 
where  *  =  i'/6. 

The  student  should  plot  the  curve. 

Example  (3). — Find  the' maximum  and  minimum  values  of  x^  —  6jr'  +  9-^+5. 
Plot  the  curve  >'=^  —  6j:*  +  9^+5- 
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i 

0 

^ 

P 
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We  see  that  there  is  a  maximum  value  9  where  j:  =  i,  and  a  minimum  value  5 
where  jr  =  3. 

Note  that  the  maximum  value  of  v  is  not  the  greatest  possible  value,  but  merely 
the  greatest  in  the  immediate  neighbourhood  on  the  curve  ;  there  are,  of  course, 
greater  values  when  x  is  very  large.  Similarly,  the  minimum  value  5  of  7  b  not  the 
least  possible  value. 

Example  (4). — Find  the  maximum  and  minimum  values  of  y  =  2  j/ «  /  +  J  sin  3/ 
between  /  =  o  and  t  —  -n. 

The  curve  representing^  as  a  function  of  /  has  been  drawn  in  Fig.  63. 

We  see  that  for  the  first  half  undulation,  from  /  =  o  to  /  =  tf,  there  are  two 
maximum  values  I'S,  where  t  —  O'Zyi  radian  and  where  /=  2*204  radians,  and  a 
minimum  value  I'S,  where  /  =  1*57  radians. 

Example    (5). — If  there  art    n  voltaic  cells   each  of  EMF    e  volts  and  internal 

•resistance  r  ohms^  and  if  x  cells  are  arranged  in  series   and  -  rows  in  parallel,  the 

current  that  the  battery  will  send  through  an  external  resistance  R  is  given  by 


I  +  R 


amperes 


If  there  are  20  cells,  e  =  \-()  volts,  r  =  0*2  ohms,  R  =  0*25  ohms;  how  many  cells 
must  be  in  series  to  give  the  greatest  possible  current  t 


We  havr,  substituting,  C 


I  ox 


p-oijr*  4-  0*25 


230 


Practical  Mathematics 


By  calculation  we  find  the  following  corresponding  values  of  C  and  x  :- 


X 

I 

20 

10 

4 

7 

5 

6 

C 

7'3i 

8-93 

'IS'2 

18-52 

17*97 

19 

18-68 

We  first  calculate  the  positions  of  a  few  points  to  get  a  general  idea  of  tKe  shape 
of  the  curve,  and  then  calculate  values  closer  together  in  the  neighbourhood  of  the 
maximum. 
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Fig.  94. 

Plotting  the  above  values  of  C  and  r,  we  get  the  curve,  Fig.  94. 

From  the  curve  we  see  that  the  greatest  current  of  19  amperes  is  obtained  when 
5  cells  are  in  series. 

We  may  here  note  an  advantage  of  the  graphic  method.  We  may  wish  to  know, 
not  only  how  many  cells  in  series  will  give  the  maximum  current,  but  also  whether 
it  will  make  more  difference  to  have  too  many  cells  in  series,  or  too  few. 

As  the  curve  falls  away  from  the  maximum  much  more  rapidly  when  x  is 
diminished  from  the  value  5  than  it  does  when  x  is  increased,  we  can  see  that  it  will 
make  more  difference  if  there  are  too  few  cells  in  series  than  it  will  if  there  are  too 
many,  as  compared  with  the  arrangement  which  gives  the  maximum  current. 

This  method  is  valid,  although  there  are  only  a  few  points  on  the  above  curve 
which  correspond  to  any  possible  physical  arrangement. 


Examples.— LXIX. 

1.  Find  a  number  such  that  the  sum  of  the  number  and  its  reciprocal  is  a 
minimum. 

2.  The  square  of  a  number  is  added  to  54  times  the  reciprocal  of  the  number. 
Find  the  number  so  tiiat  the  result  may  be  a  minimum. 

3.  Divide  I  into  two  parts  so  that  twice  the  cube  of  one  part  together  with  3  times 
the  other  part  shall  be  a  minimum. 

4.  A  straight  line  10  inches  long  is  to  be  divided  into  two  parts  so  that  the  cube 
of  the  length  of  one  part  together  with  three  times  the  square  of  the  length  of  the 
other  part  shall  be  a  minimum.     What  are  the  lengths  of  the  two  parts  ? 

5.  The  log  of  a  number  to  base  10  is  subtracted  from  the  square  of  the  number 
For  what  number  is  the  result  a  minimum  ? 
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6.  Find  the  values  of  x  for  which  the  expression  2x^  —  2i;r-  +  6ojr  +  5  is  a 
maximum  or  minimum. 

7.  Find  the  values  of  x  for  which  the  expression  x'  —  ^x^  —  gx  +  S  is  a 
maximum  or  minimum. 

8.  Find  a  value  of  x  between  o  and  1*5  for  which  the  expression  S*624  — 
079354:  —  l'2l  cos  4r  is  a  minimum.     In  calculating  take  x  in  radians. 

8.  Find  a  value  of  6  between  o  and  ir  for  which  the  expression  r  sin  d j  cos  26  is 

a  maximum  for  the  case  when  r  —  0*5,  /  =  3*5. 

10.  An  open  tank  is  to  be  constructed  of  sheet  iron  with  a  square  base  and 
vertical  sides  so  as  to  contain  4  cubic  ft.  of  water.  Find  the  width  and  depth  so  that 
the  least  possible  quantity  of  sheet  iron  may  be  used. 

11.  A  circular  filter  paper  is  of  diameter  11  cms.  It  is  required  to  fold  it  into  a 
cone.  Find  the  height  and  cubic  contents  of  this  cone  so  that  the  latter  may  be  the 
greatest  possible. 

12.  An  open  cylindrical  can  is  to  be  made  to  contain  255  cubic  ins.  Plot  a  curve 
to  show  the  total  area  of  tin  plate  that  will  be  used  for  different  values  of  the  diameter 
of  the  base.  Find  the  ratio  of  the  height  to  the  diameter  of  the  base  so  that  the  least 
possible  quantity  of  material  may  be  used. 

13.  A  rectangular  sheet  of  tin  24  ins.  by  i8  ins.  has  four  equal  squares  cut  out 
at  the  corners,  and  the  sides  are  then  turned  up  so  as  to  form  a  rectangular  box. 
What  must  be  the  size  of  the  squares  cut  out  so  that  the  cubical  contents  of  the 
box  may  be  as  great  as  possible  ? 

14.  Describe  a  circle  of  radius  3  ins.  Inscribe  rectangles  in  this,  having  their 
sides  in  various  ratios.  Plot  the  areas  of  the  rectangles  and  the  length  of  one  side. 
Show  that  the  greatest  rectangle  which  can  be  inscribed  in  the  circle  is  a  square. 

15.  It  is  known  that  the  weight  of  coal  in  tons  consumed  per  hour  in  a  certain 
vessel  is  0*3  +  o'ooiz^  where  v  is  the  speed  in  knots.  The  wages,  interest  on  cost  of 
vessel,  etc.,  are  represented  by  the  value  of  I  ton  of  coal  per  hour.  What  value  of  v 
makes  the  total  cost  of  a  voyage  of  1000  nautical  miles  a  minimum? 

(Board  of  Education  Examination,  1902.) 

16.  The  strength  of  a  rectangular  beam  of  given  length,  loaded  and  supported  in 
a  given  way,  is  proportional  to  the  breadth  of  its  cross-section  multiplied  by  the  square 
of  the  depth. 

Find  the  breadth  and  depth  of  the  cross-section  of  the  strongest  rectangular  beam 
which  can  be  cut  out  of  a  cylindrical  tree  trunk  i  foot  in  diameter. 

Take  various  values  of  the  breadth,  and  measure  the  corresponding  depth  of  the 
beam  from  a  figure  drawn  to  scale.  Plot  a  curve  to  show  the  corresponding  values  of 
the  strength.  Then  find  more  exactly  by  calculation  the  values  of  the  breadth,  depth, 
and  strength,  near  the  case  of  maximum  strength  ;  and  plot  the  corresponding  portion 
of  the  curve  on  a  larger  scale. 

17.  The  stiffness  of  a  beam  varies  as  the  breadth  and  the  cube  of  the  depth. 
Find  in  the  same  way  as  in  the  last  example  the  breadth  which  gives  maximum 
stiffness. 

18.  As  in  example  $  worked  out  in  full  above,  find  the  maximum  current  and  the 
number  of  cells  in  series  when  there  are  48  cells  each  of  E.M.F.  1*4  volt  and  3  ohms 
resistance,  and  the  external  resistance  is  16  ohms. 

19.  A  battery  of  internal  resistance  r  and  E.M.F.  e  sends  a  current  through  an 
external  resistance  R.     The  power  given  to  the  external  circuit  is 

W ^^ 

^  ~  (K  +  r)* 

If  '  =  3'3.  and  r  —  1*5,  with  what  value  of  R  will  the  greatest  power  be  given  to 
the  external  circuit. 

20.  The  power  given  to  an  external  circuit  by  a  generator  of  internal  resistance  r, 
and  E.M.F.  <r,  when  the  current  is  C,  is  W  =  C^  —  CV.  Find  for  what  current  this 
is  a  maximum  for  the  case  when  ^  =  20  volts,  r  =  i"8  ohms. 

21.  A  and  B  are  two  points  on  the  same  side  of  a  plane  mirror  CD.  A,  B,  C,  and 
D  are  in  a  plane  perpendicular  to  the  surface  of  the  mirror.  A  ray  of  light  starts  from 
A,  is  reflected  by  the  mirror  at  P,  and  passes  to  B.  Plot  a  curve  to  show  the  total 
length  of  the  path  of  the  ray  of  light  for  different  positions  of  P  in  CD,  and  show  by 
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means  of  this  curve  that  the  path  is  the  shortest  possible  when  AP  and  PB  make 
equal  anj^les  with  the  mirror.  P<H,  BM  are  perpendicular  to  CD,  In  your  figure 
take  AN  =  25  units,  BM  =15,  MN  =  30.  Draw  the  fijjure  on  squared  paper, 
and  erect  ordinates  from  each  supposed  position  of  P  in  CD  to  represent  the  total 
length  of  the  path  of  the  ray  corresponding  to  that  position. 

22.  Light  passes  from  a  point  A  in  air  to  a  point  B  in  glass.  A  and  B  are  in  a 
plane  perpendicular  to  the  surface  of  the  glass,  cutting  the  surface  in  a  straight  line 
CD.  A  ray  of  light  passes  through  the  air  with  a  velocity  of  300,000  kms.  per 
second,  and  througii  glass  with  a  velocity  of  182,000  kms.  per  second,  crossing  CD  at 
the  point  P. 

Plot  a  curve  to  show  the  time  taken  by  the  light  to  pass  from  A  to  B  for  difTerent 
positions  of  P  in  CD. 

AN  and  B  .V!  are  perpendiculars  drawn  from  A  and  B  to  CD.  Take  AN  =  10  cms., 
BM  =  15  cms.,  MN  =  20  cms.  Verify  that  the  least  possible  time  is  occupied  by  the 
ray  of  light  in  passing  from  A  to  B  when  sin  PAN  :  sin  PBM  =  velocity  in  air  ; 
velocity  m  glass. 

23.  A  weight  W  is  being  pulled  along  a  rough   horizontal  surface  by  means  of 

a   rope   inclined   at   an   angle    d   to   the   surface.     The    pull   required    is   equal    to 

uW 

—^7 -. — -  where  u  is  the  coefficient  of  friction.     Find  the  angle  for  which  the 

cos  0  +  At  sm  0 

pull  required  is  a  minimum  in  the  case  where  fx  =  o'6. 

24.  A  certain  patented  article  costs  is.  6J.  to  make.  The  following  table  gives 
the  number  sold  at  different  prices  : — 


Price .     . 


No.  sold 


2.f.  od. 


3600 


2s.  6d. 


3J.  od. 


2640 


3^.  6d. 


2080 


4J.  od. 


[300 


4J.  6d. 


700 


Find  the  price  at  which  it  must  be  sold  so  that  the  total  profit  maybe  a  maximum. 


124.  (11.)  Maxima  and  Minima  by  Difforentiation. — The  maxima 
and  minima  values  of  a  function  may  be  found  by  means  of  the  diflferential 
calculus. 

Consider  the  curve,  Fig.  93,  p.  229,  representing  the  function  y  -  x^  -  6x^ 

+  9*-  +  5.  . 

Imagine  a  point  (jr,  y)  to  move  along  the  curve  in  the  direction  of 
increasing  x.     Then,  as  the  point  passes  through  the  maximum  P,  _y  stops 

increasing   and  begins   to  diminish,  t.£.  —-.  which   measures   the  rate  of 

increase  of  /,  changes  from  positive  to  negative  by  passing  through  the 

value  o. 

dv 
Similarly,  -~  =  o  at  the  mmimum  Q,  changing  from  negative  to  positive. 

dv 
Otherwise,  we  have  seen  that  -^  measures  the  slope  of  the  tangent  to  the 

cmve  measured  with  respect  to  the  axis  of  x.    At  the  points  P  and  Q  the 

tangent  is  parallel  to  Ox,  and  its  slope  is  zero,  i.e.  ^  =  o. 

We  thus  get  the  following  method  to  find  the  maximum  and  minimum 

values  oiy  wlien  expressed  as  a  function  of  ;r. 

dv  dy 

~.     Then  the  equation  ^ 

maximum  or  a  minimum. 

To   distinguish   between   maximum   and  minimum    values:    Suppose  a 
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point  {2,y)  to  move  along  the  curve  in  the  direction  of  increasing  :r,  through 

a  maximum  such  as  P,  where  /  =  o-     Then  the  tangent  to  the  curve  drawn 

through  this  moving  point  is  turning  round  the  point  in  the  same  direction  as 
the  hands  of  a  clock,  and  the  angle  which  this  tangent  makes  with  O-r  is 
decreasing. 

Therefore  ^  is  decreasing,  and  -y-^,  which  measures  the  rate  of  increase 

of  j_j  IS  negative.  Similarly  at  a  minimum,  such  as  Q,  the  tangent  is 
turning  in  the  opposite  direction  to  the  hands  of  a  clock,  the  angle  which  it 
makes  with  Ox  is  increasing,  and  therefore  -—  is  increasing  and  -^  is 
positive. 

Thus,  to  tell  whether  a  value  of  Xj  found  by  putting  J  =  o^  gives  a 

maximum  or  a  minimum,  differentiate  again  the  expression  for  -^  so  as  to 

get  -/j^  and  substitute  the  value  of  x  found. 

If  the  result  is  negative/  is  a  maximum,  if  it  is  positive/  is  a  minimum 
for  that  value  of  x. 

In  the  special  case,  when  ^^  =  o,/  is  neither  a  maximum  nor  a  minimum, 

but  this  case  need  not  be  considered  at  the  present  stage. 

We   shall   now  consider  some  of  the  examples  already  solved  by  the 
graphic  method  in  §  123. 

Example  (i). —  To  divide  16  into  tivo  parts  so  that  their  product  is  a  maximum. 
Let  X  be  one  part,  then  10  —  :r  is  the  other  part,  and  their  product  j/  =  x  (16  —  jt) 
=  \6x  -  x\ 

-/  =  16  —  2jr 
dx 

For  a  maximum  or  minimum  -^  =  o 
dx 


Also  T^  =  —  2,  and  since  this  is  negative  for  all  values  of  jr,  y  can  only  have  a 


.*.  16  —  zr  =  o,  X  =  8 

-  2,  and  since 

maximum  value. 

Comparing  this  result  with  the  curve  Fig.  92,  we  see  that  the  condition  that  ^  is 

negative  expresses  that  the  slope  is  always  decreasing  as  we  pass  along  the  curve  in 
the  direction  of  increasing  x. 

Example  (2). — For  what  number  is  the  sum  of  the  number  and  the  square  of  Us 
reciprocal  a  minimum  f 

As  before  /  =  x  +  -5 

i^  -  ,  _  ± 
dx~  X* 

dy 

dx 

/.   I  -^  =  O,  X=  V2"=   1-26 

which  is  the  same  as  the  value  found  from  the  curve. 
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Example  (3). — To  find  the  maximum  and  minimum  values  of 

y^x'-ex-'  +  ^X  +  S 

dv 

£^Z^-l2X  +  9 

.*.  for  a  maximum  or  minimum  value 

3^:'  —  1 2-r  4-  9  =  o 

.*.  jr  =  3  or  I 

d'y 
Also^,  =  6ur-i2 

d^y  ... 

For  ;c  =  3,  -fZa  is  positive,  and  therefore  y  is  a  minimum. 

For  X  =■  I,  ->  J  is  negative,  and  therefore^  is  a  maximum. 

Substituting  the  values  3  and  i  for  x,  we  get  5  as  the  minimum,  and  9  as  the 
maximum,  value  of^. 

These  results  agree  with  those  already  obtained  by  plotting. 

In  this  case  we  might  have  distinguished  between  the  maximum  and  minimum 
values  by  substitution,  but  the  above  method  is  more  general. 

Example  (4). —  We  shall  use  the  method  of  this  paragraph  to  find  the  arrangement 
of  a  number  of  cells  to  give  the  maximum  current  with  the  data  given  in  example  $, 
p.  229. 

^^^--^^  =  o>oJ  +  o-25=         ''%-25 

^       O0I;«r^ 5 

The  value  of  this  fraction  will  be  a  maximum  when  its  denominator  is  a 
minimum. 


.'.  for  a  minimum  value 


025 
Let  y  =  ooix  ■\ 

dy  025 

■f  =  001  -   -f- 
dx  x^ 


025 
o'oi .-  —  O 

/,  x^  =  25,  and  X  =  $ 


i.e.  there  are  5  cells  in  series,  and  C  =  19,  as  we  find  by  the  graphic  method. 

It  is  evident  from  the  physical  conditions  that  this  value  of  C  is  a  maximum  and 
not  a  minimum. 

Example  {S).— The  following  case  occurs  in  studying  the  flow  of  ait   through  a 
small  opening. 

For  what  value  of  x  is  x"^  -  x     ^  a  maximum,  y  being  1*4.     Plot  the  values  near 
the  maximum  value.  (Board  of  Education  Examination,  1902.) 

We  have ^  =  xT  -  jr  *  Y  =  x^*  -  jc^  *  =  x'  -  j:* 
dx-  7  7  7      ^ 
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For  a  maximum  or  minimum  value  oi  y,  J-  =  o 

/.  X  =  O,  or  10  —  I2j;'  =  o 
Tbc  case  x  =  o  is  evidently  not  a  maximum  value. 


When  10  -  12^^  =0,  *  =  (7^)'  =  0*528 

We  know  from  physical  reasons  that  this  value  of  x  gives  a  maximum  value  ofy. 

The  student  should  satisfy  himself  that  this  is  so  by  plotting  the  value  of  y  for 
X  =  0*528,  and  for  two  values  of  x  respectively  a  little  greater  and  a  little  less 
than  o"528. 


Examples. — LXX. 

Find  the  values  of  x  for  which  the  following  expressions  have  their  maximum  and 
minimum  values : — 

1.  2x*  -  13A-'  +  24JC  -\-  18.  2.  2^  -  gx^  -  24jr  +  12. 

3.  X*  —  12^  +  28jr*  +  40.  4.  3^*  -  i6x*  -  6x^  +  ^Sx  +  17. 

Work  Examples  LXIX.,  with  the  exception  of  numbers  21,  22,  and  24,  by  the 
method  of  this  chapter. 

5.  It  was  shown  in  example  2,  p,  219,  that  in  measuring  an  electrical  resistance 
by  means  of  a  bridge  wire  the  percentage  error  in  the  result  due  to  a  given  small  error 

in  the  position  of  the  sliding  key  is  proportional  to i—-  where  x  is  the  variable 

ar(/  —  x) 
distance  of  the  key  from  one  end  of  the  wire,  and  /  the  length  of  the  wire. 

Show  that  the  percentage  error  is  a  minimum  when  Uie  proportional  arms  are 
equal,  i.e.  when  the  key  is  in  the  middle  of  the  bridge  wire. 

Plot  a  curve  to  illustrate  your  result,  taking  /=  120  cms.,  and  x  varying  from 
o  to  120  cms. 

6.  In  measuring  an  electric  current  by  means  of  a   tangent  galvanometer,  the 
percentage  error   due   to   a   given   small   error   in    the   reading   is  proportional  to 

tan  X  H .     Show  that  this  is  a  minimum  when  x  ■—  45°. 

tan  X  ^-^ 


CHAPTER   XVI 

INDEFINITE  INTEGRALS 

125.  We  have  already  shown  how  to  find  the  rate  of  increase  of  various 
functions  of  a  variable. 

We  often  require  to  perform  the  converse  operation,  i.e.  having  given  the 
rate  of  increase  of  a  function  to  find  the  function.  The  function  of  x  whose 
rate  of  increase  is  equal  to  j',  is  called  the  indefinite  integral  of^  with  respect 
to  jr,  and  is  denoted  by  the  symbol  ^ydx. 

For  example,  we  know  that  the  rate  of  increase  of  x^  with  respect  to  x  is 
6:r*,  and  therefore  the  integral  of  6-r*  with  respect  to  x  is  x^^  or  jGx^i/x  =  -r*. 

The  two  equations  —  .  jr*  =  6x^  and  fbx^cix  =  a-^  are  two  different  ways 

of  expressing  the  same  thing. 

•      We  know  that  ^^  =  3^,  and  .*.  /3^^.r  =  r". 

We  know  that  ^  (sin  (2jr  +  i)}  =  2  cos  {2x  +  i),   .'.  fi  cos  (2x  +  i^x 

=  sin  {2x  +1). 

In  the  same  way  it  follows 

Ji-^dx  =  Jr« 

because  a^  is  the  result  of  differentiating  Ix^. 
So  also 

jr^'c/x  =  l^ 
fcos  {2x  +  i)dx  =  ^  sin  (ix  +  i) 

Thus  we  see  that  every  result  in  differentiation  gives  a  corresponding 
result  in  integration. 


Examples. — LXXI. 

Find  the  values  of  the  following   expressions,  and  prove  by  differentiation  that 
your  results  are  correct  : — 

1.   C^x^dx.  2.  fx^dx.  3.  Jx*dx.  4.  jx^dx. 

5.  fsr^'dx.  6.  Je"dx.  7.  /3^»Vr.  8.  Ja^'>'Jx. 

0.  Jcos  xdx.  10.  j"3  Cos  {3x  +  i)dx.  11.  Jcos  {t,x  +  i)dx. 

12.  J2  cos  (3^  +  i)dx.        13.  ja  cos  {bx  +  c)dx.  14.  J(-  sin  x)dx. 

15.  Jsin  xdx.  16.  J2  sin  (2a:  -  z)dx.  17.  Jsin  (zx  -  i^dx. 

18,  Js  sin  (zr  -  3)^:*.  19.  Ja  sin  (^j-  +  ^r^r.  20.  ^  log  (j-  4-  5). 
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/I  C  dx 
dx^  which  is  usually  written  1  . 

22.    fe  23.    f^.  21.    /log.(z^  +  s).  25.    r^. 

j;i?  J  x  +  i  dx     ^  -^  J  2X  +  ^ 

128.  In  working  through  the  above  examples  the  student  has  obtained 
number  of  standard  integrals  corresponding  to  the  differential  coefficients 
previously  obtained.     We  may  here  collect  them  for  reference. 

jx^dx  =  --37-  except  when  «  =  -  i 


jae^dx 


[a  sin  {dx  +  c)dx  =  —  t  cos  {bx  +  c) 
ja  cos  {bx  +  c)dx  =  t  sin  {bx  +  f) 


-=\og.x 


127.  Arbitrary  Constant. 

We  have  ^;t^  =  7^,  ^J.^  +  5)  =  7^,  ^~{^  -  3)  =  7-^. 

Thus  Jyx^dx  =  j^,  or  jjt^  +  5,  or  :r^  -  6,  or,  in  general,  x'  +  C 

where  C  is  any  constant,  because  all  expressions  of  the  form  -t^  +  C  have  the 
same  differential  coefficient  jx^. 

In  the  same  way,  each  of  the  integrals  in  the  above  list  is  intermediate  to 
the  extent  of  an  arbitrary  constant.     Thus  the  full  expression  for  jx*dx  is 

1-  C.     We  usually  omit  the  constant,  but  it  sometimes  has  to  be  taken 

into  account. 

128.  Examples. — 

^dx  =  jex-'^dx^ 


6.„_  ...-,.,.__  6^-2  =.3 


37 

2 


J  -o-^7         z^^^ 


I 
I 

J2  sin  (600/  +  0-5236)^'/  =  -  g^  cos  (600/  +  0-5236). 

=  —  o"oo33  cos  (600/  +  o'5236). 
f^du=  VS^' 
jl'2  cos  (2d  -  r'])de  -  1-6  sin  (20  -  17). 

[cx^dx  =  . 

J  m  +  I 
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ja  sin  (3/  +  cx)dt  -  ~  ^-cos  (bt  +  ex). 

fa  sin  (3/  +  cx)dx  =  -  -  cos  (3/  +  <^^). 

7^/^  symbols  dx  and  dt  in  the  last  two  examples  show  whether  x  or  t  is  considered  as 
variable. 

Example. — Find  jpdv  having  ^ven  thai  pT/^"^  =  C. 
C 


We  have/ =  ^^ 


-SP^^  =  \^ 


C  Cz^'^ 

.Jv  =  —7-  =  ioCz/»"» 
»  01 


We  have  already  shown  that  a  sum  or  difference  can  be  differentiated 
term  by  term.  It  follows  that  a  sum  or  difference  can  be  integrated  term  by 
term.     Thus — 

JiS^^  -  3^  +  '2)dx  -  \x^  -  \x^  +  1.x 
J{a  sin  (/J/  +  c)  +  kt  ■\- g\dt  =  -  ^  cos  {bt  +  ^)  +  -/"  +  gt 


. 

Examples. 

— LXXII. 

Evaluate  the 

following  : — 

1.  ix^dx. 

2.  /^r'Vjc. 

».  /J 

./- 

6.  iJlcdx. 

6.  /otIVa:. 

'./a. 

8.   f'^-. 

9.  hdx. 

10.  fdx. 

11.    /r^AT. 

12.  /«V«. 

13.  /f . 

»■/$■ 

-■  \% 

16.  /4«V«. 

"•  \^ 

«/5:- 

19.    f^. 

»/J 

21.    /"S^. 

22.  JT^/V/. 

23.  fz^dx. 

=^/«* 

25.  /s^V/. 

26.  /i-36^- 

■^•2»'.^.                    27. 

/<2r^^.^/. 

28.  /sin  (;«;  -  3)  dx.       29.  /cos  (;p  -  z)dx.  30.  /2  cos  (i  -  jr)^'^:. 

31.  /2  sin  «  ^/«.  32.  )i  cos^  </j/.  33.  J4  cos  (3j«:  +  2Kx. 

34.  J 3  sin  (2x  -  \)dx.  35.  /i-3  sin  (27/  -  1-5708)^/. 

36.  /I's  sin  (2-5d  +  6K«.  37.  J"2-3  cos  (i  -  iQ)d%. 

38.  Ja  sin  (27^/  +  ^K/.  39.  J"A  r  cos  (r^/  +  e)dt. 

40.  jvy^dx  when  _y  =  »m:,  and  also  when  y^  =  ^ax. 

41.  Jmx'dy  where  m  —  -  and  j;  =  ^j. 

42.  Ja  sin  [bt  +  <:x)flr^  where  /  =  5;c  +  2. 

43.  j^i^ —  where  /x,  vx,  y  are  constants.        44.  jxydx  when^  =1  bx  +  c^ 
45.  jx*ydx  when_y  =  mx  +  tf.  48.  jpdv  when/z/*^  =  C. 
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17.  jpdv  when/z/»  =  C 

(l)  when  J  =  1*37,  (2)  when  j  =  I,  (3)  when  s  =  o'8. 

._     (Axdx 

YX7?  where  A  =  iry',  and^  =  mx. 


S 


49.  If  ^  —  3^*  +  2x  —  I,  find  J'.  50.  If  ^  =  2  sin  2;c  +  4,  findy. 

51.  ^  =  3^*  +  S,fiad-»'. 

62.  ^  =  Y^  +  i*2-^'  +  sin  (3^  +  0  +  2*6,  find>. 

Evaluate  the  following  :— 

53.  Jizx'  -2X  +  4)dx.  54.  J'(4/»  -  3/'  +  2/  -  i)df. 

55.    '■(3/»  +  4/  -  5)^/.  56.  J{x'  +  3X-  ^x^'^  -  2)dx. 

57.  j{s*  -  x«»  -  3-ij*  -  ^  -  S)^j.  58.  /(ji-»  -  oj'  +  ^V^+  ^)<^>r. 

59.  j(5«»  -  a  sin  (r  +</«)  +  ^  cos  (a  +  f«)  +  3^"'"  -  ^j^^'- 

60.  j  1 6a  sin  (^  -  zct)  -  5«-2«>»  -  -^^-  -  tf*/}a^. 

61.  rir7';ri/.ji:  given  x' +y  =  «'. 

62.  If  ^  =  «»  -  3«'  +  2^»,  find  ^  and  j>ar«. 

63.  If  g  =  :c*  +  5,  find  ^and^ 

64.  If  -j^  =  —  — j»  find  the  equation  connecting  p  and  c. 

65.  If  y  is  the  deflection  at  distance  x  from  the  fixed  end  of  a  uniform  beam  of 
ength  /,  fixed  at  one  end  and  loaded  with  a  weight  W  at  the  other  ;  then,  if  we 
neglect  the  weight  of  the  beam 

dx"  -  ^'     ""'  EI 

E  and  I  are  constants  depending  on  the  material  and  shape  of  the  beam.    It  is  known 

dy 
that  the  deflection  y  and  slope  i^  are  zero  at  the  fixed  end  where  x  =  0,     Find  an 

expression  for  y  in  terms  of  x. 

Note, — The  arbitrary  constants  of  integration  may  be  found  from  the  given 
conditions  at  the  fixed  end. 

66.  For  a  beam  carrying  a  uniformly  distributed  load  w  per  unit  length,  and 
fixed  at  one  end, 

dx"      2EI^^      *' 
Find  y  in  terms  of  x. 

67.  Find  the  equation  to  a  curve  whose  slope  at  any  point  is  equal  to  the  value  of 
x'  for  that  point.  Verify  by  plotting  the  curve  from  the  equation  for  the  case  when 
the  curve  passes  through  the  point  (i,  2)  and  measuring  the  slope. 

Evaluate 

68.  /sec«^flr.;«:.     (z/.  Ex.  I,  §  115.)  69.   /cosec*  ^a'ar.     (z'.  Ex.  LXIV.  9.) 

70.  /sinh  {ax  +  b)dx^       /cosh  {ax  +  b)dx. 

71.  The  slope  of  a  curve  is  given  by  -^  =  2^:  +  3,  and  it  passes  through  the  point 

4r  =  I,  ^  =  2.     Find  its  equation.     Plot  the  curve. 

72.  A  point  moves  along  a  straight  line  so  that  its  velocity  at  time  /  is  3  sin  2t. 
When  /  =  o  it  has  moved  one  foot.  Find  an  expression  for  the  distance  which  it  has 
moved  at  any  time  /. 


Fig.  5)5. 


CHAPTER  XVII 
DEFINITE  INTEGRALS— GRAPHIC  METHOD 

129.  An  Area  as  the  Limit  of  a  Sum. 

Let  AB  be  a  portion  of  a  curve  representing  _y  as  a  function  of  .r,  AM  and 

BN  the  extreme  ordinates,  and  let  OM  =  a^  ON  =  b. 

Then,  to  find  the  area  ABNM  by  the  mean  ordinate  method,  we  divide 

the  interval  MN  into  any  number 
of  parts  and  thus  divide  the  figure 
into  strips.  Although  it  is  not 
essential,  we  shall  take  the  strips 
as  being  of  equal  width.  Let  Ix 
be  the  width  of  one  of  the  strips. 
Then  we  multiply  the  width  hx  ol 
each  strip  by  the  ordinate  y  at  its 
mid-point,  and  thus  obtain  an  ap- 
proximation to  the  whole  area 
ABNM  as  the  sum  of  a  number  of 
terms  yhx  from  x  =  a  to  x  =■  b. 
We  denote  this  sum  by  the  sym- 
bol ^\ylx. 
In  working  examples  on  the  graphic  method  of  finding  areas  we  found 

that  we  got  more  and  more  accurate  results  as  we  divided  MN  into  a  greater 

and  greater  number  of  intervals  5^,  and  consequently  diminished  the  size 

of  8;r. 

The  result  can  be  made  as  accurate  as  we  please  by  dividing  MN  up  with 

sufficient  fineness  into  equal  intervals  Ix. 

We  express   this   in   mathematical    language  by  saying  that  the  sum 

"^J^x  approaches  a  definite  limiting  value  as  Ix  approaches  the  value  o. 

This  limiting  value  defines  the  true  area  of  the  figure  ABNM. 

130.  Definite  Integral  as  the  Limit  of  a  Sum.— We  use  the  symbol 
I  ydx  to  denote  the  limit  of  the  sum  '^jlx  as  Ix  approaches  the  value  o. 

If  we  have  given  a  series  of  corresponding  values  of  y  and  x  between 

X  —  a  and  ;r  =  ^,  we  may  find  the  approximate  value  of  I  ydx  as  follows  : — 

Plot  a  curve  from  the  given  values  of  y  and  x.  Then  the  area  enclosed 
by  this  curve,  the  axis  of  ;r,  and  the  ordinates  2X  x  —  a  and  ;r  =  ^  is  equal  to 

I  ydx^  and  may  be  found  approximately  by  any  of  the  practical  methods  for 

finding  areas. 

ydx  is  called  the  definite  integral  of  y  with  respect  to  x  between  the 

limits  a  and  h. 


/: 
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The  connection  between  the  definite  integral  and  the  indefinite  integral 
already  treated,  will  be  shown  in  the  loUowing  chapter. 

Note. — The  student  may  find  some  difficulty  in  understanding  the  reasoning  of 
these  two  paragraphs  ;  but  he  will  probably  find  the  difficulty  removed  in  the  follow- 
ing worked  examples.  In  reading  these  he  should  draw  all  figures  for  himself,  and 
verify  all  measurements  and  calculations. 

Example  (i). — The  following  are  corresponding  values  of y  and  jr.  Find  the  value 
ofj  ydx :— 


X 

I 

2 

27 

3-8 

3'2 

47 

51 
223 

57 

6 

y 

0 

1-87 

289 

2-Ss 

17 

• 

Plotting  the  given  values  of  x  and  /,  we  get  the  curve,  Fig.  96, 


/ f. — 


Fig.  96. 


The  area  enclosed  by  this  curve,  the  axis  of  or,  and  the  limiting  ordinates  at  x  =  I 
and  jr  =  6  is  found  to  be  1 1  '3. 

We  have  shown  that   /  ydx  is  equal  to  this  area, 


I 


ydx  =ll'2 


Example  (2).^ — The  following  are  correspo^uling  values  of  x  and  y.     Find  the  valtu 
of  j    iry*dx. 
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Try 


5 

Fig.  97. 


X 

2 

3 

3'S 

4-3 

5-3 

6-4 

8 

y 

077 

1*2 

1-26 

ri8 

0-8 

033 

01 

-/ 

1-86 

4-5» 

4*99 

4-38 

2 -02 

0-34 

0-03 

/' 

\ 

/ 

\ 

/ 

\ 

/ 

\ 

/ 

\ 

\ 

/ 

\ 

At 

H 

-8       « 

dx 

\ 

\ 

\ 

\ 

X 

By  calculation  we  find  tli<   values  of  irv'  given  in  the  third  line. 

Plotting  ir}'^  and  x  we  get  the  curve  (Fig.  97). 

The  area  under  this  curve  is  found  by  Simpson's  rule  to  be  I3'85, 


1: 


ir^Jx  =  13-85 


Examples, — LXXIII. 

2..  The  following  are  corresponding  values  of  ^  and  x.    Find  the  value  of  |      ydx. 

y  112 


X 

rz 

1-6 

1-9 

2-S 

3-S 

4-2 

4 '9 

5 '9 

6-2 

y 

5'oo 

424 

380 

3-34 

3-06 

3*14 

3*34 

375 

3-91 
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2- 

X 

4 

6 

8 

10 

y 

64 

214 

508 

991 

Find  the  values  of  I    ydx  and  /  ydx. 


X 

I 

3 

6 

8 

10 

y 

5 

29 

215 

509 

995 

Find  the  values  of  I  ydx^   I  ydx^    I  ydxy  j  ydx,   j    ydx. 

Plot  a  curve  to  show  the  value  of  /  ydx  for  any  value  of  the  upper  limit  x  from 
j:  =  I  to  X  =  10. 

The  following  are  corresponding  values  of  ^  and  x  : — 


X 

2 -So 

3'57 

4-13 

4-77 

5-31 

5 '90 

y 

8-365 

9-445 

io-i6o 

10*920 

11-520 

12  145 

Find  the  values  of  the  following  integrals 

'5-9 

4.    I     y^dx,  5. 


p-9 

J  2  8 
r69 

'.    I     yx'dx, 
J  2-8 


y  2-8 


r 

J  2-8 


xy*iix. 


/■51» 
L  (1-2^ 

7  2;8 


«  +  2-3:^  -  3)  dx. 


131.  Work  done  by  a  Variable  Force. — We  know  that  if  a  constant 
force  F  moves  a  body  through  a  distance  s  in  its  own  direction  the  work 
done  is  equal  to  Ys. 

Consider  now  a  body,  such  as  the  piston  of  a  steam-engine,  which  is 
pushed  forwards  by  a  force  which  varies  gradually  throughout  the  stroke. 

As  the  force  is  not  the  same  in  two  successive  portions  of  the  stroke,  we 
cannot  now  find  the  work  done  by  multiplying  the  force  by  the  total  distance 
moved. 

If,  however,  we  suppose  the  force,  instead  of  changing  gradually,  to 
change  by  short  steps  ;  in  other  words,  if  we  divide  the  stroke  s  into  a 
number  of  small  portions  each  equal  to  5j,  and  suppose  the  force  during  each 
step  55  to  remain  constant  and  equal  to  its  actual  value  F  at  some  point  of 
that  step,  then  the  work  done  in  moving  through  any  step  Is  is  Yls. 

We  obtain  an  approximation  to  the  value  of  the  work  done  in  the  whole 
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stroke  by  adding  together  the  values  of  FSj  for  all  the  steps  ;  i.e.  if  s^  and  s^ 
are  the  distances  of  the  piston  from  some  fixed  point  on  the  line  of  its  motion 

at  the  beginning  and  end  of  the  stroke,  2^   Fsj  Is  approximately  equal  to 

the  work  done  in  the  stroke  from  Jj  to  s^. 

As  in  finding  an  irregular  area,  we  get  a  more  and  more  accurate  result 
by  imagining  the  stroke  cut  up  into  smaller  and  smaller  sieps,  and  we  may 
say  as  before  that  the  work  done  in  the  stroke  from  s^  to  s^^  when  the  force  F 

is  variable,  is   the   limit  which  v^»  Yls  approaches  as  5j  approaches  the 

value  o. 

Now  we  have  used  the  symbol    /  *  Yds  to  denote  the  limit  of  the  sum 


2'F5j. 


the  work  done 


=/:: 


Yds 


We  may  find  the  value  of  this  integral  by  plotting  a  curve  in  which  the 
ordinate  and  abscissa  are  corresponding  values  of  F  and  s  from  s  =  s^  to 


J     -.    Jo 


The  area  under  this  curve  then  gives  the  value 


-f:. 


YdSf  which 


is  equal  to  the  work  done. 

This  is  the  principle  of  the  use  of  the  indicator  diagram  of  a  steam  or 
gas  engine  to  find  the  work  done  in  the  stroke  and  the  average  pressure. 
By  mechanical  means  the  engine  is  made  to  trace  automatically  the  curve 
showing  the  value  of  the  pressure  in  the  cylinder  at  different  parts  of  the 
stroke. 

From  the  area  of  this  diagram  the  work  done  during  the  stroke  can  be 
found. 

Similarly,  if  the  connection  between  the  force  F  and  the  time  /  is  given, 
F5/  is  the  impulse  or  gain  in  momentum  during  the  short  interval  of  time  5/, 

and  /  '  Ydt  is  the  total  gain  in  momentum  between  the  times  t^  and  /j. 


Example  (i). — P  is  the  resultant  pres stir e  on  the  piston  of  a  steam-engine  at  distance 
s  from  the  beginning;  of  the  stroke.  Find  the  work  done  as  the  piston  moves  forwards 
through  the  stroke  of  2o". 


/  inches 

0 

I 

4 

6 

8 

ii'S 

15 

19 

20 

PlliS. 

38000 

38500 

38500 

35500 

27500 

19000 

15700 

1 1000 

3850 

Work  done 


/.20 


lbs. 


Plotting  P  and  /  we  get  the  curve  BC  (Fig.  98). 
The  area  A  BCD  is  found  to  be  494600. 


f. 


Tds  —  494600 


%nd  the  work  done 


'•r. 


Vds  =  41200  ft.  \\i%. 
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40.000 

\ 

B 

SO.  000 

\ 

\ 

§  20.000 

\ 

S^ 

s 

\ 

10,000 

^ 

"N 

A 

c 

\ 

fi 

1 

u 
1(Ld 

3 

chea} 

15 

2( 

Fig.  q8. 


Example  (2). — A  car  weighs  10  tons.     It  is  drawn  by  the  full  P  Ibs.y  varying  in 
the  following  way^  t  being  the  time  in  seconds  from  starting. 


p 

1020 

980 

882 

720 

702 

650 

713 

722 

80s 

/ 

0 

2 

5 

8 

10 

13 

16 

19 

22 

The  retarding  force  of  friction  is  constant y  and  equal  to  410  lbs.     Fmd  the  speed  of 
the  car  at  the  time  22  seconds  from  rest. 

(Board  of  Education  Examination  in  Aoolied  Mechanics,  IQ02.) 

A  force  of  410  lbs.  is  required  to  overcome  the  friction.     The  remaining  force 
P  —  410  is  available  for  getting  up  the  speed  of  the  car. 

The  total  impulse  or  gain  of  momentum  from  rest  is  equal  to  |     (P  —  410)0'/ 


Plotting  the  values  of  P  --  410  and  if,  we  get  the  curve  showi:  in  the  figure. 

Note  that,  although  we  require  the  whole  area  between  the  curve  and  the  axis  for 
which  P  —  410  =  o,  Mi«e  need  not  include  the  whole  of  this  area  in  the  figure.  In 
finding  the  area  we  may  reckon  the  whole  ordinates  from  the  axis  P  -  410  =  o. 
although  only  their  upper  portions  are  actually  shown  in  the  figure  ;  e.g.  at  the 
point  A  we  reckon  the  ordinate  in  calculating  the  area  to  be  472. 

The  value  of  1     (P  —  ^io)dt  is  found  by  Simpson's  Rule  to  be  8100, 

This  is  the  momentum  at  22  seconds  from  rest. 


Mass  of  car  = 
speed  = 


22400 

322 

momentum       8ico  x  '?2'2 

= ^«~;d —  =  117  ft-  per  8«. 

22400  '        ^ 


mass 
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Note. — We  use  the  system  of  engineering  units  in  which  32*2  lbs.  is  taken  as  the 
unit  of  mass. 


600 

i 

\ 

-g  500 

\ 

> 

^400 

A 

1 

:S  300 

^^ 

J^^ 

-^ 

/ 

'^ 

N 

/ 

r 

coo 

^ 

10  15  20 

Values  oft  (seconds) 

Fig.  99. 


Examples— LXXIV. 

1.  P  lbs.  is  the  resultant  pressure  on  the  piston  of  an  engine  at  distance  s  ins% 
from  the  beginning  of  its  stroke. 

Find  the  work  done  as  s  increases  from  o  to  10. 


p 

23000 

23000 

15500 

8400 

5500 

3700 

/ 

0 

14 

4 

6 

8 

10 

2.  /  is  the  pressure  of  a  gas  at  volume  v.  The  work  done  in  expansion  from 
volume  Vi  to  volume  v^  is  |  'pdv.  Find  the  work  done  as  the  gas  expands  from 
volume  I  to  volume  9. 


y,  IS  I    pdv. 


p 

200 

57 

22 

12-6 

7*2 

V 

0-8 

2 

4 

6 

9 
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3.  /  is  the  pressure  of  a  quantity  of  steam  at  volume  v. 


247 


/ 

687 

31*3 

198 

14-3 

"•5 

V 

2 

4 

6 

8 

10 

Find  the  work  done  as  the  steam  expands  from  volume  2  to  volume  10. 

4.  From  the  following  data  find  the  work  done  in  expansion  from  volume  4  to 
volume  10. 


V 

4 

.5 

6 

8 

xo 

p 

717 

49-6 

38-S 

31-5 

287 

5.  A  force  moves  a  body  along  a  straight  line  in  its  own  direction.     F  is  the  value 
of  the  force  at  a  distance  s  from  the  starting-point. 

Find  the  work  done  in  moving  the  body  a  distance  of  i  85  ft. 


Fibs. 

7 

90 

207 

290 

225 

180 

0 

xfeet 

0 

025 

c-S 

09 

1*2 

i-S 

1-85 

6.  P  is  the  resultant  force  at  time  /  on  a  portion  of  a  machine  which  moves  along 
a  straight  line.  Its  weight  is  270  lbs.  If  it  has  a  velocity  of  2  ft.  per  second  at 
time  /  =  o,  what  is  its  velocity  at  time  t  —  03  seconds. 


/  seconds 

0 

005 

O'l 

0125 

015 

0'20 

0-25 

0-3 

Plbs. 

0 

307 

428 

440 

425 

330 

175 

0 

7.  V  is  the  speed  of  a  car  at  time  /  from  rest. 

t  seconds     . 

0 

5 

10 

15 

20 

25 

30 

V  ft.  per  sec. 

0 

37 

75 

10-85 

12-95 

137 

14 

Find  the  distance  s  travelled  from  rest  in  30  seconds 

f  =  /     vdt. 
A.lso  find  the  distance  travelled  from  rest  in  16*5  seconds. 
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8.  The  following  table  gives  the  acceleration  a  of  the  reciprocating  parts  of  a 
large  gas-engine  for  diMerent  values  of  the  time  /.    The  velocity  gained  between  times 

At 
ti  and  /,  is  I    adt.     The  velocity  is  o  when   /  =  o.     Find   the  velocity   (i)   when 

t  =  0*087  seconds,  (2)  when  t  =  0*1333  seconds. 


/  seconds  . 

0 

0-0167 

0-0333 

0-0500 

0-0667 

0-0833 

O'lOOO 

0-1167 

0-1333 

a  ft.  per  sec. 
per  sec.  . 

453'2 

429-5 

362-1 

261-9 

143-8 

24-1 

-82-8 

-167-5 

-226-6 

9.  The  shearing  force  across  a  beam  at  a  point  A  is  300  lbs.     w  is  the  load  per 
foot  at  a  distance  x  feet  from  A.     The   shearing  force   at  a  distance  x  from  A  is 

obtained  by  subtracting  I   wJx  from  the  shearing  force  at  A.     Find  the  shearing 

force  (I )  6*5  ft.  from  A,  (2)  3  ft.  from  A. 


x 

0 

I 

s 

3 

4*1 

4-6 

5*3 

5-8 

6-5 

w 

10 

10 

11-75 

17 

22-4 

23-2 

22 

19-1 

10-4 

10.  If  s  is  the  specific  heat  of  a  body  at  temperature  0°,  the  total  heat  given  to 
unit  mass  of  the  body  in  raising  its  temperature  from  ^i  to  flj  is  I  *  sde.     The  foUow- 

ing  table  gives  the  specific   heat   of  water   at   temperature  6.     Find  the  total  heat 
required  to  raise  the  temperature  of  a  gram  of  water  from  0°  C.  to  20°  C, 


«PC. 

s. 

0 

1-00664 

2 

I -00543 

4 

I -00435 

6 

I -00331 

8 

I -00233 

10 

I -00149 

12 

1-00078 

15 

I -00000 

16 

0-99983 

18 

0-99959 

20 

0-99947 

11.  Find  the  total  heat  required  to  raise  the  temperature  of  a  gram  of  water  from 
4?  to  31°.  The  values  of  s  up  to  20°  are  given  in  example  10.  Beyond  20°  wc 
have — 
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(PC. 

X. 

22 

0-99955 

24 

0-99983 

25 

1-00005 

26 

I  00031 

28 

1*00098 

31 

I  -00241 

132.  Definite  Integral  of  a  Function. — Instead  of  having  corresponding 
values  of  y  and  x  given  in  a  tabulated  list,  we  may  have  j,  expressed  as  a 
function  of  x.  From  this  we  may  calculate  a  series  of  values  of  y  and 
proceed  as  before. 

In  general,  if  ¥{x)  is  any  function  of  x  which  can  be  represented  by  a  curve 
between  the  limits  a  and  b  oix,  we  can  find  the  value  of  /  ¥{x)dx  by  a  graphic 
method. 

Example  (i).— /VW  the  value  of  I  :<*dx. 


Calculate  the  values  of  x^  for  a  number  of  values  of  x  between  2  and  3 

X 

20 

2-2 

2-4 

2-6 

2-8 

3*o 

*» 

80 

10-65 

13*82 

17-58 

21-95 

27-0 

From  these  values  plot  the  curve  y=.  x^  from  ;«:  =  2  to  *  =  3. 
We  get  the  curve  AB. 


25 


SO 


IS 


DO 


\ \ lo 


Fig.  100. 
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The  value  of  /   x^dx  is  then  given  by  the  area  ABCD  enclosed  by  this  curve,  the 
ordinates  at  its  extremities,  and  the  axis  of*.     This  area  is  found  to  be  i6'24. 


/ 


•.   /   x^dx  =  16*24 


Example  (2). — Find  the  value  of  I  "  sin«  ^^^ 


J  0 


Calculate  the  values  of  sin'  9  for  a  number  of  values  of  %  between  o  and 
taking  9  in  radianus. 


9  degrees  . 

0 

18 

36 

54 

72 

90 

9  radians  . 

0 

03142 

06283 

0-9425 

1-2566 

1-5708 

sin  •     .     . 

0 

0-3090 

0-5878 

0-8090 

0-9511 

I'D 

sin's    .     . 

0 

0-0955 

0-345 

0-654 

0-904 

i-o 

Plotting  sin-d  and  0,  we  get  the  curve  shown, 
ro 


075 


•« 

^ 


o'   0-5 


0-25 


0-314  0-628  0-942  1'257  ISTI 

yaluQ9  of  0, 

Fig.  ioi. 


By  Simpson's  Rule  the  area  between  this  curve  and  the  axis  of  9  is  found  to 
be  0-785. 


■•■/: 


s,in^9d9  =  0*785 


Note  that,  although  it  is  convenient  to  take  9  in  degrees  when  plotting  the  curve, 
we  measure  9  in  radians  when  finding  the  area. 
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Example   (3).  —In  finding  the  perimeter  of  an   ellipse  of  major  axis   2    and 
ucentricity  0*5,  wt  require  to  find  the  value  of  the  expression   I  ^  ^i  —  025  sin'  <f>d<p. 

To  find  the  value  of  this  integral  by  a  graphic  method. 

Plot  the  curves  =^i  —  0*25  sin'  f  between  the  limits  ^  =  o  and  ^  =  -  =  1*5708. 

Set  down  the  work  as  follows  : — 


un<p. 

sin**. 

o'as  sin*  9. 

I  -  o'as  sin*  0. 

^  radians. 

Vi— o-assin,"^. 

GO 

CO 

O'O 

o-o 

I'D 

1*0 

05236 

05 

0-2S 

0-0625 

0-9375 

0-968 

1-5708 

i-o 

10 

0-25 

0-75 

0-866 

1-0472 

0-866 

0-7S 

0-1875 

0-8125 

0-9014 

07854 

0-7071 

05 

0*125 

0-875 

09353 

0-3491 

0-342 

0-11696 

0-02924 

097076 

0-985 

1-2566 

0-951 

0-9044 

0-2261 

07739 

0-88 

0-I745 

0-1736 

0-0302 

000755 

0-99245 

0996 

I-U( 

' 

=^=:: 

■^ 

v^ 

0 

^v 

^ 

*^ 

X 

®s. 

\ 

I& 

«^ 

"^ 

*^^ 

"^^ 

■-< 

) 

;2 

O-ft 

Values  of  a 


Fig.  loa. 


»^ 


On  plotting  these  values  we  get  the  curve  shown. 

The  area  enclosed  by  this  curve,  the  line  >'  =  o,  and  the  ordinates  foi  which  ^ 

and  ^  =  1*5708  =  -  is  found  to  be  1-47. 


II 


Vi  —  0-25  sin'  <pd>p  =  I '47 


Example  (4). — A  gas  expands  so  as  to  follow  the  law  pv  —  C  When  the  volume  is 
I  cub.  ft.  the  pressure  is  21 16  lbs.  per  square  J oot.  Find  the  work  done  as  the  gas 
expands  to  fill  a  volume  of  ^  cub.  ft. 


2^2 
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We  know   that  the  work  done  in  expanding  from  volume  v^  to  volume  v^  is 
I    J>dv. 

c 


We  have  /z/  —  C,  and  therefore  /  = 

To  find  C  we  have,  when  v  =  i,  /  =  21 16. 

/.  C  =  21 16,  and/ 
Calculating  values  of/,  we  get — 


2116 


V 

I 

1-25 

I'S 

2 

25 

3 

p 

2II6 

1690 

1411 

1058 

84 

705 

'  Plotting  these  values  we  get  the  curve  shown. 
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Fig.  103. 
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The  area  under  this  curve  is  found  to  be  2321. 

,\  work  done  =  /  pdv  =  2321  ft. -lbs* 
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Examples.— LXXV. 
Find  the  value  of  the  following  integrals  by  a  graphic  method  : — 


x*dx. 


12.    /  "  sin*  ddA. 


4. 
7. 
10. 


sin  6  de. 


(I  -  xf^dx. 


.  j   xs/9  -  X*  dx,  9.    r^rO'Mi  -  ^)**''^-»- 

I         V*  —  o'25  sin'  ^^^. 


11. 
13. 


14.  A  quantity  of  steam  expands  so  as  to  follow  the  law/z/^"*  =  8000,  where  v  is 
the  volume  at  pressure  /.  Find  the  work  done  as  the  steam  expands  from  vohime  i 
to  volume  10. 

15.  A  quantity  of  air  expands  so  as  to  follow  the  law  p^A'*^  =  C.  /  =  21 160 
when  V  =  I.     Find  the  work  done  in  expansion  from  volume  2  to  volume  5. 

16.  In  a  paper  by  Lord  Kelvin,  on  motion  in  an  elastic  solid,  it  was  required 


to  find  the  value 


of/;,,- 


i)r*</r,  when  the  following  values  were  given  : — 


r 

O'OD 

0'02 

0-04 

o'o6 

o-o8 

O'lO 

0-20 

0*30 

0-40 

0-50 

o"6o 

070 

080 

0*90 

I'OO 

P 

lOI'I 

78-5 

64-4 

496 

39-5 

31-8 

11-8 

S'oo 

2-46 

1*34 

0-82 

o'53 

0-38 

0-36 

I'OO 

Find  the  value  of  this  integral. 


133.  Variable  Limit  of  Integration. 

Cocsider  the  definite  integral    /  j^dx,  where  the  lower  limit  a  is  fixed 

and  the  upper  limit  x  starts  from  the  value  a  and  gradually  increases. 
Let  AB  be  the  curve  representing^'  as  a  function  of -r. 
Let  OM  =  a  and  ON  =  the  upper  limit  x. 

Then  /  }^dx,  which  we  shall  denote  by  I,  is  equal  to  the  area  ABNM, 

and,  as  the  upper  limit  x  increases,  N  starts  at  M  and  moves  along  Ox 
through  the  positions  N,  N',  N",  while  B  moves  along  the  curve  AB.  At  the 
same  time  the  value  of  I  continually  increases  in  the  case  shown  in  the 
figure. 

Thus  for  every  value  ON  of  x  there  is  a  definite  value  of  I  equal  to  the 
area  ABNM,  and  I  is  a  function  of  x.  When  N  moves  to  N'  an  amount 
equal  to  BB'N'N  is  added  to  I,  and  so  on. 
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If  at  various  points  on  Ox  we  erect  ordinates  to  represent  on  some  con- 
venient scale  the  value  of  the  area  under  the  curve  AB  from  AM  to  the 


respective  points,  we  obtain  a  curve  representing  the  definite  integral  I  as  a 
function  of  x. 

In  the  figure  the  curve  MCC'C"  is  drawn  so  that  any  ordinate  N'C 
represents  the  area  AB'N'M  between  AM  and  C'N'  on  some  convenient 
scale. 


This  curve  represents  I,  or  /  y</r  as  a  function  of  x. 


Ex.\MPLE  (l). — PM  a  curve  representing  I    :i^dx  as  a  function  of  x  from  x  —  2 

y  a 
to  X  —  (i. 


Let  I 


■/■ 


*dx 


"We  have  already  (example  i,  p.  249)  found  the  value  of  I  vrhen  x  =  3.  We  must 
now  find  the  value  of  I  for  other  values  of  x  between  2  and  6,  and  plot  a  curve  in 
which  the  ordinates  shall  represent  the  values  of  I,  and  the  abscissae  the  corresponding 
values  of  x. 

First  draw  the  curve  ^  =  x^  from  jr  =  2  to  Jt  =  6.  This  is  the  curve  AB  (Fig.  105). 
To  get  the  curve  CD  representing  I,  proceed  as  follows.  Divide  the  area  into  any 
number  of  strips  of  equal  width.  In  the  figure  we  have  taken  8  strips  each  of 
width  o'5. 


When  jr  =  2 


Wb 


x^dx  —  o     ,*.  C  is  on  the  required  curve 


:^dx  -  area  ACFE 


=  CF  X  (ordinate  of  curve  AE  at  point  x  —  2*25) 
=  0-5  X  11-4  =  57 

Set  oflf  FG  equal  to  57  on  the  scale  for  I.  Then  G  is  a  point  on  the  required 
curve. 

To  get  the  value  of  I  when  -r  =  3,  add  the  area  of  the  next  strip  EFHK,  which 
is  0*5  X  20-8  =  io"4.  This  gives  the  point  L  on  the  curve  CD.  Similarly,  successive 
points  on  the  curve  CD  are  obtaineti  by  adding  in  succession  the  areas  of  the  strips 
into  which  the  area  under  the  curve  AB  is  divided. 
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Finally,  the  ordinate  at  D  represents  the  whole  area  ABMC,  which  is  equal  to 
The  scales  on  which  I  and  x  are  represented  need  not  be  the  same.     The  student 
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Valuer  of  X 

Fig.  105. 


M 


should  form  an  estimate  of  the  greatest  value  of  I  that  will  be  required  before  choosing 
the  scale  on  which  I  is  to  be  represented. 

The  area  of  each  strip  is  equal  to  its  base  multiplied  by  its  mean  height^  and  may 
be  represented  by  that  height  if  a  suitable  scale  be  chosen  for  I.  Thus  the  addition 
of  the  areas  of  successive  strips  may  be  very  rapidly  performed  with  a  pair  of  dividers, 
by  marking  off  lengths  equal  to  the  mean  heights  of  the  successive  strips. 

In  the  above  example  the  width  of  each  strip  is  0*5,  and  its  area  is  therefore 
numerically  equal  to  one-half  its  mean  height.  We  choose  the  scale  of  I  so  that  the 
mean  height  may  represent  the  area,  i.e.  we  take  the  scale  for  I  equal  to  twice  the 
scale  for  jr*.  Thus  the  curve  CD  maybe  rapidly  constructed  with  dividers.  The  area 
of  the  first  strip  AEFC  is  5*7,  and  57  on  the  scale  for  I  is  equal  to  the  ordinate  1 1*4 
at  the  mid  point  of  CF  on  the  scale  for  jr^,  and  the  point  G  is  obtained  by  marking 
off,  on  the  ordinate  FE,  a  length  equal  to  the  ordinate  to  AB  at  the  mid  point  of  CF. 
Similarly,  L  is  obtained  by  adding  to  this  length  on  the  ordinate  HK  a  length  equal 
to  the  ordinate  to  AB  at  the  mid  point  of  FH,  and  so  on. 


Example  (2). — A  car  weighs  10  tons,  and  is  drawn  by  the  pull  P  lbs. 
the  /ollowlng  way,  t  being  the  time  in  seconds  from  starting. 


varying  tn 
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p 

1020 

980 

882 

720 

702 

650 

713 

722 

805 

/ 

0 

a 

5 

8 

10 

13 

16 

19 

22 

The  retarding  force  of  friction  is  constant  and  equal  to  410  lbs.     Plot  P  —  410  and 
the  time  /,  and  from  this  obtain  a  curve  showitig  speed  and  time. 

(Board  of  Education  Examination  in  Applied  Mechanics,  1902.) 
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We  have  already  seen  (p.  245)  that  the  momentum  of  the  car  when  t  —  22  seconds 
is    I     (P  —  4lo)<//,  and  its  speed  when  /  =  22  second:  is  equal  to  its  momentum 

divided  by  its   mass  =  -^^-^/     (P  —  410K/ =  0001437  /     (P  -  410)^/   feet   per 

second. 

In  the  same  way,  its  speed  at' any  time  t  seconds  from  starting  is 


/."- 


0*001437  I    (P  -  410)^^ 

and  we  shall  first  plot  a  curve  showing  the  speed  as  a  function  of  /. 

The  curve  showing  P  —  410  and  /  has  already  been  plotted  (p.  246),  and  is  here 
reproduced. 

Divide  the  area  under  this  curve  into  strips  by  ordinates  drawn  as  in  the  figure. 
The  width  of  the  first  strip  is  1*5,  and  its  mean  height,  reckoned  from  the  axis 
P  —  410  =  o,  which  is  not  shown  in  the  figure,  is  595. 


/ 


IB 

(P  -  4ip)^/  =  1  5  X  595  -  892-5 
0 


and  the  speed  at  the  end  of  1*5  seconds  is  0-001437  x  892*5  =  129  ft.  per  second. 

Accordingly  we  plot  the  point  Q,  whose  ordinate  is  i  '29,  on  a  suitable  scale  to 
represent  the  speed  when  /  =  I'S.  Similarly  the  ordinate  at  R  which  represents  the 
speed  at  the  end  of  3  seconds  from  rest  is  obtained  by  adding  to  the  ordinate  of  Q  a 
length  equal  to  the  area  of  the  second  strip  multiplied  by  0*001437. 

Proceeding  thus  we  obtain  the  curve  QRST,  which  gives  the  speed  at  any  time, 
the  final  speed  being  117  ft.  per  second,  as  in  example  2,  p.  245, 


Examples.— LXXVI. 

1.  Plot  a  curve  showing  the  value  of   /   x^dx  for  all  values  of  x  from  *  =  o 
to  jf  =  5. 

2.  Plot   /    (2x  +  l)dx  for  all  values  of  x  from  ;f  =  l  to  *  =  ID. 

3.  Plot    I    (i  +  x'^)dx  from  jr  =  i  to  ;v  =  10.      From  your  curve  read  off"  the 
value  of  the  integral  when  jf  =  4. 

4.  Plot    I    (3x2  +  2JP  -  ^)dx  from  *  =  o  to  *  =  6. 

5.  Plot   j    sin  9de  from  ^  =  o  to  «  =  -• 

6.  Plot    I      ^•*',  from  ;r  =  o'l  to  *  =  3. 

Jon   X 

f      dx 
1.  Plot    I      ,  ,  from  *  =  o  to  *  =  0*9. 

J  oVi  —  ^ 

8.  Plot    I    t'*  where y  =:  x'  +  2x  +  l,  from  jf  =  I  to  jr  =  2. 

9.  The  following  table  gives  the  pull  P  at  the  drawbar  of  an  electromotor  at  time 
/  seconds  from  starting  : — 

S 
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P  Ibb.  .  . 

1150 

1450 

1320 

1350 

1040 

1300 

1 1 50 

1370 

1 120 

750 

/  seconds  . 

0 

12-5 

25 

375 

43 

50 

55 

62-5 

75 

83 

Deduct  300  lbs.  for  friction,  air  resistance,  etc.,  wluch  are  taken  as  constant,  and 
plot  a  curve  to  show  the  value  of  P  —  300  for  any  value  of  /  from  o  to  83.  The  train 
weighs  21  tons.  Obtain  a  curve  to  show  the  speed  at  any  time  from  /  =  o  to 
t=.Zz  sees. 

10.  P  is  the  resultant  pressure  on  the  piston  of  a  bull  engine  when  the  weight  has 
b^en  raised  to  a  height  h  feet.     The  work  done  in  raising  the  weight  to  the  height  h  is 

Vdh  ft.-lbs.     Plot  a  curve  to  show  the  work  done  in  raising  the  weight  to  any 


/: 


height  from  o  to  8  ft. 


ifeet 

0 

05 

I 

i'5 

2 

3- 

4 

5 

6 

7 

8 

Pits. 

110 

no 

no 

no 

100 

73 

54 

44 

38 

34 

30 

11.  The  following  table  gives  the  drawbar  pull  exerted  by  an  electric  locomotive 
at  distance  j  from  rest  : — 


Plbs. 

930 

1000 

930 

83s 

1000 

1225 

1325 

1300 

1230 

1000 
227 

800 
260 

650 

/  feet 

0 

S5 

30 

45 

80 

no 

160 

180 

200 

300 

The  work  done  in  drawing  the  train  from  rest  to  a  distance  s 


is  \\ds. 


Plot  a 


curve  to  show  the  work  done  for  any  value  of  s  from  o  to  300  ft. 

Examples  9  and  11  are  adapted  from  a  paper  by  P.  V.  MacMahon,  in  the 
£lectrician  for  June,  1899,  p.  227,  where  the  student  will  find  additional  material  for 
examples.     The  data  refer  to  the  City  and  S.  London  Railway. 


12.  A  body  weighing  1610  lbs.  is  lifted  vertically  by  a  rope,  there  being  a  damped 
spring  balance  to  indicate  the  pulling  force  F  lbs.  of  the  rope.  When  the  body  had 
been  lifted  x  feet  from  its  position  of  rest,  the  pulling  force  was  recorded  automatically 
as  follows : — 


;^ 

0 

u 

20 

34 

45 

55 

66 

76 

F 

4010 

3915 

3763 

3532 

3366 

3208 

3100 

3007 

Draw  a  curve  showing  the  probable  value  of  the  velocity  v  feet  per  second  for  all 
values  of  x  up  to  So. 

Note. — ^The  resultant  upward  force  on  the  body  b  F  —  i6ic  lbs.    The  work  done 
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*59 


in  increasing  the  kinetic  energy  of  the  body  is  equal 


to/V 


i6io)dx.     Since  the 


body  starts  from  rest  this  is  also  equal  to  the  kinetic  energy  \mv*i  where  m  is  the 

mass  of  the  body  =  .     Thus  the  value  of  v  can  be  obtained  for  any  value  of  or. 

322  ^ 

(Board  of  Education  Examination  in  Applied  Mechanics.) 
18.  The  following  table  gives  the  force  F  producing  the  acceleration   of  the 
reciprocating  parts  weighing  2080  lbs.  of  a  400  H.P.  Crossley  gas-engine  at  intervals 
of  j^  second. 


/  seconds 

0 

00167 

0-0333 

0-0500 

0*0667 

0-0833 

O'lOOO 

Fibs.  . 

29270 

27740 

23390 

16920 

9287 

1560 

-5349 

/  seconds 

0-1167 

01333 

0-1500 

0-1667 

0-1833 

02000 

Fibs.  . 

—  10820 

-14640 

—  16920 

—  18040 

-  18480 

-  18580 

Construct  a  curve  to  show  the  velocity  at  any  time  from  /  =  o  to  /  =  o-2  second. 
Given,  velocity  =  o  when  /  =  o. 

14.  The  following  table  gives  the  resultant  turning  moment  M  exerted  on  the 
crank  of  a  500  H.P.  Crossley  gas-engine  for  different  values  of  the  angle  9  through 

re 

which  the  crank  turns.     It  can  be  shown  that  f    l/ldO  varies  as  the  square  of  the 

y  0 
angular  velocity  w  for  any  value  of  tf,  so  that  an  ordinate  equal  to  this  integral  will 
represent  co'  on  a  suitable  scale. 

Construct  a  curve  to  show  how  the  angular  velocity  w  varies  for  different  values 
of  $.    The  scale  for  w  need  not  be  shown. 


6  degrees  . 

0 

14 

28 

46 

72 

100 

134 

180 

218 

243 

270 

302 

327 

350 

355 

360 

M  ft.-lbs.) 
per  sq.  in.  > 
of  piston  j 

-41 

34 

109 

129 

115 

109 

59 

-41 

-91 

-107 

-91 

-41 

31 

-41 

-43 

-41 

Note. — Since  the  scale  of  the  resulting  curve  is  not  determined,  6  may  be  taken  is 
degrees. 

Examples  13,  14  are  adapted  from  a  paper  by  Mr.  Humphrey  {Proceedings 
Institute  Mechanical  Engineers^  Jan.,  1901,  p.  67),  where  a  number  of  curves  are 
given. 


ISSa.  Tabulation  of  Definite  Integrals. 

When  the  values  of  the  dependent  variable  are  given  at  sufficiently  small 
intervals,  and  the  curve  is  not  too  irregular  in  shape,  we  can  tabulate  the 
values  of  the  definite  integrals  without  actually  plotting  the  curve.  If,  for 
example,  in  Fig.  106,  p.  256,  the  values  of  z/  are  given  at  intervals  of  li  sees., 
then  the  mean  value  of  2/  throughout  each  interval  is  approximately  the  mean 
of  its  values  at  the  beginning  and  end  of  that  interval,  and  this  may  be  found 
without  actually  plotting  the  curve.     Multiplying  this  mean   value  by  the 
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length  of  the  interval,  we  get  the  corresponding  portion  of  the  definite 
integral  jvdty  that  is,  we  get  the  space  described  during  the  interval. 
The  work  may  be  arranged  as  in  the  following  example. 

Example. — vfi.  per  sec.  is  the  velocity  of  a  point  moving  in  a  straight  line  at  time 
t  sees.    Construct  a  table  to  show  the  distance  s  which  the  point  has  travelled  at  any  time. 


(0 

(0 

V 

(3) 

2  X  mean  v 

(4) 
mean  v 

(s) 

it 

C6) 
(mean  »)  X  5/  =  Is 

(7) 
j\vdt^t 

o 

005 
o-io 

0*15 

0-20 
0*25 
030 

o*35 
0-40 

69-50 
66-94 
64*45 

62*00 

59-61 

57-27 

54*97 
52*72 

50-51 

136-44 
131*39 
126-45 
121-61 
1x6-88 
112-24 
107-69 
103-23 

68-220 
65695 
63-225 
60-805 
58440 
56-120 
53-845 
51*615 

0-05 
»> 

,, 

»» 
>» 

3-41 10 

3-28475 

3-16125 

3-04025 

2-9220 

2 -8060 

2-69225 

2-58075 

0 

3-4110 
6-69575 
9-85700 
12-89725 
15-81925 
18-62525 
21*31750 
23*89825 

The  numbers  in  column  (3)  are  obtained  by  adding  together  in  pairs  the  numbers 
in  column  (2). 

The  numbers  in  column  (4)  arc  obtained  by  dividing  the  numbers  in  column  (3) 
by  2. 

The  numbers  in  column  (6)  are  obtained  by  multiplying  the  numbers  in  columns 
(4)  and  (5). 

The  numbers  in  column  (7)  are  the  snms  of  the  numbers  down  to  the  corresponding 
points  in  column  (6). 

Examples.— LXXVlA. 

1.  A  force  moves  a  body  along  a  straight  line  in  its  own  direction.  P  lbs.  is  the 
value  of  the  force  at  a  distance  s  ft.  from  some  fixed  point  on  the  line.  Find  the  work 
done  in  moving  the  body  from  j  =  10  to  j  =  13. 


s 

10 

10-5 

II 

"•5 

12 

12*5 

13 

p 

20085 

33*115 

54*548 

81*451 

121*51 

134*29 

148*413 

Ans.  254-60  ft.-lbs. 

2.  The  following  values  of^  and  x  being  given,  tabulate  JA  for  each  interval 
where  5A  is  the  area  in  the  interval  between  two  ordinates.  A  =  o  when  :r  =  3. 
Tabulate  the  values  of  A  from  j:  =  3tox=  13. 


s 

3 

4 

5 

6 

7 

8 

9 

10 

" 

12 

13 

1*75 

IO-45 

1908 

27-56 

35*85 

43*84 

51*50 

58-78 

65-61 

71*93 

77-71 

(A  =  424-32  when  x  -  13.) 


(.Board  of  Education  Examination.) 
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3.  a  is  the  acceleration  at  time  /  of  a  jjoint  moving  along  a  straight  line 
Tabulate  the  values  of  the  velocity  at  different  times  from  lo'i  sees,  to  11  sees. 
The  point  starts  from  rest  when  /  =  lO'i  sees. 


a  f.  s.  s- 

70-96 

7112 

71-29 

7145 

7I-6I 

7178 

71-94 

72-11 

7228 

72-44 

/sec. 

lO'I 

IO-2 

IO-3 

io'4 

IO-5 

io*6 

10-7 

io'8 

10-9 

ii-o 

{v  =  64-528  f.  s.  when  /  =  11). 

134.  Construction  of  Curves  fi-om  a  given  Law  of  Slope. 
With  the  same  notation  as  before  (§  133),  let  x  increase  by  a  small  amount 
Jr,  so  that  N  moves  through  a  short  distance  NN'. 

Then  I  is  increased  by  the  area  BB'N'N,  which  is  equal  to  NN'  multiplied 
by  a  value  ST  of  j  between  NB  and  N'B'. 

i.e.  51  =  ST  X  &r 
J5I 

To  find  -J-  we  must  find 
dx 

the  limiting  value  of  r-  as  ^x 

approaches  the  value  o. 

In  this  case  N'  moves 
back  to  N  and  B'  to  B,  and 
thus  ST,  which  must  always 
lie  between  NB  and  N'B', 
moves  back  to  and  ultimately 
coincides  with  NB. 

.•.^=NB=,  ..     (0 

^^  Fig.  107. 

Now  the  ordinate  of  the  curve  MCC  is  equal  to  the  value  of  I,  and 

therefore  -r  measures  the  slope  of  the  curve  MCC. 
dx 

Thus  equation  (i)  states  that  the  slope  of  the  curve  MCC  is  equal  to  the 
ordinate  of  the  curve  AB,  and  we  have  shown  how  to  construct  the  curve 
MCC  when  its  law  of  slope  is  given  by  the  ordinate  of  the  curve  AB. 

For  example,  in  example  i,  p.  254,  we  showed  how  to  draw  the  curve  CD, 

representing  /  x^dx^  when  its  law  of  slope  -f  =  ^  was  given  by  the  curve  AB. 
In  example  2,  p.  257,  we  showed  how  to  draw  a  curve,  representing 
(P  -  410)^/,  when  its  slope  P  -  410  at  any  point  was  given  on  a  suitable 


/. 


scale  by  the  curve  A. 


dy 


Example  (i). — The  JoUowing  table  gives  the  value  of  the  slope  -j-  of  a  certain  curve 
for  different  values  of  x  : —  ^ 


X 

1-2 

1-9 

2-7 

4 

5-2 

6 

dy 

di 

0-55 

i-i 

1-4 

0-82 

0-4 

0-65 

Construct  the  curve  between  x  —  V2  and  x  =  6,  having  given  that  y  =  2   when 
X—  1-2. 

There  are  evidently  an  infinite  number  of  curves  having  the  given  law  of  slope,  for 
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if  one  be  constructed  it  may  be  supposed  moved  in  a  direction  parallel  to  the  axis  of 
y  without  changing  its  shape,  and  thus  we  may  obtain  as  many  more  curves  as  we 
please,  all  having  the  same  law  of  slope.  We  require  to  choose  that  particular  curve 
in  which  ^  =  2,  when  x  =  i*2. 


Fig.  108. 


'^y^. 


First  construct  the  cnrve  A,  Fig.  108,  whose  ordinates  represent  values  of  ^  given 

in  the  table. 

From  this  obtain,  by  the  method  of  p.  253,  the  curve  B,  whose  ordinate  for  any 
value  of*  is  equal  to  the  area  under  the  curve  A  from  x  =  i*2  to  that  value  of*. 

This  gives  the  value  of  /      -j^^^  which,  as  has  been  shown  above,  is  equal  to 

the  value  of  y  in  the  required  curve  if  measured  from  a  suitable  point.     We  then 
adjust  the  scale  for^  so  that^  =  2  when  *  =  i*2,  and  B  is  the  required  curve. 

Example  (2). — In  example  2,  /.  256,  we  obtained  a  curve  ^ving  the  value  of  tht 
speed  V  of  a  car  at  any  time  between  o  and  22  seconds  from  starting.  To  construct  a 
curve  to  show  the  distance  s  moved  by  the  car  from  rest  at  any  time  between  o  and 
22  seconds. 

We  know  that  v  =  -r.  and  therefore  the  velocity  curve  already  obtained  represents 

the  slope  at  any  value  of  /  of  the  required  curve  representing  s. 


We  therefore  obtain  the  s  curve  from  the  v  curve  by  plotting  the  values  of  I   vdt 

in  the  same  way  as  the  velocity  curve  was  obtained  from  the  curve  A  representing  the 
force,  and  therefore  also  the  acceleration.     The  initial  value  of  s  is  evidently  «ero. 
The  resulting  curve  VW  is  given  in  Fig.  106. 
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Example.— LXXVII. 

1.  The  following  table  gives  the  slope  of  a  certain  curve  for  various  values  of  x. 
It  is  known  that  y  —  3*5  when  x  =  2.  Construct  the  curve  between  x  =  2  and 
X  =  8'5.     From  your  curve  read  off  the  values  of  y  when  *  =  5  and  when  x  =  8. 


Value  of*    . 

2 

2*3 

2-6 

3 

3-6 

■4-3 

5 

Slope  of  curve 

0 

0-48 

078 

I -025 

115 

0-97 

0-44 

Value  of*    . 

5 '44 

5-90 

6-3 

6-9 

rs 

81 

8-5 

Slope  of  curve 

0 

-0-47 

-  o"8o 

-0-93 

-0-8 

-0-4 

0 

2.  Let  y  —  X*.      Plot  the  curve  ^  =  *'  on  a  large  scale  from  *  =  0  to  *  =  3. 

Plot  also  y  =  2x  from  *  =  o  to  *  =  3.     Then,  since  -^  x*  =  2Xy  the  ordinate  of  the 

second  curve  measures  the  slope  of  the  first  for  any  value  of  x.  Measure  the  area 
between  the  second  curve  and  the  axis  of  x  from  *  =  o  to  *  =  3,  and  verify  that  it  is 
equal  to  the  ordinate  of  the  first  curve  at  *  =  3. 

3.  A  curve  is  such  that  its  slope  at  any  point  is  equal  to  twice  the  abscissa  at  that  point. 
Construct  the  curve.     It  is  given  that  the  curve  passes  through  the  point  (i,  2). 

4.  The  slope  of  a  curve  at  any  point  is  equal  to  2*  —  i,  where  x  is  the  abscissa  of 
that  point.     Construct  the  curve,  having  given  that_j/  =  8  when  r  =  3. 

5.  Construct  a  curve  in  which  the  relation  between^  and  x  is  such  that  the  equation 

dv 

is  satisfied  at  every  point  of  the  curve.     It  is  given  that  _y  =  o  when  jt  =  o. 

6.  The  following  table  gives  the  speed  v  in  feet  per  second  of  a  train  in  the  City 
and  South  London  Electric  Railway  at  time  /  seconds  from  starting.  Plot  a  curve  to 
show  the  speed  at  any  instant  frona  /  =  o  to  /  =  174  seconds. 

If  s  is  the  distance  moved  in  /  seconds  we  know  that  »  =  -7:,  and  therefore  the 

at 

ordinate  of  the  speed  curve  gives  the  slope  of  the  distance  curve  for  any  value  of  f. 

Hence  construct  a  curve  to  show  the  distance  s  travelled  at  any  time  /  from  /  =  o  to 

/  =  174  seconds. 


/  seconds     . 

0 

25 

30 

40 

SO 

70 

75 

V  ft.  per  sec. 

0 

12-45 

14-65 

18-31 

19-35 

20-96 

20'22 

/  seconds 

90 

105 

125 

■ 

145 

160 

174 

V  ft.  per  sec. 

18-90 

17-87 

19-42 

20-51 

i6-i 

0 

7.  From  the  data  given  in  example  7,  p.  247,  construct  a  curve  to  show  the 
distance  travelled  by  the  car  from  rest  at  /  =  o  to  any  time  from  o  to  30  sees.  From 
your  curve  read  o£f  die  distance  travelled  in  16*5  sees. 
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8.  In  the  following  table  v  is  the  velocity  of  the  projectile  in  the  bore  of  a  gun  at 
time  /  seconds  from  the  beginning  of  the  explosion  : — 


/  seconds    . 

0*00490 

0-00598 

0*00695 

0*00785 

0*00871 

0*00953 

0*01032 

001 109 

0*61184 

V  ft.  per  sec. 

869 

987 

1074 

1 142 

"95 

1242 

1277 

1309 

1335 

Plot  a  curve  to  show  the  distance  s  described  by  the  shot  for  all  values  of  /  from 
0*00490  to  0*01184,  having  given  that  x  =  2  ft.  when  /  =  0*00490. 

9.  a  is  the  acceleration  of  an  electric  tramcar  at  time  /  from  starting. 


a  ft.  per  sec.  per  sec. 

2*4 

3-25 

3-52 

3*45 

3*21 

4 

2*63 
5 

1*70 
6 

1*12 

064 

0*27 

0 

/ seconds  .... 

0 

I 

2 

3 

7 

8 

9 

10 

Find  its  velocity  (a)  after  3  sees,  from  starting,  (b)  after  7  sees,  from  starting, 
(c)  after  10  sees,  from  starting.  Construct  a  curve  to  show  the  velocity  at  any  time 
from  /  =  o  to  /  =  10  sees. 

10.  From  the  curve  of  velocities  obtained  in  example  9,  find  the  distance  travelled 
by  the  car  {a)  in  3  sees.,  {b)  in  7  sees.,  {c)  in  10  sees,  from  starting.  Construct  a  curve 
to  show  the  distance  travelled  from  starting  at  any  time  from  /  =  o  to  /  =  10  sees. 

11.  P  is  the  pull  in  pounds  exerted  by  an  electric  locomotive  at  time  /  seconds 
from  starting.  Take  the  tractive  resistance  as  constant  and  equal  to  881  lbs.  Then 
the  acceleration  is  proportional  to  P  —  881,  and  it  is  found  that  the  acceleration  is 
I  *46  ft.  per  second  per  second  when  P  =  5750  lbs.  Plot  curves  to  show  (a)  the  accelera- 
tion, (b)  the  velocity,  {c)  the  distance  passed  over,  at  any  time  from  o  to  130  seconds. 


P 

7125 

6100 

5690 

5625 

5650 

5725 

5750 

881  constant 

0 

/ 

0 

2 

5 

8 

10 

M 

16 

16  to  114 

114  to  130 

(Adapted  from  P.  V.  MacMahon,  Electrician^  June  16,  1899.) 

12.  P  is  the  pressure  on  the  base  of  the  projectile  of  a  gun  at  time  /  seconds  from 
the. beginning  of  the  explosion. 


Time  of  travel,  seconds. 

P  tons. 

0*00000 

2000*0 

0*00143 

2221  3 

0*00273 

3320*5 

0*00360 

2060  "6 

0*00490 

1 394' I 

0*00598 

1095*0 

0*00695 

908*8 

0*00785 

746*4 

0*00871 

668*3 

0*00953 

592*8 

0*01032 

499*4 

0*01109 

421*9 

0*01184 

355*6 
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The  weight  of  the  projectile  is  78  lbs. 

Assuming  that  the  sides  of  bore  and  the  air  in  front  exert  no  retarding  force  on 

the  projectile,  the  acceleration  is  obtained  by  dividing  P  in  lbs.  by  the  mass  -^^ 

Plot  curves  to  show  the  acceleration,  velocity  and  distance  travelled  at  any  instant 
throughout  the  period  considered. 

It  will  be  found  that  the  given  values  do  not  lie  exactly  on  a  regular  curve  when 
plotted.  A  more  reliable  result  will  be  obtained  by  drawing  a  smooth  curve,  l)nng 
as  evenly  as  possible  among  the  plotted  points  than  by  making  the  curve  pass  exactly 
through  the  points  plotted  from  the  given  data. 

13.  The  following  table  gives  the  acceleration  a  of  the  reciprocating  parts  of  a 
500  H.P.  Crossley  gas-engine  for  different  values  of  the  time  /.  Construct  a  curve  to 
show  the  velocity  at  any  time  from  /  =  o  to  /"  =  o'48,  given  that  the  velocity  is  zero 
when  /  =  6. 


/  seconds    .... 

0 

0*02 

0*04 

006 

o-o8 

O'lO 

012 

a  ft.  per  sec.  per  sec 

2587 

245-4 

2077 

151-4 

847s 

1678 

-44-60 

/seconds    .... 

048 

0*46 

0-44 

0*42 

0*40 

038 

0*36 

/seconds    .... 

014 

o-i6 

o-i8 

0-20 

0-22 

024 

a  fl.  per  sec.  per  sec. 

-  94-03 

-  1293 

-151-4 

-  163-I 

-  168-I 

-  169-5 

/seconds    .... 

034 

032 

0*30 

028 

0-26 

0-24 

From  /  =  0*24  to  /  =  0*48,  a  passes  back  through  the  same  values  as  from  /  =  o  to 
/  =  024. 

14,  I,  is  the  magnetic  induction  through  a  coil  of  an  induction  motor  at  time  /. 

The  values  of  -77  are  observed  and  given  in  the  following  table.     Construct  a  curve 

to  show  the  induction  I,  for  all  values  of  /  throughout  the  period  considered.     Take 
I,  =  o  when  /  =  a 


/  sees. 

0 

0-05 

Q-IO 

0-15 

0*20 

0-2S 

0-30 

0-3S 

0-40 

0-45 

0-50 

§v„I.s 

1-286 

1-233 

0949 

3774 

0-556 

0-108 

0-026 

-0429 

-0864 

-1-049 

-1-286 

15.  The  following  table  gives  particulars  of  another  test  of  the  same  motor  as  in 
the  last  example.  Construct  a  curve  to  show  the  induction  I,  for  all  values  of  /  as 
before,  taking  I|  =  o  when  /  =:  o. 
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t  sees. 

o 

0*05 

o-io 

o-is 

0*20 

0-25 

0*30 

0-3S 

0-40 

0-4S 
-  201 

o'So 

''^voUs 

2*44 

2'34 

r88 

151 

I -OS 

0-25 

-059 

~  128 

-1-63 

-2-44 

16.  A  horizontal  bar,  11  ins.  long,  is  fixed  at  one  end,  and  is  loaded  in  such  a 
way  that  the  weight  w  per  unit  length  at  various  points  is  given  by  the  following  table. 
X  is  the  distance  from  the  free  end. 


;c  inches  .     . 

0 

4 

8 

10 

II 

w  lbs.  per  in. 

4 

5"2 

8-3 

12-2 

20 

Plot  a  curve  to  show  the  value  of  w  at  any  point.  Note  that  the  load  varies 
continuously.  The  expression  "weight  per  unit  length"  does  not  imply  that  the 
load  is  uniform  for  a  unit  length  of  the  bar  at  any  place. 

It  is  known  that  w  =  vZ»  where  s  is  the  shearing  force  at  distance  x  from  the  free 

end,  also  s  —02X  the  free  end. 

Construct  a  curve  to  show  the  value  of  s  at  any  point.  What  is  the  shearing  force 
at  the  fixed  end  ? 

17.  In  the  last  example,  if  M  is  the  bending  moment,  then  ^  =  -^  at  distance  x 

from  the  free  end.     Construct  a  curve  to  show  the  bending  moment  at  any  point. 
M  =  o  at  the  free  end. 

18.  A  beam  10  ft.  long  is  loaded  in  the  manner  given  in  the  following  table,  w 
and  X  have  the  same  meanings  as  in  examples  16,  17.  Plot  curves  to  show  (i)  the 
load  per  unit  length,  (2)  the  shearing  force,  (3)  the  bending  moment  at  any  point. 
What  is  the  shearing  force  at  the  fixed  end  ? 


X 

0 

I 

2 

3 

4 

S 

6 

7 

8 

9 

10 

w 

2 

25 

37 

5*5 

77 

97 

11*2 

12*2 

11-8 

IO"2 

7-2 

19.  A  horizontal  bar  10  ins.  long  is  fixed  at  one  end.  The  other  end  carries  a 
weight  of  locx)  lbs.  The  bar  is  also  uniformly  loaded  with  200  lbs.  per  inch  through- 
out its  length.     Plot  a  curve  to  show  the  shearing  force  at  any  point. 

Note  that  s  =  looo  when  *  =  o.     What  is  the  shearing  force  at  the  fixed  end  ? 

20.  Plot  a  curve  to  show  the  bending  moment  at  any  point  of  the  bar.  M  =  o 
at  j:  =  o.     What  is  the  bending  moment  at  the  fixed  end  ? 

21.  Let_^  inches  be  the  downward  displacement  of  a  point  on  the  bar  at  a  distance 
*  inches  from  the  free  end.     Then  it  is  known  that  at  any  point  the  slope  of  the  bar 


M 

El^^  +  C 


where  M  is  the  bending  moment,  E  and  I  are  constants  depending   on  the  material 
and  shape  of  the  bar,  and  C  is  the  slope  of  the  beam  where  x  =  o. 

In  this  case,  for  a  wrought-iron  bar  of  rectangular  section  3  ins.  wide  by  4  ins. 

deep,  E  =  25  X  lo%  I  =  16,  and  ~^  =  o  at  the  fixed  end  where  x  -  10. 

Construct  a  curve  having  as  its  ordinate  the  slope  of  the  bar  at  any  point. 


Definite  Integrals — Graphic  Method  267 

Note.— It  is  not  necessary  to  know  C.  Construct  the  curve  as  though  C  yecrt 
lero,  and  afterwards  move  the  scale  for  -j-  so  that  the  »lope  is  shown  as  o  at  the 

fixed  end  where  jr  =  lo. 

22.  Construct  a  curve  to  show  the  displacement  y  of  each  point  in  the  bar.  The 
curve  obtained  in  example  21  gives  the  law  of  slope  of  the  required  curve,  and  the 
required  curve  can  therefore  be  constructed. 

Note. — The  displacement  is  evidently  o  at  the  fixed  end,  and  the  scale  for  y  must 
therefore  be  moved  so  as  to  give  this  value.  What  is  the  displacement  at  the 
free  end  ? 


CHAPTER  XVIII 

DEFINITE  INTEGRALS 

135.  Connection  between  Definite  and  Indefinite  Integrals. 
We  have  now  shown  that  if  I  is  the  definite  integral  /  ydx 

then  -T-  —  y 
ax 

But  the  indefinite  integral  ^ydx  has  been  defined  as  that  function  of  x 
whose  differential  coefficient  is  equal  to  y. 

:.  the  definite  integral  /  ydx^  as  defined  in  the  last  chapter,  is  identical 

with  the  indefinite  integral  ^ydx  as  defined  in  Chapter  XVI. 

It  is  to  be  remembered,  however,  that  the  indefinite  integral  may  have 
an  added  arbitrary  constant. 

The  exact  connection  between  these  two  ways  of  defining  an  integral  will 
be  made  clearer  by  the  following  examples  : — 

Example. — Suppose  it  is  given  thaty  for  a  certain  curve  between  x  —  a  and  x  —  b^ 

dy 

J-  =  4*'  —  2j;,  and  that y  =  o  when  x  =  a. 

To  find  the  curve  we  may  proceed  in  two  ways. 

I.  We  may  plot  the  curve  AB,  whose  ordinate  is  equal  to  ^  —  2x  for  every 
value  of  X  between  a  and  b.  This  gives  the  law  of  slope  of  the  required  curve,  which 
may  now  be  obtained  by  plotting  areas,  as  in  the  examples  of  the  last  chapter. 

-^  dx  =  j    [^  —  2x)dx, 

and  the  final  ordinate  at  *  =  ^  is  equal  to  /    (4**  —  2x)dx. 

In  the  figure  we  have  taken  a  =  2,  ^  =  8,  and  CD  is  the  curve  obtained  by  this 
method. 

dy  .      . 

II.  But  when  ^  is  given  by  the  expression  \3^  —  2x,  y  may  be  obtained  from 

this  by  indefinite  integration,  as  in  Chapter  XVI. 
,*.  for  the  required  curve 

y  =   /"^^  =  J"(4JC«  -  2x)dx  =  ^^  -  ;r2  +  C 

where  C  is  some  constant. 

We  must  choose  C  so  that  y  —  o  when  x  -  a. 
Substituting,  we  have  o  =  ^a'  —  a^*  +  C 

.-.  C  =  -•  K^a'  -  tf*) 
•   for  any  value  of  ;r 

y=^x'-x'-  (ia*  -  a-) 


270 


Practicai  Mathematics 


In  particular  when  x  —  b 

y  =  (I**  -  **)  -  (i^*  -  '»•) 

We  have  thus  obtained  an  expression  for  the  ordinate  of  the  required  curve  for  any 
value  of  X  between  x  ■=i  a  and  x  —  b^  and  the  curve  may  be  plotted  directly  from  this 
expression.  We  find  by  substitution  that  in  the  case  taken  above,  where  a  =  2, 
^  =  8,  the  values  of  y  obtained  from  this  equation  are  equal  to  the  corresponding 
ordinates  of  the  curve  CD  in  the  figure  ; 

e.g.  taking  jr  =  5,  jK  =  (fS*  -  5')  "  (^2*  -  2*)  =  1357 
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Fig.  109. 


Thus  we  have  found  two  different  expressions  for  the  ordinate  of  CD — one  a  definite 
integral,  defined  as  in  the  last  chapter,  and  the  other  an  indefinite  integral. 
/.  equating  these  two  expressions,  we  get 


/: 


{^x'  -  2x)Jx  =  ^x*-'x'  -  (|a»  -  a') 


In  the  special  case  where  x  =  b,  -we  get 


/ 


(4^  -  2x)dx  =  (^^  -fi*)-  {^a*  -  a') 


=  {value  of  indefinite  integral  {^x'  -  j;')when  j?  is  put  equal  to  b  after  integration} 
—  {value  of  indefinite  integral  when  x  is  put  equal  to  a  after  integration}. 
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138.  Evaluation  of  a  Detinite  Integral. 

The  same  reasoning  evidently  holds  good  when  -~  is  given  equal  to  any 

function  Y{x)  of  x  of  which  the  indefinite  integral  is  known. 
\ij\x)  is  the  indefinite  integral  of  F(:r),  we  have  in  general 


I 


¥{x)dx^f{b)~-f{a) 

The  right-hand  side  of  this  equation  is  written   /{x)  I 

This  gives  a  method  of  calculating  the  value  of  the  definite  integral  of  any 
function  when  the  indefinite  integral  is  known. 


To  calculate  the  value  of 


jy 


First  find  the  indefinite  integral  jydin.  Find  the  value  of  this 
when  X  is  equal  to  the  upper  limit  6,  and  firom  the  result  subtract  its 
value  when  x  is  equal  to  the  lower  limit  a. 

Example  (i).— 

The  value  of  this  integral  as  found  by  the  graphic  method,  p.  249,  was  16*24. 
Example  (2). — 

r t^dx  =  r  Jc-^T  =  i(«io  -  ^)  =  10810 

Example  (3). — Find  the  area  between  the  curve  y  =  sin  x  and  the  axis  of  x  from 
x  —  otox—  I  '5708  radian  —  90**.  Also  find  the  mean  value  of  sin  x  between  O  and 
one  right  angle. 


We  have 


\^sm  X  dx  =  \  —  cos  X  a 


•(-coso)  =  0  + I  =  1 

The  curve  ^  =  sin  *  is  shown  in  Fig.  58. 

The  student  should  verify  the  above  result,  that  the  area  between  o  and  -  is  I,  by 

actual  measurement. 

The  mean  value  of  sin  x  is  the  height  of  a  rectangle  on  the  same  base,  having  an 
area  equal  to  that  between  the  portion  of  the  curve  considered  and  the  axis  of  x. 

If  h  is  the  mean  value,  we  have 


h  X  i'57o8  =  area  =  I 
.*.  h  -  0637 


i 


Example  (4). — To  find  1  pdv  having  given  that  pv  —  2116, 


[  pdv-\   ^^</«'  =  [  2ii61og,z/n 

=  2116  (log,3  -  log.i) 

=  21 16  X  2*3026  X  0477 1  =  2321 
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On  page  253  we  obtained  the  value  2321  by  the  graphic  method. 
Example  (5). — 

/  '  sin  'dJd=U    (I  -  cos  2e)de 

=  J  —  i  «■«  IT  =  J  =  07854 
The  value  of  this  integral  found  by  the  graphic  method  was  0*785,  p.  250. 

Example  (6). — Calculate  the  area  enclosed  by  the  curve  y  ~  ajf",  the  ordijiaU  at 
I  —  b  and  the  portion  of  the  axis  of  x  between  the  origin  and  th/  toint  s  =  b. 


/>=/;• 


Area  =   I    ydx  —   \    ax^dx 


Examples.— LXXVIII. 

Evaluate  the  following  definite  integrals  :— 

1.  /;.v.. 

2.    {^  x'dx.              3.    {\dx. 

4.  /;.. 

6.    ?  dx. 

6.    1    ,Jxdx.           7.    \   2^ xdx. 

/"« dx                            f* 
lO.j^^.                 11.  j^x^-dx. 

8.    I\x'-2x^-  +  s)^^' 

no 
12.    /     x^-^dx. 

13.                        ^■''^^ 

J  26 

14.    (     x-^^dx. 

J23 

15.  r^</x. 

16.  r^dx. 

r-0-8 
17.             edx. 

j  -!•» 

18.    f  e*^dx. 

19.    C/^dx, 
22.    [\i'dx. 

20.    1    e^'dx. 
23.    r^W*.            24.    f  ^. 

21.  r,i:r^^. 

25.  J^"'.-!.^. 

20.    f'V^. 

n-ii37 
32.    1         sinxdx. 

J  0-6109 

27.    f  ^-^dx. 

/•2-3562 

30.    1         sin;r^jf. 

/■47ia4 

33.    /         cosar^^c. 

J  2-1817 

28.    /'si 

/•2-0944 

31.   /         cos  xdx. 

J  1-6708 
ro-5236 

34.    /         cosxa^. 

35.    1         sinxdx. 

36.    rcos3Jc«iit. 

37.    /    cos  ^xdx. 
5 

38.    (''sinixdM. 

39.    1    cos  3jr^x. 

40.    r  sin  {2x  -  i)dx. 
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41.    f*2  sin  {2x  +i)dx.        42.    r  2sin  (i  -  ^)dx.        48.    r  sin  29d9. 

Jo  Jo  Jo 

sin(o-5d  +  oi74SKe.  45.    /         cos(  1-3614 -  — W/. 

0-814a'  y  01920  \  / 

1  r    ^£ 

46.  J^in  (2^/  +  ^)dL  47.  j^'  '^„  (^,  _  ^j^, 

48.    f'-P^*.  49.    f '-29^».  50.    ri^p^v. 

J   \X  J  s    V  J  2    V 

67.  j"»-'"A..  68.  I^l^''^. 

59.  Plot  the  straight  line  y  =  ^x  +  i  from  ;t  =  o  to  jr  =  4.  Verify  by  integration 
that  the  area  of  the  figure  formed  by  this  straight  line,  the  axes  of  x  and  ^,  and  the 
ordinate  at  j:  =  4,  is  equal  to  the  length  of  the  base  multiplied  by  the  arithmetic  mean 
of  the  lengths  of  the  two  parallel  sides. 

60.  Find  the  area  enclosed  by  the  curve  jf  =  ;^,  the  axis  of  x,  and  the  ordinate 
at  ;r  =  5.     What  is  the  mean  value  of  >*  ? 

61.  Find  the  area  enclosed  by  the  curve  jf  =  2.^J  x  from  x  —0\o  x  —  i,  the  axis 
of  X,  and  the  ordinate  at  *  =  l.  Verify  by  plotting  and  approximate  measurement 
of  the  area.  / 

62.  Find  the  area  between  the  curve  y  =  5x  —  4  —  jr*  and  the  axis  of  x  from 
X  =  I  to  ;r  =  4.     Plot  on  a  large  scale,  and  verify  by  measurement. 

63.  Find  the  area  between  the  curve  y  =  :^  —  yc  -^  z  and  the  axis  of  x  from 
*  =  I  to  JT  =  2.  Verify  by  plotting  and  measurement.  Note  the  geometrical  meaning 
of  a  negative  value  of  the  definite  integral. 

64.  Find  the  area  between  the  curve  y  —  %x  --  3^  from  ;r  =  o  to  at  =  2,  and  the 
axis  of  X.     Verify  by  plotting  and  measurement. 

65.  Find  the  area  between  the  curve  _y  =  sin  2x  and  the  axis  of  x  from  4:  =  o  to 

IT 

x  —  - 
2' 

66.  Wc  know  that  j~^dx  =  log«jr.  This  gives  a  graphic  method  of  calculating 
logarithms.     Plot  on  a  large  scale  the  curve  ^  =  -,  and  from  this  construct  by  the 

graphic  method  the  curve  y=  I  -dx.     Verify  by  trial  at  various  points  that  the 

J  y' 
ordinate  of  this  curve  is  equal  to  log^jr  =  2*303  logi,:c. 

67.  Find  the  area  between  the  curve  y  —  2^  and  the  axis  of  x  from  ;r  =  o  to 
x  =  2. 

68.  Find  the  area  between  the  curve  _y  =  -^and  the  axis  of  x  from  jt  =  i  to  *  =  2, 

69.  Find  the  area  between  the  curve  ^  =  sin  40:  and  the  axis  of  x  from  j;  =  o  to 
X  =  0*5236  radians. 

70.  A  quantity  of  gas  expands  so  as  to  satisfy  the  law  pv  =  C,  Find  the  work 
done  in  expansion  from  v  =  I  cub.  ft.  to  v  =  lo  cub.  ft.  Given  p  —  700  lbs.  per 
square  foot  when  z/  =  i  cub.  ft. 

71.  A  quantity  of  steam  expands  so  as  to  satisfy  the  law  pv^"^  =  C.  Find  the 
work  done  in  expansion  from  »  =  3  to  r  =  10.  Given  p  =  8000  lbs.  per  square  foot 
when  V  =  I  cub.  ft. 

T 
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72.  Find  the  work  done  in  the  expansion  of  a  quantity  of  steam  from  2  cub.  ft.  at 
4cx»  lbs.  per  square  foot  pressure  to  8  cub.  ft.  The  steam  expands  so  as  to  satisfy  the 
law /z/>»  =  C. 

73.  A  point  starts  from  rest  and  moves  along  a  straight  line  so  that  its  velocity! 
V  feet  per  second  is  always  numerically  equal  to  one-third  of  the  time  in  seconds  which 
it  has  taken  since  starting.     How  far  will  it  move  in  4  sees,  from  rest  ? 

74.  A  body  of  mass  10  units  moves  in  a  straight  line  so  that  the  force  acting  on 
it  at  time  /  is 

F  =  -  3/'  +  2/  +  I 

The  acceleration  is  obtained  by  dividing  the  force  by  the  mass.  Find  an  expression 
for  its  velocity  v  at  any  time,  having  given  that  »  =  o  when  /  =  o.  Calculate  the 
velocity  when  /  =  0*5  and  when  /  =  i. 

75.  Plot  a  curve  to  show  the  acceleration  of  the  body  in  example  74  at  any  time 
from  /  =  o  to  /  =  I,  and  from  this  obtain  by  the  graphic  method  the  curve  showing 
the  velocity  at  any  time.  Compare  with  the  calculated  velocities  for  /  =  0*5  and  /  =  i, 
and  estimate  the  percentage  error  of  your  results  obtained  by  the  graphic  method. 

76.  The  shearing  force  S  at  any  distance  x  from  the  free  end  of  the  bar  in 
example  19,  p.  266,  is  given  by  the  formula 

S  =  200ia;  +  1000 

Obtain  an  expression  for  the  bending  moment  in  terms  of  Xy  and  apply  it  to  calculate 
the  bending  moment  at  the  fixed  end.  Compare  with  the  result  obtained  by  the 
graphic  method. 

77.  Obtain  an  expression  for  the  slope  of  the  bar  in  example  21,  p.  266,  at  any 
point. 

78.  From  the  expression  for  J-  obtained  in  the  last  example,  find  an  expression 

for  the  displacement  ^  at  any  point  of  the  beam.  Given  ^  =  o  when  x  =  10. 
Calculate  the  value  of  y  when  x  =  o^  and  compare  with  the  results  obtained  by  the 
graphic  method. 


79.— If  4>.  =  log,  — ^  +  ^  _  0-695,  fiiid  formula  for 


80.    Prove  that  the  area  of  a  sector  of  a 
and  divide  into  elementary  triangles. 


circle  is  Jr'0.     Take  polar  co-ordinates 


137.  Simpson's  Rule.— We  may  now  prove  Simpson*s  rule  for  finding 
an  area. 

Let>'i,^2>  Js  ^®  t^'^^®  successive  equidistant 
ordinates  drawn  to  a  curve  and  meeting  it  in 
A,  B,  and  C.  Let  h  be  the  distance  between  two 
successive  ordinates.  .  . 

Take  the  foot  of  the  middle  ordinate  as  origin, 
and  assume,  as  on  p.  140,  that  the  portion  ABC 
of  the  curve  can  be  represented  with  sufficient 
accuracy  by  the  equation 


54 


Vj 


Fig.  I 


■^h 


y  =z  a  +  3x  +  cx* 


where  a,  6,  and  c  are  constants  to  be  determined. 
To  find  the  constants  we  have  the  condition 
that  the  curve  passes  through  the  three  known  points  A,  B,  and  C. 
At  A,  ;«r=  -/%,/=^i, 

.*.  substituting,  ^1  =  <x  -  M  4- trA' (i) 
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AtB,  ;r=o,j>/=jKa, 

.*.^2  =  « (2) 

.\y^  =  a  +  bh  +  ch'^  .    . (3) 

Adding  (i)  and  (3)  we  get 

yi-^yi-  2a  •{-  2ch^  =  2y,^  4-  2<r/i* 

.-.  ch^=l±±I.'  -y^ 

2 

Now  the  area  enclosed  by  the  curve  ABC,  the  ordinales  y^  and  y^,  and 
the  axis  of  x  is 


j     ydx  -   \      {a  +  dx  +  cx^)d:k 


=  2ah  +  Ick^ 
h 

=  -(/x  +^3+4^^^ (4) 

This  is  Simpson's  rule  for  the  case  when  there  are  3  ordinates. 

We  get  the  form  of  Simpson's  rule  for  any  odd  number  of  ordinates  by 
making  use  of  the  result  (4)  to  find  the  area  between  the  ist  and  3rd 
ordinates,  the  3rd  and  5th,  the  5th  and  7th,  and  so  on,  and  then  adding  the 
results. 

For  example,  if  there  are  1 1  ordinates,  the  result  (4)  gives 

h 

Area  = -{yi  +  4r2  ^-^'j +/3  +  4^4 +A +>'6 + 4X6 +^7 +^7 + 4  Vs  ^-^'s +^9 + 4/1 0 +J'ii} 

h 

=  -{yi  +yn  +  2(^3  +y6+yi  ^y^)  +  4(^2  +y,+yti+yB  +yio)) 

In  the  same  way  Simpson's  rule  evidently  follows  for  any  odd  number  of 
ordinates. 

Since  we  take  the  spaces  between  the  ordinates  two  at  a  time  in  obtaining 
this  rule,  it  is  evident  that  it  does  not  apply  unless  there  is  an  even  number 
of  spaces,  and  therefore  an  odd  number  of  ordinates. 

In  finding  the  area  of  a  figure,  such  as  the  section  of  a  ship  (Fig.  80), 
we  may  increase  the  accuracy  of  our  result  by  inserting  intermediate 
ordinates  where  the  curve  is  steepest.  We  may,  for  example,  divide  the  area 
to  be  considered,  in  the  first  instance,  into  six  spaces  by  seven  equidistant 
ordinates,  and  then  insert  intermediate  ordinates  in  the  middle  of  the  spaces 
at  the  two  ends,  as  in  the  values  given  in  the  example,  p.  165.     We  must 

substitute  -  for  A  m  the  corresponding  parts  of  the  expression  for  the  area. 
2 

We  get 

k 
Area  =  ^{^j/i  +  2/2  +  y,  +y,  +  Ay,  +y,  +y,  +  4y,  +y,  +  \y^  +  2y,  +  \y^] 

=  ^U->'i  +  2^2  +  ^y^  +  4^4  +  2^6  +  4r«  +  ^\yi  +  2^8  +  y,} 

In  the  same  way  we  may  insert  intermediate  ordinates  at  any  part  of 
curve,  provided  the  total  number  of  ordinates  is  odd. 
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MEAN  VALUES  BY  INTEGRATION 


138.  In  Chapter  IX.  we  have  shown  how  to  find  the  mean  value  of  one 

variable  with  respect  to  another. 

If  we  plot  a  curve  AB,  Fig.  iii, 
representing  the  variable  ^  as  a 
function  of  ;r,  then  the  mean  value 
of  y  with  respect  to  x  is  the  height 
of  a  rectangle  standing  on  the  base 
MN  of  the  same  area  as  the  area 
ABNM  between  the  curve  and  the 
axis  of  X. 

But  the  area  enclosed  by  the 
curve  AB,  the  axis  of  x^  and  the 
ordinates  2X  x  =  a  and  ;r  =  ^  is 

equal  to    /   ydx^  and  the  base  MN 

is  equal  Kob  —  a. 

P  .*.    the  mean   value 

between  x  =  a  and  x  — 


Fig.  III. 


V 

/ 

/ 

Q 

/ 

/ 

/ 

/ 

/ 

f 

of  y 

is 


/: 


ydx 


3  Thus,  if  we  know  and  can 

integrate  the  expression  for  y 
in  terms  of  :r,  the  mean  value 
of  J/  can  be  calculated. 


Example  (i). — Find  the  mean 
value  of  -ifij xfrom x  =  oto  x  —  ^. 

In  the  figure,  OP  is  the  curve 
y  —  "^kJ X  from  ^  =  o  to  *"  =  4. 

The  area   OPM  =  |    -y^Jldx 


[•']:-.«. 


=/*. 


2. 
Fig.  zia. 


M 


.".  mean  value  of  'i'J^  — 
(height  of  a  rectangle  of  area  16 
and  base  4)  =  4. 
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Example  (z).—Find  the  mean  value  of  sin  x. 

Here  the  curve  is  of  a  regular  wave  form,  so  that  if  we  consider  a  complete  period 
there  is  as  much  of  the  area  positive  as  negative,  and  the  mean  value  over  a  complete 
period  is  zero. 

We  may  get  the  mean  numerical  value  of  sin  x  by  considering  half  a  period  from 
*  =  o  to  jf  =  w  radianis. 

Area  =  /    sin  xdx  =  a 


l> 


base  =  » 
2 
/.  mean  value  =  —  =  o'Syj 

This  was  obtained  by  the  graphic  method  in  example  10,  p.  167. 

Example  (T^).-—Find  the  average  pressure  in  example  12,  /.  167,  by  integration. 
We  have  pv  —  100        .*.  p  —  — — 


The  average  pressure  =  — ^ —  =  12*5   I     — 


[2'5  (log,  ID  -  log,  2) 
12*5  (log,  5)  =  20-II 


Example  (4). — /«  a  simple  periodic  motion  the  distance  s  from  a  fixed  point  on  the 
path  at  time  t  is  given  by  the  equation  s  —  a  sin  nt.     Find  the  nuan  values  of  the 

velocity  and  acceleration  from  t  =  o  to  t  =  — . 

ds  , 

We  have  velocity  =  j  =  an  cos  nt 


r 

,",  mean  velocity  =  ^ 


2»i 

an  cos  nt  at 


=  —    a  sin  »/  *• 


d*s 
acceleration  =.-———  an*  sin  nt 


,*,  mean  acceleration  = 


/f 


**(—  an*  sin  nfsdt  , 


This  is  the  time  average  of  the  acceleration  ;  to  find  the  space  average  of  the 
acceleration  we  have 

Acceleration  =  —  an*  sin  ^t  —  —  n*s 

Also  as  /  increases  from  oio  -    ,  s  increases  from  o  to  a. 
2n 
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.*.  mean  acceleration  = 


«   *  L2  Jo   ~   ~     2 


=  half  the  value  of  the  acceleration  when  s  has  its  maximum 
value  a. 

189.  Root  Mean  Square  Values. — In  taking  measurements  of  alter- 
nating electric  currents  and  electro-motive  forces,  instruments  are  used  of 
which  the  readings  depend  upon  the  "  Root  Mean  Square  "  of  the  value  of 
the  current  or  electro-motive  force. 

If  /  is  the  current  regarded  as  a  function  of  the  time  /,  the  root  mean 
square  value  of  i  is  the  square  root  of  the  mean  value  of  P  taken  over  one 
period  or  any  exact  multiple  of  one  period. 

The  abbreviation  R.M.S.  is  often  used  for  root  mean  square. 

Example. — jRind  the  R.M.S.  value  of  the  current  i  —  100  sin  240  tt/,  where  i  amps, 
is  the  curretit  at  time  t  seconds. 

i  goes  through  a  complete  period  when  2\Q>ift  increases  by  2ir,  i.e,  when  120/ 
increases  by  i,  and  .*,  /  increases  by  r^b  second. 
/.  mean  value  of  /  for  one  period 


/: 


ioo»  sin'  240ir/<// 
0 

I 
120 


120  X  10*  X  i  r'**'  (I  -  cos  i^%QTtt)(it 
6  X  10'  X  1^5  =  i  X  100' 


100 


/.  R.M.S.  value  -  J\y.  ioo«  =  -j--, 

f^'  2 

Note  that  this  is  equal  to  the  maximum  value  of  the  current  divided  by  si 2.. 
Similarly  it  can  be  shown  in  general  that  the  R.M.S.  value  of  A  sin//  is— 7^. 

V2 

Examples.— LXXIX. 
'  Find  the  mean  values  of  the  following : — 

I.  jf*  between  x  —  o  and  :r  =  2.  2.  3^  between  x  —  o  and  *  =  3. 
3.  x-'^  between  jr  =  i  and  x  —  2.  4.  o^  between  x  -=0  and  x  —  7.. 

5.  ^  between  x  —  —  \  and  x  —  o.  Q.  ^  between  x  =.  —\  and  x  =  •^\. 

7.  ^^*  between  ;r  =  —  3  and  ;c  =  -J-  3.  8.  ^  between  *  =  o  and  x  —  \. 

9.  A  sin  X  between  x  —  o  and  x  ■=  -. 

2 

10.  If  a  body  falls  vertically  from  rest,  its  velocity  v  at  the  end  of  /  seconds  is 
given  by  the  equation  v  —  ^2'2t.  Find  the  average  velocity  (a)  for  the  first  second, 
{b)  for  the  first  six  seconds  of  its  motion. 

II.  Find  the  mean  value  of  sin  //  from  /  =  o  to  /  =  -. 
12.  Find  the  mean  value  of  cos  ft  ixQVA  t  =  oto  t  =  -, 
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Find  the  mean  values  of  the  following  expressions  in  which  /  and  q  are  whole 
numbers : — 

13.  (A  sin//)(V  sin  pt)  from  /  =  o  to  /  =  2ir. 

14.  (A  sm//)(V  sin  qt)  from  /  =  o  to  /  =  2ir. 

15.  (A  cos//){cos  qt)  from  /  =  o  to  /  =  27r. 

16.  V  cub.  ft.  is  the  volume  of  a  quantity  of  gas  at  pressure  p  lbs.  per  square  inch. 
If  the  gas  expands  so  as  to  follow  the  law  pv  =  100,  find  the  average  pressure  between 
volumes  i  cub.  ft.  and  3  cub.  ft. 

17.  A  quantity  of  steam  expands  so  as  to  follow  the  law  pifi'^  =  200,  p  being 
measured  in  lbs.  to  the  square  inch.  Find  the  average  pressure  between  volumes 
2  and  4. 

18.  A  quantity  of  steam  expands  so  as  to  follow  the  law  /zA'i'  =  4000  /  being 
measured  in  lbs.  to  the  square  foot.     Find  the  mean  pressure  from  2/  =  i  to  »  =  10. 

19.  A  spring  oscillates  so  that  the  force  F  lbs.  which  it  exerts  on  a  weight  at  the 
end  of  time  /  seconds  is  given  by  the  equation  F  =  2  sin  3/.     Find  the  mean  value  of 

the  force  from  /  =  o  to  /  =  — . 
3 

20.  A  particle  moves  along  the  axis  of  x  so  that  the  force  upon  it  at  a  distance  x 
from  the  origin  is  equal  to  ax  where  a  is  a  constant.  Find  the  mean  value  of  the  force 
as  X  increases  from  o  to  s. 

21.  The  electric  current  C  in  a  conductor  at  time  /  is  given  by  the  equation 
C  =  4  sin  200/.  Find  the  mean  value  of  C  throughout  the  following  intervals 
of  time : —  *  , 

(i)  /  =    o  to  /  =  0*031416  sees.  =  — . 


(2)  /  =  2'5  to  /  =  2*531416  sees. 


X 


(3)  /  =    o  to  /  =  0*015708  sees. 

22.  The  voltage  V  at  time  /  in  an  alternating  current  circuit  is  e^ual  to  100  sin 
300  /.  The  current  is  equal  to  2  sin  (300/  —  o)  amps.  The  power  m  watts  is  the 
mean  value  of  the  product  of  the  current  and  the  voltage.  Find  the  power  (i)  when 
0  =  0,  (2)  when  a  =  45°  =  07854  radian,  (3)  when  a  =  90°  =  i'57o8  radian. 

23.  Prove  that  if  C  =  C,  sin  qf  and  V  =  V,  sin  {qf  —  a)  then  the  mean  value  of 
CV  =  ^  C.Vo  cos  a. 

Find  the  R.M.S.  values  of  the  following : — 

24.  2  sin  3/.  25.  5  cos  2/.  26.  3  sin  (2/+ i). 
27.  sin//.                          28.  cos  pi.  29.  Asin(//4-o). 

30.  An  alternating  E.M.F.  of  g  volts  is  given  by  the  equation  g  =  100  sin  1000/, 

where  /  is  the  time  in  seconds.     Find  the  R.M.S.  value  of  ^,  and  verify  by  the  graphic 

method. 

E 
81.  If  «  =  ^  +  a  sin  ^/,  where  E,  R,  a,  and  q  are  constants,  find  the  R.M.S. 
is. 

value  of  i. 

32.  Find  the  R.M.S.  value  of  A  sin  //  +  B  sin  qf.     A,  B,/,  and  q  sue  constants. 

33.  Find  the  R.M.S.  value  of  A  sin  (//  +  o)  +  B  sin  {qt  +  $).  A,  B,  /,  q,  a  and 
B  are  constants, 

139a.  Resolution  of  Compound  Periodic  Oscillations  into  their 
Simple  Components. — We  have  seen  in  §  76  that  when  a  number  of  simple 
periodic  oscillations  of  the  form  y  =  s'md^y  =  sin  26,  y  =  sin  3^,  etc.  .  ,  . 
y  —  cos  ^^y  —  cos  25,  y  =  cos  30,  etc.,  are  compounded  together,  we  get  a 
compound  periodic  oscillation  whose  period  is  the  least  common  measure  of 
the  periods  of  the  simple  components. 

It  is  frequently  necessary  to  find  the  simple  components  when  the 
compound  periodic  oscillation  is  known. 

Consider  a  case  where  there  is  no  harmonic  higher  than  the  second. 

Let  the  given  compound  oscillation  be — 

y  =  Aq  +  Ai  cos  0  +  A2  cos  20  +  A3  cos  3^ 

+  Bj  sin  «  +  Ba  sin  25  +  B3  sin  35   .     .    .    .    (i) 
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We  require  to  find  the  values  of  the  constants  A©,  Aj  .  .  .  Bj  .  .  .  which 
are  the  amphtudes  of  the  simple  components. 
Integrate  both  sides  of  equation  (i). 

/■2»  fhr  [IT 

j    yde  =  ^\     ^0  +  Aj  I     cos  0^e  +  .  .  .  . 
All  the  terms  on  the  right-hand  side,  except  the  first,  vanish. 

/■2'jr 

We  have  2irAo  =  1    ydo, 

I    f'^v 
Aq  =  —  I     yd&  -  mean  value  oiy. 

To  find  Ai  multiply  both  sides  of  equation  (i)  by  cos  e  and  integrate. 

/  ^ y  cos  ede  =  Aq  /  '^cos  ede  +  A,  I  "^cos  Hde  +  Aj  /  '^cos  e  cos  2ede  +  . . . 

+  Bi  f  cos  0  sin  ede  +  Bg  J     cos  e  sin  2fl</0  +  . . .  (2) 
Now 
/  '^cos  «^i9  =  o,    /  *cos/e  cos  ^e^e  =  o,  where  p  and  $r  are  unequal  whole 

numbers.      (Ex.  LXXIX.  15.) 
I       cos  fl  sin  9de  =^\  j     sin  2ed6  =  o 

I    cos/0  sin  gOde  =  h  j  ""  {sin  (g  +^)e  +  sin  (^  -  /)e}^»  =  o,  where  p  and 

^  are  unequal  whole  numbers. 
T' cos'  pede  =  i  P {cos  2^9  +  i}d0  =  'ir  =  j^ sm^pede,  where ;>  is  a  whole 

number.     (Ex,  §  139.) 
Thus  every  term  on  the  left-hand  side  of  equation  (2)  vanishes  except 
the  second. 

/.    I     y  cos  ede  =  irAj,  and  Ai  =  -  I     J  cos  ed$ 

=  2  (mean  value  of  ^  cos  6). 
To  find  Aj  multiply  equation  (i)  by  cos  2^  and  integrate 

f    J/  cos  20^d  =  Ao  /  /  cos  2a^e  +  Aj  /  '^  cos  2«  COS  Odd  +  A2  j ,   cos''  2a^a  + 

As  I     cos  26  cos  30^d  +  ^1  /  0   ^^^  ^*  sm  fl^  +  .  .    . 
=  Aair,  the  remaining  integrals  vanishing  as  before. 

I  f^'f 
/.  A2  =  -  I     y  cos  2efl'e  =  2 (mean  value  of^  cos  20), 

I    Pit 

Similarly    A3  =  -  I     j  cos  36^0  =  2(mean  value  ofy  cos  3^) 

I  pir 
B|  =  -  I     y  sin  Bde  =  2 (mean  value  of  ^  sin  t] 
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B, 


i/r 


y  sin  2ecf9  =  2(mean  value  ofy  sin  2B). 


and 


Bj  =  -  /     J/  sin  ^9d9  =  2(mean  value  of  ^  sin  30). 

The  method  can  evidently  be  extended  to  the  case  when  there  are  any 

number  of  harmonics. 

I  f^ 
An  =1  -  j    y  cos  n9d9  —  2(mean  value  oiy  cos  «^). 

B„  =  -  I     ^  sin  n9d9  —  2(mean  value  oly  sin  n9\ 

If  the  compound  periodic  oscillation  is  given  by  means  of  a  curve,  the 
coefficients  Aq  Ai  .  .  .  Bi  .  .  .  may  be  determined  graphically  by  the 
methods  of  §  132. 

The  above  method  of  investigation  was  discovered  by  Fourier,  after  whom 
the  coefficients  are  sometimes  named. 

A  convenient  method  of  setting  down,  and  carrying  out  the  calculations 
is  shown  in  the  following  example. 

The  following  table  gives  the  valve  displacement  y  for  a  Stephenson  link 
motion  used  in  the  Great  Eastern  Railway^  for  different  values  of  the  crank 
angle  6*  The  complete  oscillation  is  divided  into  twelve  equal  parts^  and 
the  displacement  measured  at  the  middle  of  each  part : — 


No.  of 
ordinate. 

y 

•• 

cos  9 

sin  9 

cos  20 

sin  30 

cos  30 

sin  30 

1 

8-52 

IS 

COS  15° 

sin  15° 

cos  30° 

sin  30** 

COS  45° 

sin  45° 

2 

9*50 

45 

COS  45° 

sin  45° 

0 

I 

-cos  45° 

sin  45° 

3 

9-30 

75 

cos  75° 

sin  750 

-cos  30° 

sm  30° 

-cos  45° 

-sin  45° 

4 

8-05 

105 

-cos  75° 

sm  750 

-cos  30° 

—  sin  30° 

cos  45° 

-sin  45° 

5 

578 

135 

-cos  45° 

sin  45° 

0 

-I 

cos  45° 

sin  45° 

6 

3-43 

165 

-cos  15° 

sm  150 

cos  30° 

-sin  30° 

-cos  45° 

sin  45° 

7 

1-40 

195 

-cos  15° 

-sin  15° 

COS  30° 

sin  30° 

-cos  45° 

-sin  45° 

8 

0*20 

225 

-cos  45° 

-sin  45° 

0 

I 

cos  45° 

-sin  45° 

9 

O'lO 

255 

-cos  75° 

-sm  75° 

-COS  30° 

sin  30° 

cos  45° 

sin  45° 

10 

i-3« 

285 

+COS  75° 

-sin  75° 

-COS  30° 

-sin  30° 

-cos  45° 

sin  45° 

II 

3-90 

315 

+  COS  45° 

-sm  45° 

0 

—  I 

-cos  45° 

-sin  45° 

12 

6-41 

345 

+  COS  15° 

-sin  15° 

COS  30° 

-sin  30° 

cos  45° 

-sin  45° 

5 
II 

Fig.  II2A.— Values  of  0.  Fig.  112B.— Values  of  2«. 

*   Vide  Professor  Dalby's  **  Valves  and  Valve  Gear  Mechanisms  "  for  data  of  many 
similar  cases. 
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Fig.  II2C. — Values  of  30- 


We  have 

''2ir 


ydQ  =  mean  value  ofy  =  4'83. 


y  cos  ed9  =  2  (mean  value  of  j^  cos  e) 


=  i  [{(I)  -  (6)  -  (7)  +  (12)}  cos  15°  +  {(2)  -  (5)  -  (8)  +  (II)}  cos  45" 
+  {(3)  -  (4)  -  (9)  +  (10)}  cos  75°],  where  the  numbers  in  brackets 
(  )  are  the  numbers  of  the  ordinates. 

=  J [loi  cos  15°  +  7*42  cos  45°  +  2-53  cos  75°]  =  2-61. 

Bj  =  -  I    >'  sin  ede  =  2  (mean  value  of^  sin  B), 

=  *[{(!)  +  (6)  -  (7)  -  (12)}  sin  15°  +  {(2)  +  (5)  -  (8)  -  (n)}  sin  45° 

+  {(3)  +  (4)  -  (9)  -  (10)}  sin  75°] 
=  ^[4*14  sin  15°  +  iri8  sin  45°  +  15-87  sin  75°]  =  4*12. 


I  fit 


_y  cos  20d8. 


=  I  [(i)  -  (3)  -  (4)  +  (6)  +  (7)  -  (9)  -  (10  +  (12)]  cos  30° 
=  H1976  -  18-83)  cos  30°  =  0-I34- 


I  r"*"     . 
L  =  -  I     y  SI 


sin  20^0 


=  }  [{(I)  +  (3)  -  (4)  -  (6)  +  (7)  +  (9)  -  (10)  -  (12)}  sin  30°  +  {(2)  -  (5) 

+  (8) -(II)}] 
=  i  [(19*32  -  19*27)  sm  30°  +  o*o2j  =  0*0075. 

I    pir  ^ 

=  -  I    y  COS  $ede 

=  i  [(I)  -  (2)  -  (3)  +  (4)  +  (5)  -  (6)  -  (7)  +  (8)  +  (9)  -(10)  -  (I  I)  +  (12)] 

cos  45° 
=  i  [29*06  -  28*91]  cos  45°  =  ^  0*15  cos  45°  =  0-0177. 


I  [^ 


y  sin  ^ede 


=  *[(!)  +  (2)  -  (3)  "  (4)  +  (5)  +  (6)  -  (7)  -  (8)  +  (9)  +  (io)-(ii)--(i2)] 

sin  45°. 
=  J  [28*71  -  29*26]  sin  45°  =  i(-  0*55)  sin  45°  =  -  0-0648. 
The  coefficients  might  be  found  by  a  graphic  method  from  Fig.  11 2A, 
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Fig.  II2B,  Fig.  II2C.  Thus  to  find  A,  set  oflf  lengths  of  lo'i,  7*42,  2*53  along 
the  lines  marked  (i),  (2),  (3)  in  Fig.  112A.  One-sixth  of  the  sum  of  their 
projections  on  OX  will  then  give  the  value  of  A^. 

Similarly,  one-sixth  of  the  projection  upon  OY  of  a  length  of  -  0*55  set 
off  along  the  line  i,  5,  9  in  Fig.  112c  gives  the  value  of  B3,  though  the 
arithmetical  method  is  preferable  for  the  higher  coefficients. 
Thus  we  have  shown  that  the  valve  displacement 

^  =  4-83  +  2*6i  cos  e  +  0*134  cos  26  +  0*0177  cos  3^. 
+  4*12  sin  6  +  0*0075  sin  2d  —  0*0648  sin  36. 


CHAPTER  XX 

VECTOR  ALGEBRA— ADDITION  OF   VECTORS 

140.  Scalar  and  Vector  Quantities. — Consider  the  point  A  in  the  figure 
as  capable  of  being  moved  about  the  paper. 

We  shall  speak  of  the  operation  of  moving  the  point  A  from  one  position 

to  another  as  a  displacement  of  A.    In  order  to  give  complete  directions  for 

any  displacement  of  the  point  A,  we  must  evidently 

B  specify  (i)  the  distance  through  which  the  point  A  is 

*  to  be  moved  ;  (2)  the  direction  of  that  motion. 

Thus  we  cannot  say  that  we  perform  the  same 

Q  operation  in  moving  A  to  B  as  in  moving  A  to  C, 

because,  although  the  distances  AB  and  AC  are 

equal,  the  directions  of  the  two  displacements  are 

M  4  ^       not  the  same. 

C  Also,  the  displacement  of  A  to  D  is  not  the  same 

FiG,  113.  operation  as  the  displacement  of  A  to  B,  because, 

though  the  directions  of  the  two  displacements  are 
the  same,  the  distances  are  different.  Thus  a  displacement  is  a  different 
kind  of  magnitude  from  such  quantities  as  the  area  of  a  figure,  the  mass  of  a 
body,  the  work  done  by  a  force,  the  temperature  of  a  body,  the  electrical 
resistance  of  a  conductor,  etc. 

The  area  of  a  body  is  completely  known  when  we  know  how  many  units 
of  area  it  contains  :  the  work  done  by  a  force  is  completely  known  when  we 
know  the  number  of  foot-pounds  by  which  it  is  measured,  and  so  on. 

We  find  that  any  one  of  the  latter  class  of  quantities  can  be  expressed 
by  a  single  arithmetical  number. 

On  the  other  hand,  we  find  that  there  is  a  class  of  quantities  such  as 
velocity,  acceleration,  force,  momentum,  impulse,  electric  current,  etc.,  which 
resemble  a  displacement  in  that  we  require  to  know  not  only  the  numerical 
magnitude,  but  also  the  direction  in  order  to  describe  them  completely. 

Quantities  which  can  be  completely  described  by  means  of  an  arithmetical 
number  expressing  the  number  of  times  they  contain  a  single  unit  are  called 
scalar  quantities. 

Quantities  which  have  direction  as  well  as  numerical  magnitude,  and  can 
only  be  completely  specified  by  stating  both  size  or  numerical  magnitude 
and  direction^  are  called  vector  quantities. 

The  numerical  magnitude  of  a  vector,  such  as,  for  example,  the  number 
of  feet  or  centimetres  in  a  displacement,  is  sometimes  called  its  tensor,  and 
the  direction  is  sometimes  called  the  ort  of  the  vector. 
We  shall  speak  of  the  size  and  direction  of  the  vector. 
All  kinds  of  vectors  can  be  completely  represented  by  displacement 
vectors,  the  length  of  the  displacement  representing  the  size,  and  its  direction 
representing  the  direction  of  the  vector. 

In  what  follows  we  shall  speak  with  direct  reference  to  displacement 
vectors ;  these  wijl  be  represented  by  straight  lines,  an  arrow-h?ad  being 
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used  to  show  the  direction  of  the  displacement  along  the  straight  line  which 
represents  it ;  we  shall  speak  of  the  straight  line  itself  as  a  vector,  regarding 
the  operation  of  drawing  it  as  a  displacement. 

Thus  in  the  figure,  AB  represents  a  displacement  from 
A  to  B,  CD  a  displacement  from  C  to  D.  BA  is  used  to 
denote  a  displacement  from  B  to  A. 

In  this  book  we  shall  follow  Mr.  Heaviside  in  using 
clarendon  type  to  denote  that  a  letter  is  intended  to  repre- 
sent a  vector ;  thus  a  means  a  certain  vector  having  a 
definite  size  and  direction. 

a  means  a  number  used  as  in  ordinary  arithmetic  and 
algebra,  expressing  the  size  of  the  vector  a,  and  h^s  no 
reference  to  direction. 

In  written  work  it  will  be  found  convenient  to  under- 
line a  letter  when  it  represents  a  vector.    Thus,  in  his  own 
work,  the  student  should  underline  all  letters  which  would  be  printed  in 
clarendon  type  on  the  system  followed  in  this  book. 


141.  Specification  of  Vectors. — We  shall  employ  the  following  method 
of  specifying  the  size  and  direction  of  vectors  in  a  plane. 


Fig.  115. 


Suppose  a  base  line  OX  to  be  drawn  from  left  to  right,  as  in  specifying  the 
rectangular  co-ordinates  of  a  point  on  a  plane.  Then  the  direction  of  any 
vector  is  specified  by  the  angle  which  it  makes  with  OX.  The  angle  is 
understood  to  be  positive,  i.e.  it  is  the  angle  through  which  OX  would  have 
to  be  turned  about  O,  in  a  direction  opposite  to  the  motion  of  the  hands  of 
a  clock  in  order  to  make  its  direction  the  same  as  that  of  the  vector. 

The  angle  expressing  the  direction  is  written  after  and  below  the  number 
expressing  the  size  of  the  vector. 

Thus,  3570  represents  a  vector  of  size  3  units,  whose  direction  makes  an 
angle  of  57°  with  OX.  This  is  represented  by  the  straight  line  AB  in 
Fig.  115. 

The  straight  line  CD  represents  the  vector  4, 200. 

Note  that  attention  must  be  paid  to  the  direction  of  the  arrow-head  on 
the  straight  line  representing  the  vector,  and  this  must  always  be  inserted  ; 
e.g.  it  might  seem  that  EF  makes  an  angle  of  45°  with  OX,  but  OX  could  only 
be  brought  to  the  direction  EF  by  a  positive  rotation  of  315°,  and  the 
symbol  for  the  vector  EF  is  2*55150. 

We  might  also  specify  the  directions  of  vectors  by  reference  to  the  points 
of  the  compass,  representing  these  on  the  paper  as  they  are  usually 
represented  on  a  map. 

Thus  AB  in  Fig.  1 15  is  a  vector  of  3  units  in  a  direction  57°  N.  of  E.  EF 
is  a  vector  of  2*5  units  in  a  direction  S.E. 


286  Practical  Mathematics 


Examples.— LXXX. 

Draw  straight  lines  to  represent  the  following  vectors,  and  specify  the  direction  of 
each  by  reference  to  the  points  of  the  compass  : — 

1.  s-2,jo.  2.  3-4i.4«.  3.  5-6,1,0.  4.  2-3,„o.  6.  3-4mio. 

142.  Equal  Vectors. — Two  vectors  are  said  to  be  equal  when  they 
have  the  same  sign  and  direction,  although  their  positions  may  be  different. 

Thus  two  equal  vectors  are  repre- 

-__ ^    sented  by  equal  and  parallel  straight 

'^~~  >— __  Q     lines,  and  the  equation 


C ^ 0  In  vector  algebra  means  that  the  straight 

lines  representing  a  and  b  are  not  only 
Fig.  ii6.  of  equal  length  but  are  also  parallel. 

It  follows  by  elementary  geometry 
that  with  this  meaning  of  the  sign  "  =  "  if  a  =  6  and  c  =  6,  then  a  =  c. 

Thus  the  sign  "  =  ''  in  vector  algebra  obeys  the  same  law  as  in  ordinary 
scalar  algebra. 

143.  Addition  of  Vectors. — Consider  the  case  of  a  yacht  sailing  against 
the  wind  from  a  point  A  to  a  point  B,  the  distance  AB  being  7  miles  in  a 
direction  due  E. 

Then,  when  the  vessel  reaches  B,  there  is  evidently  a  sense  in  which  we 
may  say  that  she  has  sailed  7  miles  in  an  easterly  direction,  although,  owing 


Fig.  117. 

to  the  necessity  of  tacking,  the  straight  line  AB  does  not   represent  her 
actual  course,  which  is  represented  by  a,  6,  c,  (/,  e,  /  in  the  figure. 

Then,  although    the  vessel  has  undergone  a  series  of  displacements 
a,  6,  c,  dj  e,  /,  her  "  nett "  displacement  is  the  vector  g  from  A  to  B. 

A  single  displacement  equal   to  flf   would  have  carried  her  from  her 
starting-point  to  the  point  where  her  course  ended. 

In  vector  algebra  the  vector  g  is  said  to  be  the  sum  of  the  vectors 
a,  b,  c,  d,  e,  f,  and  the  sign  +  is  used  to  express  this  kind  of  addition. 

Thus  the  equation 

a  +  6  +  c  +  rf -f  e  +  /  =  g 

means  that  if  we  draw  a  straight  line  to  represent  the  vector  a,  and  from  the 
end  of  this  a  straight  line  to  represent  6,  and  so  on  ;  then  g  is  the  vector 
represented  by  a  straight  line  drawn  from  the  beginning  of  a  to  the  end  of/. 
Note  that  the  sign  "  +  "  between  two  vectors  is  not  a  direction  to  add 
their  numerical  magnitudes  together. 

Example. — To  find  the  value  o/^io"  +  42450  +  334«o. 

Draw  the  straight  lines   AB  =  3^«o,    BC  =  424,0,    CD  =  334,0  as  in  Fig.    118. 
Join  AD. 
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Then  by  measurement  we  find  that  the  length  of  AD  is  4*85,  and  that  it  makes  an  angle 
of  330°  with  OX, 

/.  the  required  vector  sum  is  3400  +  42«so  +  3350°  =  4'853„o 

We  should  of  course  get  a  very  diJQFerent  result  if  the  sign  +  in  the  above  equation  had 
the  same  meaning  as  in  arithmetic. 

144.  Zero.— Note  in  particular  that  the  sum  of  a  number  of  displace- 
ment vectors  which  form  a  closed  figure  is  zero,  for  the  point  which  is 
supposed  to  undergo  the  displace- 
ments  comes   back  to  its  starting  ^^B 
position,  and  its  nett  displacement 
is  zero. 

Example.— 71?  /nd  the  value  of 

3«0O  +  426«o  +  Ssaoo  +  4*85  jjoo. 

These  are  represented  by  the  straight 
lines  AB,  BC,  CD,  DA  in  Fig.  118,  so 
that  when  the  tracing  point  has  undergone 
the  above  four  displacements  in  succes- 
sion it  has  returned  to  A,  and  its  nett 
displacement  has  been  the  same  as  if 
it  had  not  been  displaced  at  all,    i.e.  Y\g.  118, 

34»''  +  4«s50  +  33S0O  +  4*85uoo  =  o-   This 
defines  the  meaning  of  the  symbol  **o"  in  vector  algebra. 

145.  Composition  of  Velocities,  Accelerations,  etc. — We  here  take  it 
as  self-evident  that  displacement  vectors  are  added  by  the  method  explained 
above. 

A  velocity  is  the  rate  of  change  of  a  displacement  with  respect  to  the 
time,  and  therefore  this  method  of  addition  also  holds  good  for  velocities. 

If  a  point  has  several  simultaneous  velocities  in  different  directions,  their 
vector  sum  is  the  resultant  velocity  of  the  point.  In  the  same  way  it  follows, 
since  an  acceleration  is  the  rate  of  change  of  a  velocity  vector  with  respect  to 
the  time,  that  this  method  of  addition  also  holds  good  for  accelerations. 
Since  a  force  is  measured  by  the  acceleration  which  it  tends  to  cause,  it 
follows  that  the  same  method  also  holds  good  for  force  vectors.  Other 
vectors  quantities,  such  as  Momentum,  Impulse,  Magnetic  Induction,  etc.,  can 
be  derived  from  displacement  or  force  vectors  by  multiplying  them  by  scalar 
quantities,  and  thus  the  same  law  of  addition  holds  for  all  vector  quantities. 

We  see  that  the  law  of  vector  addition  includes,  as  special  cases,  the  pro- 
positions known  as  the  Parallelogram  of  Velocities,  the  Parallelogram  of 
Accelerations,  the  Parallelogram  of  Forces,  etc.  In  particular,  the  statement 
that  when  a  number  of  vectors  taken  in  order  form  a  closed  figure  their 
sum  is  zero,  is  equivalent  to  the  polygon  of  velocities  when  the  vectors  are 
velocities,  and  to  the  polygon  of  forces  when  they  are  forces. 

Examples.— LXXXI. 

In  the  following  examples  give  the  angular  measurements  in  the  results  correct  to 
one-half  of  a  degree.     Find  the  following  vector  sums : — 

1.  Ssoo  +  5i350.  2.  3300  -I-  5j3so  -f-  4,40.  3.  7jto  -1-  97,0  -f  52„0. 

4.  8"oi„o  4-  9'4i««o  +  7*95230'  5-  325°  +  5i5»o  +  43ooo« 

®«  5ii°  +  iOi«6°  +  S'^Sszso-  7.  3^00  -f  5,150  +  4n«- 

8.    600  +  4l36«>  +  82850  -H  ysaO*  ®'     7oO  +  39«0  +  3l80O  +  ^STOO  "f  4l8«0' 

10.  A  ship  sails  the  following  course :  3  miles  in  direction  N.E.,  then  3  miles  in 
direction  30°  S.  of  E.,  then  5  miles  in  direction  due  N.,  then  2  miles  in  direction 
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30®  S.  of  E.     At  the  end  of  her  course  how  far,  and  in  what  direction,  docs  the 
vessel  lie  from  her  starting  point  ? 

11.  The  following  forces  act  at  a  point.     Find  the  numerical  magnitude  and 
direction  of  their  resultant. 

15  lbs.  making  an  angle  of  48°  with  ox 
20  ,,  „  162**    „     ox 

33  M  ..  202°    „     ax 

14  .»  ..         300°    „    a* 

12.  Find  the  resultant  of  the  following  forces  : — 

15  lbs.  making  an  angle  of  25°  with  ox 


12 
10 


141- 
250" 


ox 
ox 


13.  A  cricket  ball  is  travelling  in  a  direction  AB  with  a  momentum  of  125  units 
It  receives  a  blow  in  a  direction  BC,  which  gives  to  it  a  momentum  of  100  units. 
The  angle  ABC  is  42°.  In  what  direction  will  it  move  after  the  blow?  What  is 
the  numerical  magnitude  of  its  momentum  after  the  blow  ? 

Note. — The  momentum  of  a  body  is  equal  to  its  mass  multiplied  by  its  velocity, 
and  has  therefore  the  same  direction  as  the  velocity.  The  final  momentum  is  the 
vector  sum  of  the  momentum  before  the  blow,  and  the  momentum  given  to  the  ball 
by  the  blow. 

14.  A  point  has  the  following  velocities  at  the  following  times.  Find  approxi- 
mately the  value  of  the  acceleration  when  /  =  io'02. 


Velocity,  ft.  per  sec. 
Time,  seconds 


Board  of  Education  Examination. 

146.  Rules  governing  the  Use  of  tlie  Sign  "  +." 

Let  a  and  6  be  any  two  vectors. 

Construct   a   parallelogram   ABCD,  so  that  AB  =  DC  =  a  and  AD  = 
BC  =  6. 

Then  a  +  6  =  AB  +  BC  =  AC 
and  also  6  +  a  =  AD  +  DC  =  AC 
:.a+b=b  +  a 
i.e.  the  sum  of  two  vectors  does  not  depend  on  the  order  in  which  they  are 
taken. 

This  is  the  Commutative  Iiaw  of  Addition.     We  already  know  that 


Fig.  119. 


Fig.  I30. 


it  holds  for  ordinary  arithmetical  addition,  and  we  have  here  shown  that  it  is 
also  true  when  the  sign  +  has  the  special  meaning  given  to  it  in  vector 
addition. 

Brackets  are  used  as  in  ordinary  algebra  to  indicate  that  the  terms  which 
they  contain  are  to  be  taken  together.  Thus,  in  the  expression  (a  +  6)  4-  c, 
the  bracket  indicates  that  a  +  6  is  considered  as  one  vector  to  which  the 
vector  c  is  added. 
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If  a,  by  c,  dy  e,  /  are  vectors,  as  shown  in  Fig.  120,  the  expression  (a  +  6) 
+  c  denotes  d  +  c,  which  is  equal  to  e,  and  is  the  same  as  a  4-  6  +  c. 
Similarly,  a  +  (6  +  c)  =  a+/=e=a+6  +  c. 

.-.  a  =  (6  +  c)  =  a  +  6  4-  c  =  (a  +  6)  +  c. 
Similarly,  in  adding  together  any  number  of  vectors  we  may  take  any 
two  or  more  together  in  a  bracket  without  altering  the  sum. 

This  is  the  Associative  Law  of  Addition.    We  have  here  shown  that 
it  holds  for  vector  addition  as  well  as  for  arithmetical  addition. 

To  show  that  the  commutative  law  holds  for  more  than  two  vectors,  we  have 
a+b  +  c  =  a  +  (b+c) 

=  (6  +  c)  +  a  by  the  commutative  law  for  two  vectors 
=  6  +  0  +  a. 
Similarly,  we  can  show  that 

a4-b  +  c  =  b  +  a+o  =  c+a  +  bf  etc. 
And  that  the  commutative  law  holds  for  the  addition  of  any  number  of 
vectors. 


Examples.— LXXXII. 

1.  Starting  at  the  same  point  o,  find  by  construction  on  the  same  paper  the 
following  vector  sums.     Verify  that  they  are  all  equal. 

345°  "1"  5»0  "T"  SsOOO  +  7»0o 
5oO  +  3450  +  790°  +  3300° 
3300°   +    5oO  +    790°  +   345° 

7»o°  +  3300°  +  5o°  +  3«o* 

2.  a  =  4joo,  b  =  272,00,  0  =  3*34,0,  d  =  372,»o. 
Find  by  three  separate  constructions  the  values  of 

(a  +  6),  (c  +  d)  and  (a  +  6)  +  (c  +  d). 

Find  in  the  same  way  the  values  of 
(a  +  c),  (b  +  d)  and  (a  +  c)  +  (6  +  (/),  and  of  (c  +  (/  +  a)  and  (c  +  (/  +  a)  +  6. 

Verify  that  (a  +  6)  +  (c  +  (/)  =  ( a  +  c)  +  (6  +  </)  =  (e  +  fl^  +  a)  +  6. 

3.  Find  the  values  of 

263JO   +   37H5°   +  4I2S0O 

and  263,0  +  4123,0  +  37114° 
and  verify  that  they  are  the  same. 


147.  Use  of  the  Sign  "  - .» 

The  sign  "  - "  before  a 
vector  indicates  that  its  direc- 
tion is  reversed. 

For  example,  -  a  is  a  vector 
of  the  same  numerical  magni- 
tude as  the  vector  +  a,  but  in 
the  opposite  direction. 

—  569°  is  a  vector  of  5  units 
in  a  direction  opposite  to  that 
of  the  vector  Sggo. 

Evidently  it  is  the  same  as  a  positive  vector  52490. 

If  a  and  6  are  two  displacement  vectors,  a  -  6  is  the  nett  displacement  of 
a  point  which  is  moved  along  the  vector  a,  and  then  for  a  distance  ^  in  a 
■direction  opposite  to  that  of  the  vector  6. 

In  the  figure  c  =  a  —  6. 


Fig.  Z3Z. 
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lia-  7260  and  6  =  ^a" 
Then  -  6  =  52,90 
and  a  -  6  =  7350  -  5^30  =  7350  +  52^,0 

Thus,  in  any  expression  a  vector  with  the  —  sign  before  it  may  always  be 
replaced  by  an  equal  and  opposite  vector  with  the  +  sign  before  it. 

It  follows  that  the  laws  shown,  in  §  146,  to  hold  for  the  +  sign,  also  hold 
for  the  —  sign. 

Note  in  particular  that 

For  in  Fig.  117  the  expression  on  the  right-hand  side  of  this  equation  would 
be  represented  by  reversing  all  the  arrow-heads,  and  would  represent  the 
case  where  the  ship  sails  back  over  the  same  courses  from  B  to  A. 
Evidently  the  resulting  nett  displacement  is 

-'g  =  -{a  +  b+c+cl  +  e+f) 

In  ordinary  algebra,  if  it  is  given  that  a  =  b  and  c  =  c^,  we  take  it  as  self- 
evident  that  a±c  =  b  ±d. 

Consider  the  corresponding  case  when  a,  b,  c,  d  are  displacement  vectors. 


Fig.  xa«. 

If  a  and  b  are  equal  displacements,  and  also  c  and  d^  it  is  evident  that  the 
double  displacement  a  '^  c  has  the  same  effect  in  changing  the  position  of 
a  point  as  the  double  displacement  6  +  (/  ;  ug. 

a±c  =  b±d 

Note  that  this  is  equivalent  to  the  proposition  (Euclid  I.,  4)  that  two 
triangles  are  equal  when  two  sides  and  the  included  angle  of  one  are 
respectively  equal  to  two  sides  and  the  included  angle  of  the  other. 

We  have  now  shown  that  the  signs  +,  — ,  and  =  obey  the  same  rules  in 
vector  algebra  as  in  ordinary  algebra. 

It  follows  that  in  vector  equations  we  may  transfer  a  term  from  one  side 
to  the  other  provided  we  change  its  sign. 

The  fundamental  laws  of  vector  addition  and  subtraction  have  been 
treated  with  some  fulness  to  enable  the  student  to  realize  the  actual  meaning 
of  the  symbols  he  uses  as  representing  the  vectors  themselves.  The  student 
should  be  careful  to  avoid  the  habit  of  dealing  mechanically  with  the 
expressions  and  processes  of  vector  algebra  as  if  he  were  dealing  with  mere 
symbols. 

Example  (i).—//a  =  690,  6  =  7,50,  c  =  4300,  Jind  the  values  0/  a  +  b  —  c  and 
a-b+c. 

"—  6  is  the  same  as  the  positive  vector  72jjo 
—  c  is  the  same  as  the  positive  vector  42i»o. 
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Thus  in  the  figure 

P  =  a  +  6-candQ  =  a-6+o. 
We  find  by  measurement  that 

P  =  7i6j«o,  Q  =  s-43„o 
measuring  the  angles  to  the  nearest  degree. 
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Fig.  133. 


Fig.  124. 


IO«o 


Example  (2). —  JVaitr  is  flowing  at  \ofeet  per  second  along  a  pipe  having  a  right- 
angled  bend.      What  is  the  vector  change  of  the  velocity  at  the  bend  ? 

(Board  of  Education  Examination  in  Applied  Mechanics.) 
In  the  figure  (Fig.  124),  velocity  along  AB  before  reaching  bend 
velocity  along  BC  after  passing  bend  =  io,,o, 

/.  change  of  velocity  u  =  lOgjo  —  10,0 

where  the  —  sign  has  the  meaning  given  to  it  in 
vector  algebra. 

In  the  figure  AB  represents  10,0,  BC  repre- 
sents lOgpo.  To  find  U  draw  CD  to  represent  — 
lOoo.  Then  u  =  lOjoo  —  lOoo  =  BC  +  CD  = 
BD.  By  measurement  or  calculation  BD  = 
14*14  and  the  angle  ABD  =  45°, 

.-.  u  =  i4-i4iMO. 

The  required  vector  change  of  velocity  at  the 
bend  is  therefore  a  velocity  of  14*14  feet  per 
second  in  a  direction  bisecting  the  angle  at  the 
bend. 

148.  Relative  Velocity. 

If  a  point  A  moves  with  velocity  a,  and 
a  point  B  moves  with  velocity  y,  then  the 
velocity  of  A  relative  to  B,  i.e.  the  velocity 
which  A  would  appear  to  have  to  a  person 
moving  with  B  and  facing  in  a  constant 
direction,  is  w  —  t/,   where  u  and  u  are  regarded 


Fig.  zms- 

as    vectors,    and    the 
sign  —  has,  of  course,  the  meaning  given  to  it  in  vector  algebra. 

Example. — A  vessel  A  is  sailing  at  a  speed  of  10  knots  in  a  direction  N.E.,  and  a 


vessel  B  is  sailing  at  12  knots  in  a  direction  20°  W.  ofS>, 
appears  to  have  to  a  person  on  B. 


Find  the  velocity  which  A 
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We  may  wiite 

velocity  of  A  =  w  =  1O4JO 
velocity  of  B  =  (/  =  12,5^ 

.*.  velocity  of  A  relative  to  B  =  w  —  i; 

=    IO„o  -   I2250O 
=  IO450  +  I2„o 

=  2r475f5o 
by  construction  and  measurement. 

Examples.— LXXXIII. 
Find  by  construction  the  values  of — 

1-     325°  -    5335°  +  4300°-  2.    >] ^^o  +  9'1o°  ~   5l06O-  3.    S'OIjrO  -  9*4346°   -    7'95203"- 

4.  If  a  =  3j40,  6  =  2,4,0,  c  =  3250°*  find  the  values  of  a  4-  6  +  c  and  a  —  b  +  c. 

5.  a  =  3450,  6  =  2i2oo,  c  =  43150,  find  the  values  of  a  -|-  6  4-  c  and  a  +  6  —  c.  . 

6.  A  point  A  has  a  velocity  135150,  a  point  B  has  a  velocity  2iOj„o.  Find  the 
velocity  of  B  relative  to  A. 

7.  A  vessel  A  is  sailing  at  ii  knots  in  a  direction  S.E.,  and  a  second  vessel  B  is 
sailing  at  13  knots  in  a  direction  lo**  E.  of  N.     Find  the  velocity  of  A  relative  to  B. 

8.  A  body  is  moving  at  a  speed  of  150  ft.  per  second  in  a  direction  AB.  It 
strikes  an  obstacle  and  rebounds  at  a  speed  of  no  ft.  per  second  in  a  direction  BC. 
The  angle  ABC  is  125°.  What  is  the  magnitude  and  direction  of  the  velocity  which 
is  given  to  the  body  by  the  blow  ? 

149.  Multiplication  of  a  Vector  by  a  Scalar  Quantity. — If  a  be  any 
vector  and  n  any  number,  an  or  na  denotes  a  vector  in  the  same  direction 
as  a,  but  n  times  as  large  ;  e.g.  if  a  =  258",  3a  denotes  a  displacement  of 
6  units  in  a  direction  making  59°  with  OX. 

Let  a,  6,  c  be  three  vectors,  and  let 

a+b+o=f 

Draw  the  construction  to  find  the  sum  a  +  6  +  c. 

Then  the  sum  2a  +  26  +  2c  will  be  found  by  drawing  a  similar  and 
similarly  situated  figure  on  twice  the  scale. 

By  elementary  geometry  the  resulting  vector  sum  will  be  parallel  to  /  and 
of  twice  the  length,  i.e. 

2a  +  26  +  2C  =  2/  =  2(a  +  6  +  c) 

and,  in  general,  when  n  is  any  scalar  number 

«a  +  «6  +  «c  +  .  .  .  =  «{a  +  6  +  c  .  .  .) 

Thus  we  may  "  multiply  out "  each  term  in  a  bracket  by  a  scalar  quantity 
as  in  ordinary  algebra. 

This  is  the  Distributive  Law  of  Multiplication. 

Example. — To  prove  that  the  diagonals  of  a 
parallelogram  bisect  one  another. 

Let  the  diagonals  AC,  BD  of  the  parallelogram 
ABCD  intersect  at  E.  Then  the  vector  AB  =  DC, 
the  sign  =  here  expressing  equality  of  direction  as 
well  as  equality  of  numerical  magnitude.  But  the 
vector  sum 

AE  +  EB  =  AB,     and  DE  +  EC  =  DC 
FiG.iafi.  /.AE  +  EB  =  DE  +  EC 

AE  -  EC  =  DE  -  EB  (see  §  147) 

But  the  vector  differences  on  each  side  of  this  equation  are  vectors  having  different 
directions,  and  therefore  cannot  be  equal  unless  they  are  both  equal  to  zero. 
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.-.  AE  -  EC  =  o,  and  AE  =  EC  ;  DE  -  EB  =  o,  and  DE  =  EB 

which  proves  the  proposition. 

Examples.— LXX  XIV. 

1.  AC  and  BD  are  two  straight  lines  bisecting  one  another  at  E.  Prove  that  AB 
is  equal  and  parallel  to  DC. 

2.  If  AB  is  equal  and  parallel  to  CD,  prove  by  vector  algebra  that  AC  is  equal 
and  parallel  to  BD. 

3.  D  is  the  mid-point  of  the  side  BC  of  a  triangle  ABC.  A  point  G  is  taken  on 
AD  so  that  AG  =  2GD.  Prove  by  vector  algebra  that  CG  and  BG  when  produced 
bisect  AB  and  AC. 

4.  Prove  that  the  figure  formed  by  joining  the  mid-points  of  the  sides  of  any 
quadrilateral  is  a  parallelogram. 

150.  To  find  the  Resultant  of  two  Like  Parallel  Forces. 

A 


Let  forces  represented  by  wAB,  «AC  act  at  A. 

AB  and  AC  are  linear  displacement  vectors,  and  vt  and  n  are  scalar 
quantities. 

Join  BC.     Divide  BC  at  P,  so  that  BP  :  PC  =  n  :  m. 

.'.  m.BP  =  n.PC (i) 

Now  in  vector  notation  mAB  =  w(AP  +  PB)  =  mAP  +  mPB  =  wAP- wBP 

and  «AC  =  «(AP  +  PC)  =  «AP  +  nPC 
.*.  adding,  wAB  +  «AC  =  (w  +  «)AP  -  mBP  +  nPC 

=  {m  +  n)AP  by  (i) 

The  sum  of  two  force  vectors  is  their  resultant  ;  .'.  the  resultant  of  forces 
mAB  along  AB,  and  «AC  along  AC,  is  {nt  -f  «)AP  along  AP. 

The  position  of  P  is  evidently  independent  of  the  position  of  A  so  long  as 
the  ratio  m  :  n  remains  the  same,  so  that  A  may  be  moved  as  far  away  from 
BC  as  we  please. 

As  A  moves  to  a  greater  and  greater  distance  from  BC,  the  three  lengths 
AB,  AP,  AC  become  more  and  more  nearly  equal  and  parallel. 

Choose  the  scale  so  that  AP  represents  the  unit  force. 

Then,  in  the  limit,  as  A  moves  to  infinity.  Fig.  127  becomes  Fig.  128,  and 
AB  and  AC  become  equal  to  AP,  and  the  resultant  of  two  like  parallel  forces  m 
and  «  at  B  and  C  is  w  +  w  at  P,  where  P  divides  BC  so  that  BP  :  PC  —  n'.m. 

151.  Centre  of  a  System  of  Parallel  Forces. — Similarly,  to  find  the 
resultant  of  the  three  forces 

^]AB,  m^AOy  m^AD 

We  have,  in  vector  notation, 

WiAB  +  tn^AC  =  (w,  +  W2)AP 
wbcire  BP  :  PQ  =  m.  :  m. 
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.*.  the  vector  sum 

WjAB  +  w^AC  +  W3AD  =  {m^  +  m.^f^P  +  W3AD 

=  (wi  +  m2  +  ms)AG  by  the  last  paragraph 
where  PG  :  GD  =  w,  :  (»«i  +  Wj) 


Fig.  laQ. 

«>.  the  resultant  offerees  WjAB,  W2AC,  W3AD  along  AB,  AC,  and  AD  is 
(w  1  +  Wa  +  '«3)AG  along  AG 

When  A  is  taken  to  infinity  the  vectors  AB,  AC,  AD,  AG  become  equal 
and  parallel. 

Taking  AG  to  represent  the  unit  force,  we  get  the  theorem  that*  the 
resultant  of  parallel  forces  m^  at  B,  Wg  ^t  C,  and  m^  at  D  is  (m^  +  Wg  +  Wg) 
at  G.  It  is  evident  that  the  position  of  G  does  not  depend  upon  the  direction 
in  which  A  is  taken  to  infinity,  and  therefore  the  parallel  forces  at  B,  C,  and 
D  may  act  in  any  direction,  but  their  resultant  will  still  act  at  the  same 
point  G.  G  is  called  the  centre  of  the  system  of  parallel  forces.  If  the 
parallel  forces  are  weights,  G  is  the  centre  of  gravity  of  the  weights  m^  at  B, 
m.^  at  C,  and  m^  at  D. 

We  may  evidently  extend  this  to  the  case  of  any  number  of  parallel 
forces.  Thus,  if  we  have  weights  m^  at  Pj,  Wj  at  P2,  Wg  at  Pj,  w^  at  P4,  and 
so  on,  the  centre  of  gravity  of  the  system  of  weights  is  at  G  where  G  is  a 
point  whose  position  is  given  by  the  vector  equation 

(Wi  4-  Wj  +  W3  +  w,  +  . .  .)OG  =  WjOPj  +  W2OP2  +  W3OP3  +  mtOP^  +  .  .  . 

where  O  is  any  point,  the  lines  OPj,  OP2  .  .  .  OG  are  understood  to  be 
vectors,  and  the  signs  +  and  =  have  the  meaning  which  we  have  given  to 
them  in  vector  algebra. 

This  vector  equation  may  be  taken  as  a  definition  of  the  centre  of  gravity 
of  a  number  of  particles. 

Example. — J^nd  hy  a  graphic  construction  the  position  of  the  centre  of  gravity  of 
the  following  weights  : — 

3  lbs.  at  the  point  P,  whose  polar  co-ordinates  are  (5,  42°) 
2         „         »         P2  »  M  (2,25°) 

4  „         ..         P,  „  „  (3,  120°) 
I         .,         .,         P«                ,,                 M  (2,  70°) 

The  position  of  the  points  is  shown  in  the  figure.  Consider  the  lines  OP„  OP,, 
OP„  OP4  as  vectors.     Then,  if  G  is  the  centre  of  gravity,  we  have  shown  that 

loOG  =  3OP1  +  2OP2  +  40Pa  +  OP«. 

Find  by  construction  the  vector  sum 

3OP1  +  2OP,  +  4OP,  +  OP,  =  OP. 
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Then  OP  =  10.  OG. 

.*.  G  is  on  OP  at  a  distance  OG  equal  to  ^^OP  from  O.   Wc  find  by  measurement 
that  the  polar  co-ordinates  of  G  are 

r=2S'S,  6  =60°. 


Fig.  130. 

This  method  is  given  chiefly  for  its  interest  as  an  example  in  vector  addition.     In 
practice  we  use  a  more  convenient  method  which  is  derived  from  this  (see  §  162). 


Examples.— LXXXV. 

1,  Find  the  polar  co-ordinates  of  the  centre  of  gravity  of  the  following  weights: — 

3  lbs.  at  the  point  whose  polar  co-ordinates  are  (2*24,  26*5°). 

1  „  „  ,.  (2'o6,  76°). 

2  ^  ..  M  (I-I2,  153*5°). 
10                 „                    „                    „  {1,270°). 

2.  Find  the  polar  co-ordinates  of  the  centre  of  gravity  of : — 

I  lb  at  the  point  whose  polar  co-ordinates  are  (5 '83,  149°). 

4  .^  ..  M  (9-43,58°). 

5  ..  ..  M  (13-45,42°). 

3  ..  ,.  ..  (21 '5,  22°). 

8.  Draw  an  equilateral  triangle  ABC  having  its  sides  two  inches  long.  Find  by 
construction  the  vector  sum  of  forces  proportional  to  3AB  along  AB  and  2 AC  along 
AC,  and  verify  by  measurement  the  theorem  of  §  150  that  the  resultant  of  the  forces  is 
5AP  along  AP,  where  P  divides  BC  so  that  BP  :  PC  =  2  : 3, 

4.  Three  equal  weights  are  placed  at  the  angular  points  A,  B,  and  C,  of  a  triangle 
ABC.  D  is  the  mid-point  of  BC.  Prove  that  the  centre  of  gravity  G  of  the  weights 
is  on  AD,  and  that  AG  =  f  AD. 

5.  Prove  by  vector  algebra  that  the  centre  of  gravity  of  4  equal  weights  at  the 
comers  A,  B,  C  and  D  of  a  triangular  pyramid  is  at  a  point  G  on  the  straight  line  AE 
joining  the  vertex  to  the  centre  of  gravity  E  of  the  three  weights  at  B,  C,  and  D,  and 
such  that  AG  =  f  AE. 


CHAPTER  XXI 

MULTIPLICATION  OF  VECTORS 

152.  Scalar  Product  of  Two  Vectors. — The  scalar  product  of  two  vectors 
is  defined  as  the  product  of  their  numerical  magnitudes  into  the  cosine  of  the 
angle  between  them. 

If  a  and  6  are  the  two  vectors  and  e  the  angle  between  them,  the  scalar 
product  is  written  a6,  and  we  have 

ab  —  ab  cos  e 


Note  that  the  angle  9  is  taken  between  the  directions  of  the  two  vectors 
a  and  6,  measured  both  from  or  both  towards  the  point  where  they  meet. 

E.g.  if  the  vectors  are  in  the  directions  OA  and  OB  in  the  figure,  9  is 
taken  as  the  angle  AOB  ;  if  the  vectors  are  in  the  directions  AO  and  OB, 
however,  the  angle  e  is  the  angle  COB  between  AO  produced  and  OB,  and 
not  the  angle  AOB. 

As  its  name  implies,  the  scalar  product  of  two  vectors  is  a  scalar  quantity 
and  not  a  vector. 

The  physical  meaning  which  it  has  and  the  units  in  which  it  is  measured, 
depend  on  the  original  vectors  which  are  multiplied  together. 

If  two  displacement  vectors  are  multiplied  together  the  resulting  scalar 
product  has  the  dimensions  of  an  area  which,  of  course,  is  a  scalar  quantity 
having  no  direction. 

If  a  force  F  causes  a  displacement  s  in  its  own  direction,  the  product  Ys 
is  the  work  done.  We  now  extend  this  statement,  and  say  that  when  F  and  s 
are  vectoVs  in  any  two  directions,  the  scalar  product  f&  is  the  work  done  by 
the  force  F  acting  through  the  displacement  s  and  remaining  parallel  to  its 
original  direction  throughout  the  displacement.  The  work  Fb  is  measured  in 
toot-lbs.  or  similar  units,  and  is  a  scalar  quantity  having  numerical  magnitude 
but  no  direction. 

If  a  force  F  is  moving  a  point  with  a  velocity  v  in  its  own  direction,  the 
product  Yv  is  the  rate  at  which  the  force  is  doing  work,  and  is  called  the 
power  or  activity  of  the  force. 

As  before,  we  now  extend  this  to  the  case  where  F  and  v  are  vectors  in 
any  two  directions. 


Multiplication  of  Vectors  297 

If  a  force  F  is  moving  a  point  with  velocity  v,  then  the  rate  at  which  it  is 
doing  work  is  equal  to  the  scalar  product  Fu.  If  F  is  in  pounds,  and  u  in 
feet  per  second,  the  power  Fu  is  given  in  foot-lbs.  per  second.  This  is  a 
scalar  quantity  having  no  direction. 

153.  Commutative  Law. — Since  cos  e  =  cos  ( —  0\  it  does  not  matter 
whether  the  angle  6  in  the  scalar  product  is  measured  from  a  to  3,  or  from  3 
to  a ;  />.  we  get  the  same  result  by  taking  6  =  AOB  as  by  taking  9  =  BOA 
in  Fig.  131,  or  ab  =  ad  cos  6  =  ba  cos  (—  e)  =  6a. 

Thus,  in  finding  the  scalar  product  of  two  vectors,  the  order  of  multi- 
plication does  not  affect  the  result.  In  this  respect  scalar  products  resemble 
ordinary  arithmetical  products.  This  is  the  commutative  law  for  scalar 
products. 

154.  Perpendicular  and  Parallel  Vectors. — If  the  vectors  a  and  6  are 
at  right  angles  9  =  90°,  and  ab  =  ab  cos  90°  =  o. 

Thus,  the  scalar  product  of  two  perpendicular  vectors  is  zero. 

E.g.  if  the  force  F  and  the  displacement  s  of  its  point  of  application  are 
at  right  angles,  the  work  done  =  Fs  =  Fx  cos  0°  =  o. 

If  the  two  vectors  have  the  same  direction,  d  =  o,  and  the  scalar  product 
ab  =  ab  cos  9  —  ab,  i.e.  the  scalar  product  is  equal  to  the  ordinary  algebraical 
product. 

E.g.  if  the  force  F  produces  a  displacement  s  along  its  own  direction,  we 
know  that  the  work  done  is  the  ordinary  algebraical  product  Fj,  and  we  now 
see  that  this  is  also  the  scalar  product  when  the  directions  of  the  force  and 
the  displacement  are  the  same.  Thus  the  definition  given  above  of  the  work 
done  by  a  force  as  a  scalar  product  is  general,  and  includes  as  a  special  case 
the  ordinary  definition  as  the  product  of  the  force  into  the  displacement  in 
its  own  direction. 

If  a  vector  a  be  multiplied  by  itself  the  resulting  scalar  product  is  written 
a'.     Since  the  angle  ^  =  o, 

a^  =  a.a. cos  o  =  a' 

or,  the  square  of  a  vector  is  equal  to  the  algebraical  square  of  its  numerical 
magnitude,  and,  being  a  scalar  product,  has,  of  course,  no  direction. 

155   Rule  of  Signs. — The  vector  —  6  is  the  vector  6  reversed. 
The  angle  between  a  and  —  6  is  the  supplement 
of  eor  180°  -  9 

:.  the  scalar  product  a{-  6)  =  ab  cos  (180°  -  9) 
=  —  ab  cos  9  —  —  ab 
Similarly  (-a)(-  6)  =  +  a6 

i.e.  the  rule  of  signs  in  scalar  algebra  also  holds  for 
scalar  products  of  two  vectors. 

156.  Consider  two  vectors  a  and  6,  both  starting  from  the  same  point  O 
in  the  same  direction,  and  let  a  remain  fixed  while  6  rotates  about  O  until  it 
is  in  the  opposite  direction  to  a. 

The  numerical  magnitudes  a  and  6  remain  the  same,  so  that  the  scalar 
product  ab  cos  9  follows  the  variations  of  cos  9. 

The  scalar  product  has  its  greatest  value  ab  when  a  and  6  are  in  the  same 
direction.     As  9  increases  to  a  right  angle  the  scalar  product  diminishes  to  o. 


298 


Practical  Mathematics 


As  d  increases  from  a  right  angle  to  two  right  angles  the  scalar  product  is 

negative,  and  changes  from  o  to  —  ad. 

If  6  is  made  to  rotate  further  the  scalar  product 
passes  back  through  the  same  series  of  values  to 
the  value  ad  when  6  has  turned  through  360°. 

We  see  that  the  scalar  product  of  two  vectors  is 
a  maximum  when  they  are  in  the  same  direction, 
and  a  minimum  when  they  are  in  opposite  direc- 
tions. 


Example  (i). — J^nJ  tht  scalar  prcduct  of  the  two 
vectors  121350  and  iOj„o. 

Here  9  —  55*^  and  the  scalar  product. 


[2i3,o 


IOj„o  =  TO  X   12  X  COS  55" 
=  6883 


Fig.  134. 


Example  '(2). — Calculate  the  scalar  product  of  6,00 
and  5,9,0 . 

Here  ff  =  150°  and  the  scalar  product 

6,co  .  529.°  =  6  X  5  X  cos  150°  =  -  25-98 

Example  (3). — A  horse  pulls  a  canal  barge  at  the  rate  of  <^\ 
ft.  per  second  with  a  force  of  85  lbs.  The  rope  makes  an  angle 
of  2^°  with  the  direction  in  which  the  barge  is  moving.  Find  the 
work  done  in  pulling  the  boat  loo/A,  and  the  horse-power. 

The  work  done  is  given  by  the  scalar  product  of  a  force 
vector  of  85  lbs.  along  the  direction  of  the  rope,  and  a  displace- 
ment vector  of  100  ft.  along  the  direction  of  motion  of  the  boat. 

.*.  work  done  =  85  X  100  X  cos  25°  ft. -lbs. 
=  7703  ft. -lbs. 

The  power  is  equal  to  the  scalar  product  of  vectors  of  85  lbs.  and  5J  ft.  per  second, 
making  an  angle  of  25°  with  each  other. 

/.  Power  =  85  X  5*5  X  cos  25°  ft. -lbs.  per  second 
^85X  5-5  X  0-9063  HP 

=  0770  H.P. 


Examples.— LXXXVI. 

Calculate  the  following  scalar  products  : — 

!•  53»n  •  !•»•  2.  5i5oo.  1,0.  3.  52„o .  1,0.  4.  535,0.  i,-). 

5.     530°  •    l9«°«  "•     5l50O'    19,0.  7.     5210O'    Ig^O*  8.     5380°'    '^9^0. 

9.  5j,o.3„o.  10.  3-i2,o.2-3„,o.  11.  (2-32o,o)^  12.  2-6„o.3-32„o. 

13.  3-17,0.  4'22950.  14.3-43230.2-9990.  15.  37139° •  2-52290. 

1^-  4*333so  •  2'9336o'  17.  If  a  =  5,70  ;  b  =  6390,  find  ab. 

18.  Given  a  =  25,30  ;  b  —  3I1410,  calculate  the  value  of  ab.     Also  draw  lines  to 
represent  the  vectors  —  a  and  —  ^,  calculate  the  values  of  the  scalar  products 

tf(-3),  (-fl)3,  (-a)(-^) 

and  verify  that  the  rule  of  signs  of  ordinary  algebraical  multiplication  also  holds  good 
for  the  scalar  products  of  two  vectors. 
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19.  Find  the  scalar  products  of  the  following  pairs  of  vectors  in  a  horizontal 
plane  ;  15  N.W.  and  10  E. ;  12  S.E.  and  15,  30°  E.  of  N.  ;  350  S.  and  7  W.  ;  12  in 
direction  25°  N.  of  E.  ;  and  13*1  in  direction  16°  N.  of  W. 

20.  A  horse  pulls  a  canal  boat  with  a  force  of  364  lbs.  If  the  rope  makes  an 
angle  of  23°  with  the  direction  in  which  the  boat  moves,  find  the  work  done  in  pulling 
the  boat  1 00  ft. 

21.  If  the  force  in  the  last  question  is  500  lbs.,  and  the  boat  moves  with  a  velocity 
of  I  ft.  per  second  ;  find  the  power.  The  angle  between  the  rope  and  the  direction 
of  motion  is  25°. 

22.  A  truck  is  pulled  at  a  speed  of  8*8  ft.  per  second  along  a  line  of  rails  by  a 
rope  passed  round  a  revolving  drum  at  the  side  of  the  rails.  If  the  angle  between  the 
rope  and  the  direction  of  the  rails  is  28°,  and  the  force  in  the  rope  is  512  lbs.,  find 
the  power.  What  is  the  power  when  the  truck  is  passing  the  drum,  so  that  the  rope 
is  at  right  angles  to  the  rails  ? 

23.  An  electric  tramcar  is  travelling  at  a  speed  of  14I  ft.  per  second.  The  wind 
is  blowing  against  the  car  at  an  angle  of  40°  to  the  track  with  a  force  of  155  lbs. 
Find  the  power  exerted  in  overcoming  the  resistance  of  the  wind. 

24.  OB  is  the  crank,  and  BA  the  connecting-rod  of  an  engine.  B  is  moving 
round  a  circle  at  the  rate  of  6*3  ft.  per  second.  OB  =  6  ins.,  BA  =  3  ft.  Find  the 
power  at  the  instant  when  OA  =  3*2'  ft.,  and  the  thrust  along  AB  is  1200  lbs. 


Fig.  136. 


167.  Orthogonal  Projection. 

Let  OP  be  any  linear  vector  r,  and  OX  a  straight  line  in  any  other 
direction.  Draw  PN  perpendicular  to  OX.  Then  ON  is  called  the  orthogonal 
projection  of  OP  on  OX,  and  the  point  N  is  called 
the  projection  of  the  point  P  on  OX.  In  what 
follows  we  shall  use  the  word  projection  to 
mean  orthogonal  projection. 

If  we  regard  OP  as  the  displacement  of  a 
point,  ON  is  the  distance  which  the  point  moves 
in  the  direction  OX,  while  it  is  displaced  from 
OtoP. 

If  OP  is  regarded  as  representing  a  velocity,  acceleration  or  force,  ON 
represents  the  component  of  that  velocity,  acceleration,  or  force  in  the 
direction  OX. 

Take  a  vector  Ol  of  unit  length  along  OX.     Let  /  denote  this  vector. 

Then  the  scalar  product  of  OP  and  /  =  r .  /  =  r .  /.  cos  NOP  =  ON. 

.'.  the  orthogonal  projection  of  a  displacement  vector  r  upon  a  direction 
OX  is  the  scalar  product  of  r,  and  a  unit  vector  /  in  the  direction  OX. 

The  relation  between  the  rectangular  and  polar  cordinates  of  a  point  may 
now  be  expressed   in  the  language   of   vector 
algebra. 

Take  rectangular  axes  OX  and  OY  through  O. 

Let  X,  jv,  be  the  rectangular  and  r,  e  the  polar 
co-ordinates  of  P,  and  consider  r  as  a  vector  in 
the  direction  OP. 

Take  unit  vectors  Ol  =  /  and  OJ  =  y  along 
OX  and  OY. 

Then  x  and  y  are  the  projections  of  r  on  OX 
and  OY. 


Fig.  137. 


r  =/■./'  =  r .  I .  cos  XOP  =  r  cos  » 

y  =  rj  =  r.i  .cos  POY  =  r  cos  (90°  -  e)  =  r  s'm  B 

Thus  we  may  calculate  x  and  j/  when  r  and  e  are  given. 

Example. — To  find  the  projections  of  the  vector  5,30  on  the  axes  OX  and  OY. 

In  this  and  the  following  examples  we  shall  take  the  base  line  OX,  with  reference 
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to  which  the  directions  of  vectors  are  specified  to  be  the  same  as  the  axis  OX  of 
rectangular  ordinates. 

If/  andy  are  unit  vectors  along  OX  and  OY  (Fig.  137), 

Projection  of  5jjo  on  OX  =  ON  =  5  ./  =  5  .  i .  cos  32°  =  4*24 
„  5,20  on  OY  =  OM  =  5  .y  =  5  .  I  .  cos  58°  =  2-6495 

If  the  projections  of  a  vector  on  two  fixed  straight  lines  are  given,  the 
vector  is  determined. 

Example. — TAe  projections  of  a  certain  vector  S  on 
two  fixed  perpendicular  straight  lines  OX  and  OY  are 
1*5  and  2*3.  Find  the  numerical  magnitude  and  the 
direction  of  8. 

In  the  figure  we  have 

ON  =  15,  OM  =  2-3=  NP 

/.  OP  =  Vi-S'  +  2-3'  =  2745 

and  tan  NOP  =  ^  =  i'533  =  tan  57* 

.-.  NOP  =  57° 

ji.,(j  J  8  and  8  is  the  vector  27454,0. 


Examples.— LXXXVIl. 

Draw  two  axes  OX  and  OY  at  right  angles.  Take  OX  as  base  line  from  which 
to  measure  the  directions  of  the  vectors.  Find  the  projections  of  the  following 
vectors  on  OX  and  OY  : — 


1.    2I„o. 
6.    631  ego. 


2.    2I„o. 

7.  24,„o. 


3.  32„o. 

8-    37s90O. 


4.  199,0. 


5.  63i,jo. 

10.    29j„o. 


Find  the  numerical  magnitude  and  direction  of  the  vector  S  in  the  following 


11. 
12. 
13. 
14. 
15. 


Projection  of  S  on  OX. 
27 

1*35 
-  3*46 
-47 

45 


Projection  of  S  on  O  Y» 
II 
-274 

2-95 
-3'2 
-5-2 


158.  Resolution  of  Forces  and  Velocities. 

Example  (i). — A  boat  is  moving  at  the  rate  of  7  miles  an  hour  in  a  direction 
40°  E.  of  N.     At  what  rates  is  it  moving  east  and  north  ? 

If  we  take  a  straight  line  drawn  from  W.  to  E.  as  a  base  line,  we  have  to  find  the 
projections  of  a  vector  7„o  on  the  directions  OX  and  O  Y. 

.*.  required  velocity  in  direction  E 

=  7j,o  X  /  =  7  cos  50**  =  4*4996  miles  per  hour 
Velocity  in  direction  N 

=  7ioo  X  /  =  7  cos  40°  =  5'3620  miles  per  hour 

These  velocities  are  called  the  rectangular  components  gf  the  velocity  7»,o  in  the 
directions  E.  and  N. 
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ExAMPLK  (2). — In  Ex.  I,  p.  2^^,  Jind  the  compotuni  0/ the  pulling  force  along  the 
rope  in  the  direction  in  which  the  boat  is  moving. 

The  magnitude  of  the  required  component  force  is  the  scalar  product  of  a  vector 
of  85  lbs.  in  the  direction  of  the  rope,  and  a  unit  vector  making  an  angle  of  25° 
with  it, 

=  85  .  I  .  cos  25°  =  77-93  lbs. 

Note  that  the  work  done  in  pulling  the  boat  100  ft.  was  found  to  be  7703  ft. -lbs. ; 
i.e.  it  is  the  product  of  the  displacement  into  the  component  of  the  force  in  the 
direction  of  the  displacement. 


Examples.— LXXXVIII. 

In  the  following  examples  find  the  components  of  the  given  forces  along  OX  and 
OY.  The  angle  given  in  each  case  is  the  angle  which  the  direction  of  the  force 
makes  with  OX. 

I.  35„olbs.  2.  35,550  lbs.  3.  3S,„o  lbs.  4.  353,50  lbs. 

5.  The  components  of  a  force  along  OX  and  OY  are  35  lbs.  and  24  lbs.  Find 
the  magnitude  and  direction  of  the  force. 

6.  The  components  of  a  force  are  156  lbs.  in  direction  N.  and  142  lbs.  in  direction 
E.     Find  the  magnitude  and  direction  of  the  force. 

7.  A  truck  weighing  7  tons  is  being  pulled  up  a  gradient  of  i  in  35.  What  is  the 
component  of  its  weight  which  tends  to  pull  it  down  the  track  ? 

8.  A  ship  is  sailing  in  direction  N.E.  at  15  miles  an  hour.  How  many  miles  per 
hour  is  it  travelling  in  a  direction  due  E.  ? 

9.  A  truck  is  running  at  28  ft.  per  second  down  a  gradient  of  I  in  56.  At  what 
rate  in  feet  per  second  is  it  moving  verticially  downwards? 

10.  A  projectile  is  fired  from  a  gun  at  a  speed  of  1800  ft.  per  second  in  a  direction 
making  an  angle  of  15°  with  the  horizontal.  Find  its  horizontal  and  vertical 
velocities. 

II.  A  truck  is  drawn  along  a  line  of  rails  by  means  of  a  rope  passing  round  a 
revolving  drum  at  the  side  of  the  line.  If  the  rope  makes  an  angle  of  17°  with  the 
rails,  what  must  be  the  pull  along  the  rope  in  order  to  give  a  force  of  500  lbs.  in  the 
direction  of  the  rails  ? 


159.  Projections  of  the  Sides  of  a  Closed  Polygon. 

Let  O  A  BODE  be  any  closed  polygon.     Consider  the  sides  OA,  AB,  BC, 


Fig.  139. 

CD,  DE,  EO  as  vectors,  whose  directions  all  pass  the  same  way  round  the 
figure. 

Then  the  sum  of  the  prcjections  on  any  straight  line  OX  of  OA,  AB,  etc, 
taken  with  their  proper  signs  is  zero. 

For,  let  A,,  B^,  C,  ...  be  the  projections  of  A,  B,  C  .  .  .  and  consider 
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the  vectors  OA,  AB,  BC  ...  as  the  displacements  of  a  point  P  as  it  moves 
round  the  figure.  Then,  as  the  point  P  moves  through  A,  B,  C,  etc.,  in 
succession,  its  projection  Pi  moves  through  Aj,  B^,  Cj,  etc.  When  the 
moving  point  P  comes  back  to  O  its  projection  Pi  also  comes  back  to  O,  and 
the  total  displacement  of  Pi  along  OX  has  been  zero. 

I.e.  the  sum  of  the  projections  of  OA,  AB,  BO  ...  on  OX  is  zero. 

The  same  reasoning  applies  if  the  projections  are  taken  on  a  line  which 
does  not  pass  through  an  angular  point  of  the  polygon. 

The  vectors  OA,  AB,  BO  .  .  .  above  need  not  be  supposed  actually  to 
form  a  polygon.  It  is  sufficient  that  their  magnitudes  and  directions  are 
such  that  they  could  be  moved  parallel  to  themselves,  so  as  to  form  a  closed 
polygon,  i.e.  their  sum  must  be  zero  whatever  their  positions. 

We  may  state  the  above  theorem  as  follows  : — 

If  the  sum  of  a  number  of  linear  vectors  is  zero,  the  sum  of  their  pro- 
jections on  any  line  is  zero. 

If  the  vectors  OA,  AB,  BC,  etc.,  represent  forces  acting  at  a  point,  they 
are  in  equilibrium  since  their  vector  sum,  which  is  equal  to  their  resultant,  is 
zero.  Thus  the  theorem  of  this  paragraph  leads  to  the  important  theorem  in 
mechanics  that  the  sum  of  the  components  in  any  direction  of  a  system  of 
forces  in  equilibrium  is  zero. 


OE. 


160.  Distributive  Law  for  Scalar  Products. 

Next  consider  a  number  of  vectors  OA,  AB,  BC,  CD,  DE  whose  sum  is 


As  before,  whilst  a  point  P  passes  from  O  to  E,  along  the  vectors  OA,  AB, 

BC,  CD,  DE,  its  projection 

<0 


Pi  on  OX  passes  through 
Ai,  Bi,  Ci,  Di  to  El,  and  P, 
has  altogether  been  dis- 
placed for  a  nett  distance 
OEi,  which  is  the  projection 
ofOE. 

.*.  the  sum  of  the  pro- 
jections   of    a    number    of 


vectors  OA,  AB, 


DEis 


equal  to  the  projection  of  their  sum  OE. 

As  before,  this  result  holds  good  whatever  the  position  of  the  vectors 
considered. 

In  the  figure  let  a,  b,  c,  d,  e,  f  be  the  vectors  OA,  AB,  BC,  CD,  DE,  OE 
respectively. 

We  have  a  +  b  +  c  +  d  +  e=f. 

Then,  if  /  be  a  unit  vector  along  OX,  the  projection  of  any  vector  ^  on  OX 
is  the  scalar  product  / .  a,  and  we  have  shown  that  the  sum  of  the  projections 
of  ct^  b,  c,  d,  e  is  equal  to  the  projection  of  their  sum/. 

.*.  i{a  ■{-  b  +  G  +  d  +  e)  =  if  =.  ia  +  ib  +  ic  +  id  +  ie 

Let  p  be  a  vector  of  any  size  along  OX.  Then,  since  /  is  of  unit  length, 
pi  =  p,  and  multiplying  both  sides  of  the  above  equation  by^,  we  get 

p{a  +  b  +c  +  d  +  e)  =  pa  +  pb  +  pc  +  pd  +  pe 

This  is  the  Distributive  Law  for  scalar  products  of  two  vectors.  We 
have  already  pointed  out  that  this  law  holds  when  the  sum  of  a  number  of 
vectors  is  multiplied  by  a  scalar  quantity,  we  have  now  shown  that  it  also 
holds  when  the  sum  of  a  number  of  vectors  is  multiplied  by  another  vector 
so  as  to  form  a  scalar  product. 
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Examples.— LXXXIX. 

1.  If  a  =  34oo,  6  =  5ii50,  C  =  4x10,  find  the  vector  sum  a  +  b,  and  the  scalar 
products  c{a  +  6),  ca,  and  cb,  and  verify  that  c(a  +  b)  =  ca  +  cb. 

2.  Verify  in  the  same  way  that  c{a  —  6)  =  ca  —  c6  for  the  case  when  a  =  2"jj^o, 

b  =  3'Il340.   c  =   I'920»O. 

161.  Calculation  of  the  Sum  of  a  Number  of  Vectors. — The  dis- 
tributive law  for  scalar  products  gives  a  method  of  calculating  the  sum  of  any 
number  of  vectors. 

Let  the  vector  S  be  the  sum  of  the  vectors  a,  b,  c,  d.     We  have 

a  +  b  +c  +  d  =  S 

Taking  unit  vectors  /  and  j  along  the  axes  of  x  and  j^,  we  have  by  the 
distributive  law 

ai  +  6/  +  ci  +  di  =  Si 

Or,  in  words,  the  projection  of  S  on  the  axis  of  x  is  equal  to  the  sum  of  the 
projections  a,  b,  c,  and  d  on  the  axis  of  x. 
So  also 

aj  +  bj  +  cj  +  dj  =  Sj 

Or,  the  projection  of  S  on  the  axis  ofy  is  equal  to  the  sum  of  the  projections 
of  a,  b,  c,  and  d  on  the  axis  of  j. 

We  thus  calculate  the  projections  of  the  required  vector  sum  on  the  two 
axes. 

The  numerical  magnitude  of  S  is  equal  to  the  square  root  of  the  sum  of 
the  squares  of  Si  and  Sj\     Also  the  tangent  of  the  angle  which  S  makes  with 

OX  =  J^  and  thus  the  direction  of  S  is  foimd. 


Example. — Lei  a  =  3,20,  b  =  4imo,  c  =  2„,o.     Calculate  the  value  of  the  vector 
sum  S  =  a  +  6  +  c. 

Take  the  base  line  from  which  the  given  angles  are  measured  as  the  axis  of  jc,  and 
a  straight  line  OY  perpendicular  to  it  as       ' 
the  axis  of  ^. 

Then  we  have  seen  that  the  sum  of 
the  projections  of  a,  6,  c  on  OX  is  equal 
to  the  projection  of  S  on  OX  ;  i.e.  in 
the  figure,  OA^  +  A,Bi  +  BiC,  =  OC„ 
each  projection  being  taken  with  its 
proper  sign. 

Therefore,  if  /  be  a  unit  vector  in  the 
direction  OX, 

sum  of  projections  of  a,  6,  and  c  on  OX 

=  ai  +  6/  +  c/  =  3  cos  62°  +  4  cos  \()^ 

+  2  cos  280° 
=  3  XO-469S-4  X  0-9659  +  2  X  0-1736 
=  —  2-1079  =  projection  of  5  on  OX 

=  Si  =  OCi 

Similarly,  if 7  is  a  unit  vector  in  direction  OY, 

8um  of  projections  of  a,  d,  and  c  on  OY 

=  aj  +  bj  +  cj  =  3  sin  62°  +  4  sin  165°  +  2  sin  280P 

3:  3  X  0-8829  +  4  X  0-2588  -  2  X  0-9848 

=  I -7143  =  projection  of  6?  on  OY  =  Sj  =  OCj 


— x. 
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=  (- 2-108)' +  (1714)'  =  7-38 
.-.  8  =  ^7-3$  =  2-717 

To  find  the  direction  of  S,  we  have,  if  d  be  the  angle  which  S  makes  with  OX, 

/.  0  =  (180°  -  39°)  =  141° 

/.  S  =  27i7,,io 

The  student  should  compare  this  value  of  5  with  the  value  obtained  by  construction 
and  measurement. 

Similarly,  to  calculate  the  value  of  S  =  a  —  b  +  c,  we  find  the  values  of 
ai  —  bi  +  ci  and  aj  —  bj  +  cj,  which  are  the  projections  of  S  on  the  axes,  ai>d  thus 
the  value  of  S  may  be  calculated. 

The  same  method  may,  of  course,  be  used  when  the  vectors  are  forces,  in  order  to 
find  their  resultant. 

Examples. — XC. 

Work  Examples  LXXXL,  Nos.  1  to  9,  by  calculation,  and  compare  with  the 
results  previously  obtained  by  constructivin. 

11.  The  following  forces  act  at  a  point  O  : — 

Si»°f     7»S°>     3l4«0|     52250»     4290°' 

The  magnitude  of  each  face  is  given  in  pounds,  and  the  given  angles  are  the  angles^ 
which  the  respective  forces  make  with  a  straight  line  OX.  Find  the  magnitude  and 
direction  of  the  resultant  of  the  given  forces  both  by  calculation  and  construction. 

12.  The  following  forces  act  at  a  point.  Find  their  resultant  by  calculation  and 
construction. 

0«lO,     8,,pO,     3lT«°»     4230O|     9a4«0' 

13.  AB,  BC,  CD  ...  are  straight  passages,  called  drifts,  in  a  mine  in  the 
same  horizontal  plane.  Their  lengths  and  the  angles  which  they  make,  with  a 
straight  line  running  from  S.  to  N.,  are  measured  as  follows  : — 


Drift. 

Length  (linl 

ks). 

Angl< 

E  with  meridian. 

AB 

265 

180° 

BC 

128 

92° 

CD 

104 

142° 

DE 

71 

67-5° 

EF 

292 

156° 

FG 

633 

260° 

ngth  and  direction  of  a 

drift  bored  from  B  to  G  ?    Work  both 

by  calculation  and  construction,  and  compare  results. 

14.  With  the  same  data  as  in  the  last  example,  it  is  required  to  bore  from  some 
point  in  the  drift  FG  a  drift  which  shall  come  out  at  B,  and  be  in  the  same  straight 
line  with  BA.  Calculate  the  distance  from  F  of  the  point  from  which  the  new  boring 
must  start,  the  angle  between  the  new  boring  and  FG,  and  the  length  of  the  new 
boring.     Verify  by  construction. 

Note. — If  K  be  the  required  point  on  FG,  the  sum  of  the  projections  of  BC, 
CD,  DE,  EF,  FK,  on  an  axis  at  right  angles  to  AB  is  zero. 

15.  A  drift  is  to  be  bored  from  D  to  G.  What  is  its  length,  and  what  angle  does 
it  make  with  CD  ? 

162.  Centre  of  Gravity  of  a  Number  of  Particles. — The  distributive 
law  gives  a  proof  of  the  method  of  finding  the  rectangular  co-ordinates  of 
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the  centre  of  gravity  of  a  number  of  weights  at  points  whose  co-ordinates  are 
known. 

It  was  proved  in  p.  294  that  if  G  is  the  centre  of  gravity  of  weights  m^  at 
P„  /«2  at  Pa .  W3  at  P3  .  .  .  and  O  is  any  point,  then,  in  the  notation  of  vector 
algebra, 

(wi  +  W2  +  '«3  +  •  •  ^)  OG  =  WjOPi  +  w^OPa  +  m^OP^  +  .  '.  . 

Take  two  rectangular  axes  OX  andOY.  Let  (jr^yi),  (^2^2)  ...  be  the 
co-ordinates  of  Pi,  P^,  .  .  .  and  let  (x^  y)  be  the  co-ordinates  of  G. 

Form  the  scalar  product  of  each  side  of  the  above  equation  with  the  unit 
vector  /  along  OX. 

Then,  by  the  distributive  law, 

(wj  +  »f2  -1-  W3  +  .  .  .)OG/  =  m^ .  OPi  .i  +  m^.  OP2 .1  +  m^.  OP3  .  /  i- .  .  . 
But  OG .  /'  =  ^  ;  OPi/  =  x^ ;  OP^i  =  x^  .  .  . 

.*.  (wi  +m2  +  m^  +  .  .  .).r  =  m^x^  +  m^x^  +  m^x^  +  .  . . 
Or,  as  it  is  usually  written, 

X  =  ?^^ 

where  Ifmx)  denotes  the  sum  of  all  the  terms  of  the  form  mx. 
Similarly,  by  multiplying  by  a  unit  vector  y  along  OY,  we  get 

^-    2(/«) 

Example. — Fint/  the  co-ordinates  of  the  centre  of  gravity  of  the  following  weights  : 
I  Id.  at  the  point  (i,  2*5) ;  2  lbs.  at  (0-5,  i) ;  3  lbs.  at  (i-6,  1-5)  ;  4  lbs.  at  (1-9,  o'S)  j 
6  lbs.  at  (2'5,  2'5) ;  3  lbs.  at  (3-2,  1-9). 

We  have 

--_  ^{mx)  ^  (I  X  I)  +  (2  X  0-5)  -i-  (3  X  1-6)  -K4  X  1-9)  +  (6  X  2-5)  +  (3  X  3-2) 
2M  1+2+3+4+6+3 

,390 
19 

Similarly 
-  ^  :i{my)  ^  (I  X  2-5)  +  (2  X  I) +  (3  X  i-5)  +  (4XO'5)  +  (6x  2'5)  +  (3  x  1-9) 
^       2(«)  1+2  +  3+4  +  6  +  3 

=  317  =  ,.67 
19 

,*,  the  centre  of  gravity  is  a  point  G  whose  co-ordinates  are  (2*053,  1*67). 

Example. — Find  and  show  in  a  figure  the  position  of  the  centre  of  gravity  of  tht 
following  weights  at  the  points  given  by  the  corresponding  valttes  of  x  and y. 


2-053 


Weights 

4 

3 

6 

3 

3 

* 

2 

4-2 

2-S 

1-2 

3 

y 

35 

2*3 

4'5 

31 

2 

Answer  x  —  2'(il. 
y  =  3*34- 
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163.  Principles  of  Virtual  Work  and  Virtual  Velocity.— If  the 
vectors  a,  b,  c,  d,  e  are  forces  acting  at  a  point,  and  a  displacement  p  is  given 
to  their  point  of  appHcation,  while  their  directions  remain  unchanged,  the 
scalar  products  in  the  equation 

pa+  pb  +  pc  +  pd  +  pe  =p{a  +b  +  0  -{-d  +  e)  =  pf 

give  the  work  done  by  each  force  and  by  the  resultant  /,  and  the  distributive 
law  expresses  the  theprem  that  the  sum  of  the  work  done  by  all  the  forces  is 
equal  to  the  work  done  by  their  resultant. 

If  the  forces  are  in  equilibrium  their  resultant  is  zero,  and  the  sum  of  the 
work  done  by  all  the  forces  is  zero. 

This  is  the  principle  of  Virtual  Work  in  mechanics. 

Similarly,  if  p  is  the  velocity  of  the  point  of  application  of  the  forces,  the 
scalar  products  are  the  powers,  or  rates  of  doing  work  of  the  respective 
forces  and  of  their  resultant. 

The  distributive  law  then  expresses  that  if  the  point  of  application  of  the 
forces  be  supposed  to  have  any  velocity,  the  sum  of  the  powers  of  the  various 
forces  is  equal  to  the  power  of  their  resultant.  Or,  if  they  are  in  equilibrium, 
the  sum  of  their  powers  is  zero.  This  is  the  principle  of  Virtual  Velocities 
in  mechanics. 


164.  Use  of  Brackets. — We  may  now  extend  the  distributive  law  to  the 
multiplication  of  two  expressions  in  brackets. 
Consider  the  scalar  product 

(a  +  b)[c  +  d) 

(o  +  b)  denotes  a  single  vector,  which  is  the  vector  sum  of  a  and  6. 
,'.  by  the  distributive  law,  as  shown  in  §  i6o, 

(a  +  6)(c  +  fl^)  =  (a  +  b)o  +  (a  +  b)d 

We  now  get  the  sum  of  two  separate  products  (a  +  b)c  and  (a  4-  b)d,  and, 
applying  the  distributive  law  to  each  of  these,  we  get 

(a  +  6)(c  +  (/)  =  ac  4-  6c  +  a(/  4-  6(/ 

This  may  be  extended  to  the  scalar  product  of  two  brackets  containing 
any  number  of  terms  connected  by  plus  or  minus  signs,  since,  for  any  vector 
having  a  minus  sign,  we  may  substitute  a  positive  vector  in  the  opposite 
direction. 

We  have  previously  shown  that  the  commutative  law  ab  =  ba  holds  good 
for  the  scalar  products  of  two  vectors.  Since  each  bracket  denotes  a  single 
vector,  this  law  also  holds  good  for  the  scalar  product  of  two  brackets  con- 
taining vectors  connected  by  the  plus  or  minus  signs. 

All  the  operations  of  ordinary  scalar  algebra  involving  the  use  of  brackets 
and  the  multiplication  of  not  more  than  two  quantities,  can  be  shown  to 
depend  on  these  two  laws,  the  distributive  law  and  the  commutative  law. 

It  follows  that  we  may  proceed  with  the  scalar  products  of  two  vector 
expressions  of  the  first  degree,  exactly  as  with  products  of  two  scalar 
quantities  in  ordinary  algebra.    E.g.  the  result 

(a  +  6)'  =  a»  +  2ab  +  6« 

holds  good  when  a  and  6  are  vectors ;  a  +  6  means  their  vector  sum,  ab 
means  the  scalar  product  of  a  and  6,  and  the  squares  as  shown  in  §  154  are 
the  squares  of  the  numerical  magnitudes  of  the  vectors  a  +  b^  a^  and  b  :  for 
the  proof  of  this  result  in  ordinary  scalar  algebra  only  depends  on  the  dis- 
tributive law,  and  therefore  holds  equally  well  for  vector  algebra. 
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Example. —  To  prove  that  the  sum  of  the  squares  on  the  two  sides  containing  the 
right  angle  of  a  right-angled  triangle  is  equal  to  the  square  on  the  hypotenuse. 

Let  BC,  CA  be  two  vectors  a  and  6  at  right 
angles,  and  let  the  vector  BA  =  c.  Then,  by  vector 
addition,  c  =  a  +  6. 

Squaring,  we  get 

a*  +  2a6  +  6' 


or,  since  a* 


a\b^ 


^«,  ab  =  ab  cos  BCA,  c^  =  r» 


i-«  =  a'  +  2ab  cos  90°  +  ^' 


Fig.  14a. 


=  a»  4-  ^' 
I.e.  the  sum  of  the  squares  on  BC  and  CA  is  equal  to  the  square  on  AB, 


166.  Gteneral  Proof  of  the  Formula 

cos  (^1  —  ^2)  =  cos  ^1  cos  ^2  +  sitt  ^1  sin  B^ 

This  formula  has  already  been  proved  in  Chapter  IV.,  for  the  case  where 
^,  and  ^2  are  acute  angles.    We  can  now 
prove  it  for  the  case  when  6^  and  6^  are    y 
angles  of  any  magnitude. 

Take  two  points,  Pj  and  Pj,  whose 
polar  co-ordinates  are  (r^,  B^  and  (rg,  ^2)- 
Let  (;ri,  y-^  and  {x^^  y^  be  the  rectangular 
co-ordinates  of  Pj  and  Pa. 

Regard  jr,,  t/,,  r^  as  vectors  in  directions 
ONj,  NjPi,  OPi,  so  that  by  vector  addition 


and  similarly 


''i  =  -«fi  +  yi 


Jfs  +  ^s 


Forming  the  scalar  product  of  r\  and 
r^  we  get 


by  the  distributive  law, 


^1^2  +  y,!/. 


since  the  scalar  product  of  two  perpendicular  vectors  is  zera 
.*.  putting  in  the  values  of  the  scalar  products,  we  get 

r^r^  cos  P20Pi  =  x^x^  cos  0°  +  y^y^  cos  o® 
r^r^  cos  (^1  -  ^2)  =  ^1^2  +/i>'2 

/.  COS  (^1  -  ^a)  =  —  •  -  +  -  •  -- 

M       ^2  '1      '2 

=  COS  ^1  COS  ^2  +  sin  B-^  sin  ^2 

This  proof  holds  for  any  values  of  B^  and  B^.    We  may  therefore  write 
-  B^  for  ^2»  and  we  get 

cos  (^1  +  ^2)  =  cos  B^  cos  ^2  —  sin  ^i  sin  ^, 
By  changing  ^i  to  ^1  +  -,  we  get,  since 
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cos  ( ^1  +  ^2  +  ^)  =  -  sin  {01  +  ^2) 

cos  (^1  4-  "^  j  =  —  sin  ^1,  sin  f  ^1  +  ^  j  =  cos  dy 

.*.  sin  (Oi  +  $2)  =  sin  B^  cos  0^  +  cos  ^j  sin  (9, 
and,  changing  the  sign  of  S^i  we  get 

sin  (^1  —  ^2)  =  sin  6^  cos  6.^  -  cos  61  sin  ^2 

Examples. — XCI. 

1.  Prove  the  formula  in  trigonometry, 

a*  =  ^'  +  ^*  —  2dc  cos  A 
by  vector  algebra. 

2.  If  R  is  the  resultant  of  two  forces,  P  and  Q,  acting  at  a  point  so  that  0  is  the 
angle  between  P  and  Q,  prove  that 

R2  =  P»  +  Q'  +  2PQ  cos  e. 

3.  ABC  is  a  triangle,  and  D  is  the  mid  point  of  BC.     Prove  that 

AB*  +  AC^  =  2AD»  4-  2DB'. 

4.  With  the  same  figure  as  in  question  3,  prove  that 

AD^  -  DC^  =  AB  .  AC  cos  A. 

5.  Prove  that  the  sum  of  the  squares  of  the  distances  of  the  two  ends  of  a  diameter 
of  a  given  sphere  from  a  given  point  is  the  same  whatever  diameter  be  taken. 

6.  Explain  the  physical  meaning  of  the  commutative  law  for  scalar  products  when 
the  two  vectors  are  a  force  and  a  displacement  respectively. 

7.  a,  by  c,  and  d  are  the  sides  of  a  quadrilateral,  none  of  whose  angles  are  greater 
than  180°.  o  and  jS  are  the  angles  between  a,  b  and  by  c  respectively  ;  7  is  the  angle 
between  a  and  c  when  they  are  produced  to  meet,  a,  )8,  and  7  are  taken  as  the 
angles  which  face  towards  d  at  each  point  of  intersection.     Prove  that 

i/»  =  a'  +  ^'  +  r*  —  2,ab  cos  a  —  2bc  cos  /3  —  2ca  cos  7. 


166.  Field  of  a  Vector. — This  section  is  chiefly  intended  for  students  of 
electricity. 

Consider  the  case  of  a  stream  of  water  in  steady  motion.  At  every  point 
in  the  interior  of  ihe  stream  the  velocity  of  the  water  is  a  vector  having  a 
definite  magnitude  and  direction. 

If  any  vector  satisfies  this  condition  throughout  any  region  of  space, 
that  region  is  called  the  field  of  the  vector.  In  the  above  example  the 
region  of  space  occupied  by  the  stream  is  the  field  of  the  velocity  of  the 
water  regarded  as  a  vector. 

Consider  any  limited  space  on  the  earth's  surface,  such  as  the  interior  ofi 
a  room. 

The  weight  of  a  given  mass  is  a  vector,  which  has  the  same  magnitude 
and  direction  at  every  point  in  the  room.  The  interior  of  the  room  is,, 
therefore,  the  field  of  a  vector,  and  when,  as  in  this  case,  the  vector  is  the 
same  at  every  point,  the  field  is  called  a  uniform  field. 

At  every  point  in  the  space  near  the  poles  of  a  magnet  the  magnetic  force 
is  a  vector  which  has  a  definite  value,  and  changes  continuously  as  we  pass- 
from  point  to  point.  This  space  may,  therefore,  be  regarded  as  the  field  06 
the  magnetic  force,  and  is  usually  spoken  of  as  a  magnetic  field- 

The  conception  of  a  magnetic  field  is  of  great  importance  in  electricity^ 
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It  Is  usual  to  represent  the  direction  of  the  magnetic  force  vector  by  lines, 
called  lines  of  force,  supposed  to  pass  through  the  field  so  that  at  every 
point  their  direction  is  the  same  as  that  of  the  force. 

The  magnitude  of  the  force  is  represented  by  the  number  of  lines  which 
cross  a  square  centimetre  of  a  surface  at  right  angles  to  the  direction  of  the 
field.  Thus  in  air  we  may  have  8000  lines  to  the  square  centimetre,  and  in 
iron  18,000  lines  of  induction  per  square  centimetre. 

167.  Plow  or  Flux  of  a  Vector  across  a  Surface.— Consider  the  case 
of  a  stream  flowing  with  uniform  velocity  v  feet 
per  second  at  every  point,  and  suppose  a  plane 
surface  is  drawn  in  the  fluid,  making  an  angle  B 
with  the  direction  of  flow.  Then  we  may  re- 
quire to  find  the  amount  of  fluid  which  flows 
across  a  unit  area  of  the  surface  in  one  second. 

Let  ABCD  be  a  square  of  one  foot  side 
perpendicular  to  the  direction  of  flow,  and 
having  the  side  AB  in  the  given  surface.  Let 
the  lines  of  flow  through  C  and  D  meet  the 
given  surface  in  E  and  F,  and  complete  the 
rectangle  ABEF. 


Fig.  144. 


BO  I 

Then  BEC  =  B  and  BE  =  -^.  =  -A-,  ft. 
sm  6      sm  6 


area  ABEF  =  AB  .  BE 


sin  6 


sq.  ft. 


Now,  since  ABCD  is  one  square  foot  in  area,  and  the  fluid  flows  through 
this  square  at  the  rate  of  v  feet  per  second,  it  follows  that  v  cubic  feet  of  the 
fluid  flow  through  ABCD,  and  therefore  through  ABEF,  in  one  second. 

Therefore  the  volume  of  the  fluid  flowing  through  one  square  foot  of  the 
surface  in  each  second  is 


ABEF 


=  V  sin  B  cu.  ft. 


Sin  ^  is  the  cosine  of  the  angle  between  the  vector  u  and  a  unit  normal  n 
drawn  from  the  surface  ABEF  on  that  side  to  which  the  stream  is  flowing, 
and  thus  we  may  also  state  the  above  result  as  follows : — 

The  volume  of  fluid  flowing  through  one  square  foot  of  the  surface  in  each 
second  is  equal  to  the  scalar  product  of  the  vector  u  and  a  unit  normal  drawn 
from  the  surface  on  the  side  to  which  the  stream  is  flowing. 

For  example,  in  a  stream  flowing  uniformly  at  10  ft.  per  second,  the  flow 
per  square  foot  across  a  surface  making  an  angle  of  40°  with  the  stream 
lines  is 

10  sin  40°  =  6*428  cu.  ft.  per  second 

Similarly,  we  may  say  that  in  any  vector  field  the  flow  or  flux  of  the  vector 
across  unit  area  of  a  surface  is  the  scalar  product  of  the  vector  and  a  unit 
normal  drawn  from  the  surface  on  the  side  to  which  the  vector  passes.  An 
important  example  of  this  occurs  in  the  case  of  the  magnetic  field  where  the 
flow  of  the  magnetic  induction  vector  across  a  surface  in  the  field  is  spoken 
of  as  the  magnetic  flux  per  unit  area  across  that  surface. 

Example. — /«  a  magnetic  field  0/6000  lines  per  square  cetitimetre,  to  find  the  fiux 
per  square  centimetre  across  a  surface  making  an  angle  of  ^^°  with  the  field. 
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Here  the  angle  between  the  normal  and  the  field  is  55°,  and  therefoie  the  flux 
across  the  surface  is  6000  X  i  X  cos  55°  =  3442  lines  per  sq.  cm. 


Examples. — XCII. 


1.  If  the  intensity  of  a  magnetic  field  in  air  is  8000  lines  per  square 
i  the  flux  across  surfaces  inclined  at  angles  of  {a)  85**,  {d)  45*,  {c) 


centimetre, 
find  the  flux  across  surfaces  inclined  at  angles  of  {a)  85°,  {6)  45°,  {c)  5®,  to  the 
direction  of  the  field. 

2.  The  intensity  of  a  magnetic  field  in  iron  is  18,000  lines  of  induction  per  square 
centimetre.  Find  the  flux  per  square  centimetre  across  surfaces  inclined  at  angles  of 
{a)  77°,  (6)  61°,  {c)  43°,  {d)  2°,  to  the  field. 

3.  Find  the  flux  per  square  centimetre  across  a  surface  inclined  at  an  angle  of  61° 
to  the  direction  of  a  field  of  12,400  lines  per  square  centimetre. 

4.  0*525  inches  of  rain  fell  on  a  certain  day.  How  many  cubic  feet  of  water  fell 
on  a  roof  252  sq.  yds.  in  area,  and  inclined  at  an  angle  of  40**  to  the  vertical  ?  The 
rain  is  supposed  to  fall  vertically. 

Note. — The  expression  "  one  inch  of  rain  "  means  that  if  the  rain  which  falls  on  a 
horizontal  surface  is  not  allowed  to  escape,  it  will  cover  the  surface  to  a  depth  of 
one  inch. 

5.  A  stream  is  flowing  at  7*3  miles  per  hour.  Find  the  flow  per  square  foot  per 
hour  across  a  surface  making  an  angle  of  30°  with  the  stream. 

6.  A  valley  runs  east  and  west,  and  its  sides  have  a  mean  slope  of  20°  to  the 
horizontal.  Compare  the  quantities  of  sunshine  received  per  square  yard  by  the  two 
sides  of  the  valley  when  the  sun  is  due  south  at  an  elevation  of  70°. 

168.  Vector  Products. 

Definition. — The  vector  product  of  two  vectors  a  and  6  is  a  vector  c,  whose 
numerical  magnitude  is  ab  sin  6,  where  Q  is  the  angle  included  between  a 
and  6.  Its  direction  is  perpendicular  to  the  plane  of  a  and  6,  and  is  such  that 
to  a  person  facing  in  the  direction  of  c  a  clockwise  rotation  passes  from  a  to  6. 

The  vector  product  is  written  I^a6. 

We  may  state  the  direction  in  another  way,  by  saying  that  if  the  angle  B 
is  always  measured  from  a  to  6  in  a  counter-clockwise  direction,  then  a 
positive  value  of  the  vector  product  ab  sin  B  indicates  that  it  is  directed 
towards  the  spectator;  a  negative  value,  that  it  is  directed  from  the 
spectator. 

The  rule  for  direction  is  most  easily  remembered  by  imagining  that  an 
ordinary  right-handed  screw  is  being  turned  from  a  to  6  in  the  direction  in 
which  B  is  measured.  Then  the  screw  will  move  forward  in  the  direction  of 
the  vector  product  0 


E.^.y  in  Fig.  145,  if  a  right-handed  screw  is  turned  from  a  to  6  it  will 
pass  down  into  the  paper,  and  accordingly  the  direction  of  the  vector 
product  Vab  is  down  into  the  paper  and  perpendicular  to  it. 

In  Fig.  146,  if  a  right-handed  screw  is  turned  from  a  to  6  it  will  move 
forward  from  the  paper  towards  the  spectator,  and,  therefore,  the  direction 
of  Vab  is  towards  the  spectator. 

169.  Geometrical  Representation  of  the  Vector  Product. — Let  a 
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and  6  be  two  displacement  vectors,  and  construct  a  parallelogram  of  which 
they  are  two  adjacent  sides.  Then  ab  sin  6  is  equal  to  the  area  of  this 
parallelogram.  We  may  thus  obtain  a  way  of  looking  at  the  vector 
multiplication  of  two  vectors  as  a  process  in  the  geometry  of  motion. 

We  may  say  that,  to  form  the  vector  product  Vab  of  a  multiplied  by  6,  we 
move  the  vector  a  parallel  to  itself  through 
a  displacement  equal  to  the  vector  6. 
Then  draw  a  line  at  right  angles  to  the 
plane  of  the  parallelogram  thus  traced  out, 
in  the  direction  given  by  the  above  rule, 
and  mark  off  along  it  a  length  numerically 
equal  to  the  area  of  the  parallelogram. 
Then  this  line  of  definite  length  is  the 
vector  product  of  a  and  6.  q' ^ 

Students  familiar  with  the  working  of 
Amsler's  planimeter  will  note  that  if  a  is  Fig.  147- 

the  free  arm  carrying  the  roller,  the  instru- 
ment registers  the  numerical  magnitude  of  the  total  vector  product  of  the 
length  of  the  arm  a  regarded  as  a  vector,  and  the  vector  displacement  of  the 
tracing  point. 

It  can  be  shown  that  areas  swept  out  by  rotation  of  the  free  arm  cancel 
each  other  in  passing  round  a  closed  curve,  and  that  the  area  enclosed  in  the 
curve  is  equal  to  the  total  vector  product  as  registered  by  the  rolling  wheel. 

We  may  now  express  the  rule  for  the  direction  of  the  vector  product  in 
another  way.  If  the  paper  is  held  facing  the  observer,  so  that  a  points 
upwards,  then,  if  a  is  moved  to  the  right  through  the  displacement  6,  the 
vector  product  Vab  is  directed  away  from  the  observer  ;  while,  if  a  is  moved 
to  the  left,  Vab  is  directed  towards  the  observer. 

170.  Commutative  Law. — In  multiplying  two  numbers  together  it 
does  not  matter  which  we  take  first,  i.g.  ab  =  ba^  and  we  have  shown  that  the 
same  law  is  true  of  scalar  products.  Vector  products,  however,  do  not  obey 
this  commutative  law. 

In  the  figure,  the  direction  of  the  vector  product  Vab  is  found  by  imagining 
that  a  right-handed  screw  is  turned  from  a  to 
6.     It  will  pass  down  into  the  paper  so  that 
the  direction  of  Vab  is  away  from  the  observer. 

To  find  the  direction  of  Vba  we  suppose  a 
right-handed  screw  to  turn  in  the  opposite 
direction  from  6  to  a  ;  in  this  case  it  will  move 
up  through  the  paper  towards  the  observer. 
Thus  the  direction  of  Vba  is  opposite  to  that 
of  Vab. 

The  two  products  Vba  and  Vab  have  the  fig.  148. 

same  numerical  magnitude  ab  sin  B  =  ba  sin  6. 

:.  Vab  and  Vba  are  equal  in  numerical  magnitude,  but  opposite  in 
direction  or  sign. 

We  get  the  law 

Vab  = -Vba 

This  is  an  important  difference  between  vector  products  and  scalar 
products,  which,  as  we  have  seen,  satisfy  the  corresponding  law 

ab  =  ba 

We  get  the  same  result  by  taking  into  account  the  direction  in  which  B  is 
measured  in  calculating  the  magnitude  of  the  vector  product,  for,  if  ab  sin  B 
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is  positive  when  0  is  measured  from  a  to  6,  it  will  be  negative  when  B  is 
measured  from  6  to  a,  i.e.  when  the  sign  of  6  is  changed. 

171.  Eule  of  Signs. — Vector  products  obey  the  same  rule  of  signs  as  the 
products  of  scalar  quantities. 

For  consider  the  effects  of  a  change  of  sign  in  a  or  6,  or  both,  on  the 
vector  product  Vab.    (Fig.  148.) 

If  a  screw  passes  downwards  when  turned  from  a  to  6  at  O,  it  will  pass 
upwards  when  turned  from  a  to  —  6, 

/.  K(a6)  =  -  K(a  .  -  6) 

So  also,  if  turned  from  —  a  to  —  6  at  O,  the  screw  will  move  forwards  in 
the  same  direction  as  when  turned  from  a  to  6. 

/.  Vab=  V{-a.-b) 

Thus  the  "  rule  of  signs  *  of  ordinary  scalar  algebra  also  applies  to  vector 
products. 

The  working  of  an  Amsler's  planimeter  affords  an  illustration  of  the  rule 
of  signs  as  applied  to  vector  products.  The  wheel  registers  positive  vector 
products  by  rolling  one  way,  and  negative  vector  products  by  rolling  the 
opposite  way,  thus  automatically  adding  the  products  up  with  their  proper 
signs.  The  student  who  is  accustomed  to  use  a  planimeter  is  probably 
familiar  with  the  fact  that  if  the  tracing  point  is  taken  the  wrong  way  round 
the  a.»-ea  to  be  measured,  the  result  is  measured  backwards  from  the  zero 
point,  t\f.  with  a  negative  sign. 

Example  (i).—Fitui tJU  vtttor pr»ducU  V(3^ .  s.^)  and  V(6„^  .  5,^). 

The  angle  •  between  34,.  and  5i^  b  73*. 

.-.  V(3,g..  5,„o)  =  3  X  S  X  sin  73» 
=  14-34 

in  a  direction  perpendicolar  to  the  plane  of  the  paper, 
and  towards  the  observer. 

Similarly  V(5,^ .  3^)  b  a  vector  14-34  directed 
away  from  ihc  specUtor. 

The  angle  between  6^,0  and  5,,^  b  iSi". 

A  V(6„^.  s,^)  =  6  X  5  X  sin  i5a» 
=r  140SS 

in  a  direction  away  from  the  observer. 

172.  Magnetic  Field. 

Example  (2).—^  a  straight  canduet^r^  carrying  m  ewrreni  tfC  ampera^  is  piacei 
in  a  uniform  wtagnetic  fidd  •/  intensity  B  Una  per  tquare 
centinutre^  it  experiences  a  farce  of  F  dynes  per  unit  length. 
The  value  astd  direction  eft  are  given  by  the  equation 

F^^V(CB) 

NoU  thai  F,  C,  and  B  are  vectors. 

Find  the  force  experienced  hy  m  straight  wire,  carrying  a 
current  of  3  amps.^  in  a  feid  of  intensity  5000  lines  per 
tfuare  centimetrt.  Tie  dirtetion  of  the  current  tmaket  am 
mmgie  ^(xP  ttith  the  wiagnetu  fuld. 
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=  ri  •  3  •  5«x) .  sin  60**  =  1300  dynes 

/.  the  wire  experiences  a  force  of  1300  dynes  per  centimetre  of  its  length  in  a 
direction  perwndicular  to  the  plane  of  C  and  fi,  and  towards  the  observer  if  the 
directions  of  §  and  ^  are  as  shown  in  Fig.  150. 

Example  (3).— ^^  *  sirai^ki  conductor  he  moved  through  a  wtagnetic  field  of 
intensity  B  lines  per  square  centimetre,  with  a  velocity  q  cm.  per  second,  an  E.M.P. 
of  E  waits,  per  unit  length  will  he  induced.  The  value  and  direction  of  E  are  given  hy 
the  equation 

E=^V(q.B).  io-«  volts. 

f  ,  q,  and  B  are  vectors. 

A  straight  wire  in  the  armature  of  a  dynamo  is  hdng  mooed  at  right  angles  to  itsdf 
with  a  velocity  of  2400  cwu.  per  second  through  a  magnetic  field 
of  6000  lines  per  sqtutre  centimetre.     The  direction  of  the  wire  is 
mt  r^  angles  to  the  field  and  to  the  motion.    Find  the  E.M.F. 
induced  in  the  wire. 

M-         _•!##»%      ^00 .  6000 .  an  90^ 

=  O'  144  volL  per  cm.  length 

If  the  wire  is  supposed  to  be  perpoidicnlar  to  the  plane 
of  the  paper,  and  to  be  moTed  in  the  direction  of  the  arrow,  Fic.  is> 

the  iadsced  E.M.F.  is  directed  from  the  obserYor. 


Examples.— XCni. 

Fiitd  the  following  vector  products ;  specify  the  direction  of  each  by  reference  to 
a  figure. 

1.  ^5,^.6,*^  2.  YSso>   7i„..  8.  ¥6^ .  7^. 

4.  Vj^^.e^  5.  ^3^.4.,-  e.  K(3,^K-4«-). 

7.  l^(-3.^)(-4,,-)-  8.  K(-3^)(4.^). 

8.  A  wire  is  moved  with  a  velocity  of  1320  cm&  per  second  at  right  angles  to  its 
length,  across  a  magnetic  fidd  of  5000  lines  per  square  centimetre,  in  a  direction 
making  an  angle  of  81**  with  the  direction  of  the  field.  Wliat  E.M.F.  will  be 
developed  per  wnit  length  of  the  wire  ?     Explain  its  direction  by  means  of  a  %nre. 

10.  Find  the  force  on  a  wire  carr3ring  a  corrcnt  of  4  amps,  in  a  magnetic  field  of 
intensity  5535  lines  per  square  centim^re,  the  corrent  maldi^  an  angle  of  65^  with 
the  direction  of  the  field.  If  the  direction  of  the  field  be  taken  firom  Idt  to  right,  and 
the  ai^le  65*  as  beii^  mcasiued  in  a  ooonter-clockwise  direction  firom  the  field  to  the 
cnrrent,  state  the  directioa  of  the  force. 

173.  Distribative  laaw^. — ^To  prove  that  ▼ector  products  satisfy  the 
equation 

Ka(6  +  e)  =  Ka6  +  Kae 

u^iere  die  sign  +  of  course  denotes  vector  addition. 

We  shall  here  confine  ourselves  to  the  case  where  a,  6,  and  e  are  in  the 
same  plane. 

In  the  figure  let  AB  =  o,  AC  =  b,  and  CD  =  c 

Then  AD  =  6  +  e. 

We  shall  consider  the  vector  products  as  the  result  of  a  geometrical 
process,  as  explained  in  §  169. 

I.  Let  6  and  e  be  both  directed  to  tbe  same  side  of  a,  as  in  Fig.  152. 

To  form  ¥tt{b  +  e)  we  move  AB  parallel  to  itself  along  AD,  thus  tracing 
out  the  paiallelogram  ABED.     Similariy  ¥ab  is  given  by  the  area  ABFC. 
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And,  since  CF  =  a,  Vac  is  given  by  the  area  CFED. 

And  since  the  three  parallelograms,  AF,  CE,  and  AE,  have  equal  bases, 
and  the  sum  of  the  heights  of  AF  and  CE  is  equal  to  the  height  of  AE,  it 
follows  by  elementary  geometry  that 

ABED  =  ABFC  +  CFED 

i^.  the  vector  a  traces  out  the  same  area  if  moved  through  the  displace- 
ments b  and  c  in  succession,  as  it  does  if  moved  through  the  displacement 
6  +  c. 

Since,  in  the  figure,  the  three  vector  products  which  occur  are  all  directed 
towards  the  observer,  and  perpendicular  to  the  plane  of  the  paper,  ^ab  and 


yac  are  both  in  the  same  direction,  and  their  sum  may  be  found  by  adding 
the  areas  of  the  corresponding  parallelograms  by  ordinary  arithmetical 
addition, 

/.  Va[b  +  c)  =  Vab  +  Vao 

II.  Let  6  and  c  be  directed  to  opposite  sides  of  a,  as  in  Fig.  153. 

Then  the  vector  a  traces  out  the  same  area  if  it  is  moved  parallel  to  itself 
through  the  displacements  CA  and  AD  in  succession,  as  it  does  if  it  receives 
the  displacement  CD. 

/.  V{a){  -  6)  +  Va{b  +  c)  =  Vao 
but  by  the  rule  of  signs  for  vector  products,  §  171, 

V{a){-b)=  -  Vab 
:,  Va{b  +  c)  =  Vab  +  Vac 

Similarly,  if  we  suppose  the  same  displacement  a  is  given  to  6,  c,  and 
6  +  c,  we  obtain  the  equation 

1^(6  +  c)a  =  Vba  +  Vca 

which  can  also  be  proved  from  the  former  case  by  reversing  the  order  of 
multiplication,  and  consequently  the  sign  of  each  vector  product. 

We  may  now  extend  the  distributive  law  to  the  case  of  the  vector  product 
of  any  two  factors,  each  of  which  is  regarded  as  the  sum  of  two  or  more 
vectors. 

Let  a  =  d  +  e. 

Then  by  the  above  result 

V{d  +  e){b  +  c)  =  V{d  +  e)b  +  V{d  +  e)c 

=  Vdb  +  Veb  +  Vdc  +  Vec 

This  may,  similarly,  be  extended  to  the  case  where  the  two  factors  contain 
any  number  of  terms  with  either  plus  or  minus  signs. 
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Thus  in  dealing  with  vector  products  we  may  multiply  two  factors  together 
term  by  term,  and  add  the  results  with  their  proper  signs  as  in  ordinary 
algebra,  and  the  result  will  be  the  vector  product  of  the  two  original  factors. 
We  must,  however,  be  careful  to  keep  the  order,  in  which  any  two  terms 
appear  in  a  product,  constant  throughout  the  work.  In  ordinary  scalar 
multiplication  we  might  write  x  {b  +  c)  =  bx  +  cx^  but  this  is  npt  true  of 
vector  products. 

The  above  proof  of  the  distributive  law  applies  to  vectors  in  the  same 
plane,  and  it  is  not  necessary  here  to  extend  it  to  the  case  of  vectors  in 
different  planes. 


174.  Moment  of  a  Force. 

Let  P  be  a  force  vector,  and  A  any  point. 

Then  we  know  that  the  moment  of  the  force  P  about  A  is  equal  to  the 
magnitude  of  P  multiplied  by  the  perpendicular  drawn  from  A  to  the  force  P. 
This  is  numerically  equal  to  the  vector  product  of  the 
force  vector  P,  and  a  displacement  vector  OA  equal 
to  a  drawn  from  any  point  O  on  the  vector  P  to  the 
point  A. 

We  consider  the  moment  as  a  vector  whose 
direction  is  that  of  the  axis  about  which  it  tends  to 
cause  rotation. 

Thus  the  moment  of  P  about  A  may  be  defined 
as  the  vector  product  \/{P .  a),  and  this  form  of  the 
definition  is  convenient  for  certain  purposes. 

The  point  O  may  be  taken  anywhere  on  the  line 
of  action  of  P.  For,  if  we  take  any  other  point,  such  as  O^  on  P,  the  areas 
of  the  two  parallelograms  formed  by  moving  the  straight  line  representing 
the  force  P  through  displacements  OA  and  OjA  will  be  the  same  by 
elementary  geometry,  and  we  have  shown  that  the  formation  of  vector  pro- 
ducts may  be  represented  by  the  operation  of  forming  these  parallelograms. 


Fig.  154. 


175.  Varignon's  Theorem  of  Moments. — This  theorem  states  that  if 
P  and  Q  be  two  forces  acting  at  a  point,  then  the  algebraic  sum  of  their 
moments  about  any  point  A  in  their  plane  is 
equal  to  the  moment  of  their  resultant. 

Let  P  and  Q  be  the  two  force  vectors. 

Then  the  vector  P  ■\- Q  through  O  is  their 
resultant. 

Draw  the  straight  line  vector  OA  =  a. 

Then  moment  of  /^  =  )/ .Pa 

Moment  of  resultant  P  -V  Q  ^  y{P  -^  Q)a 

But  we  have  proved,  in  §  173,  that  when  P,  Q,  and  a  are  in  the  same 
plane 

V.Pa  +  V.Qa  =  V{P  +  Q)a 

/>.  moment  of  P  +  moment  of  Q  =  moment  of  resultant  (P  +  Q). 

Note  that  this  is  true  whether  A  is  inside  or  outside  of  the  acute  angle 
formed  by  P  and  Q  so  long  as  the  vector  products  are  taken  with  their 
proper  signs. 

Thus  we  see  that  this  important  theorem  in  mechanics  is  a  special  case 
of  the  distributive  law  for  vector  products. 
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Example  (i). — Proz-e  the  formula 

sin  (01  —  ^2)  —  ^^^'  ^1  ^^^  ^2  "  ^^^  ^1  ^^'^  ^2 

directly,  by  a  similar  method  to  that  of  §  165,  using  vector  products  instead  of  scalar 
products. 

Example  (2). — If  a,  6  and  0  are  three  line  vectors  meeting  at  a  point,  prove  that 
the  scalar  product  a)/ bo  is  equal  to  the  volume  of  the  parallelepiped  formed  by 
a,  6  and  c. 

176.  Note  on  the  Theory  of  Multiplication.— Students  often  feel  the 
difficulty  that  the  definitions  of  scalar  and  vector  products  seem  to  be  chosen 
in  an  arbitrary  way.  Why  are  these  called  products  ?  Why  is  the  process 
of  forming  them  called  multiplication  ?  The  following  note  will  make  this 
point  clearer  : — 

In  arithmetic  the  product  of  the  two  integral  numbers  3  and  5  is  defined 
as  the  result  of  taking  3  five  times  over.  But  even  in  arithmetic  we  already 
extend  the  notion  of  a  product  to  cases  where  we  cannot  proceed  in  this 
way.  _  _ 

E.g.^\n  finding  the  value  of  2  x  V3  we  cannot  take  two  v^3  times  over, 
since  ^3  cannot  be  measured  exactly  in  terms  of  any  unit ;  i.e.  it  is  incom- 
mensurable. Similarly,  a  definition  of  the  above  form  does  not  apply  to  such 
products  as  3  X  ^,  2  X  —  5,  —  2  X  —  3. 

We  notice,  however,  that  if  a  and  b  are  two  integral  numbers,  the  product 
ab  satisfies  two  important  laws  : — 

(i)  The  commutative  law,  ab  —  ba\ 

^.^.  3  X  8  =  24  =  8  X  3 

(2)  The  distributive  law,  a{b  +  c)  =  ab  +  ac] 

<f..r- 3x7  =  3x3  +  3x4 

We  take  these  two  laws  together  as  the  definition  of  multiplication  when 
applied  to  any  two  algebraical  quantities,  whether  integral  numbers  or 
fractions,  positive  or  negative,  commensurable  or  incommensurable. 

The  product  ab  of  any  two  algebraical  quantities  a  and  b  is  defined  as  a 
method  of  combining  them  which  satisfies  the  above  two  laws.  By  repeated 
use  of  these  two  laws,  together  with  laws  for  addition  and  subtraction 
previously  found,  we  obtain  all  the  results  of  ordinary  scalar  algebra  involving 
products  of  the  second  degree. 

When  we  seek  to  apply  the  process  of  multiplication  to  vectors  we  find 
the  important  difference  that  vectors  have  direction  as  well  as  numerical 
magnitude,  and  we  have  to  take  this  into  account  in  multiplying  them. 

The  scalar  product  of  two  vectors  is  defined  in  such  a  way  as  to  satisfy 
both  of  the  above  laws.  For  the  vector  product  of  two  vectors  the  second 
law  is  the  same,  while  the  law  Vab  =  —  V6a  takes  the  place  of  the  first  of  the 
above  laws.  The  algebra  which  is  developed  from  the  laws  which  govern 
these  two  species  of  products  supplies  a  powerful  method  of  treating  many 
physical  problems. 
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177.  Rectangular  Co-ordinates  of  a  Point. — We  have  seen  that  the 
position  of  a  point  in  a  plane  is  specified  by  two  rectangular  co-ordinates  x 
and  y^  which  are  its  distances  from  two  perpendicular  axes.  If  these  two 
co-ordinates  are  known,  the  point  is  fixed  in  the  plane.  If,  however,  the 
point  is  not  confined  to  one  plane,  but  may  be  anywhere  in  space,  two 
co-ordinates  are  not  sufficient  to  define  its  position,  for,  even  if  x  and  y  are 
known,  we  may  suppose  the  plane  containing  the  co-ordinates  x  and  y  to 
move  up  and  down  a  third  perpendicular  axis  Oz^  remaining  parallel  to  the 
original  plane  of  the  axes  x  and^. 

In  order  to  fix  the  position  of  the  point,  we  require  to  know  a  third 
co-ordinate  z,  which  fixes  the  position  on  Oz  of  this  plane  containing  the 
point  *P  and  its  co-ordinates  xandy.  Thus  /hre^  co-ordinates  are  required 
to  fix  the  position  of  a  point  in  space. 

For  example,  the  position  of  a  point  in  a  room  is  defined  when  we  know 
its  distances  from  two  adjacent  walls  and  the  floor. 

Accordingly,  the  position  of  a  point 
in  space  is  defined  as  follows  : — 

Take  three  axes  0;r,  Oyy  Oz  at  right 
angles  to  each  other. 

The  position  of  any  point  P  is  defined 
by 

(i)  its  distance  x  measured  parallel 
to  Ox  from  the  plane  Oyzy 

(2)  its  distance  y  measured  parallel 
to  Oy  from  the  plane  Ozx, 

(3)  its  distance  z  measured  parallel 
to  Oz  from  the  plane  Oxy. 

We  may  construct  a  figure  to  show      / 
•  the  position  of  the  point  P  as  follows  : —      x- 

Measure  off  lengths  equal  to  x,  _y, 
and  z  along  the  axes  of  Ox^  Oy,  and  Oz 
respectively.     Construct    a   rectangular 

block  or  parallelepiped  having  these  three  lines  as  adjacent  edges,  then  the 
point  P  is  at  the  corner  of  the  block  opposite  to  O. 

The  point  P,  whose  co-ordinates  are  x,  y,  and  z,  is  known  as  the  point 

Example. —  To  find  the  position  of  the  point  (2,  i,  3),  set  off  distances  2  along  Ojt, 
I  along  Oy,  3  along  O2,  and  construct  a  rectangular  block  having  these  thra  lines  cu 
•edges. 

The  point  (2,  i,  3)  is  at  P  in  figure  157.  We  shall  represent  the  position  of 
points  and  lines  in  this  subject  by  parallel  oblique  projection,  as  in  the  figure. 


FtG.  156. 
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The  plane  oty  and  z  is  supposed  to  be  parallel  to  the  paper  and  facing  the  reader. 
The  lengths  of  the  co-ordinates  y  and  z  will  therefore  be  drawn  correctly  to  scale. 
The  four  edges  of  the  block  parallel  to  Ox  are, 
however,  supposed  to  stand  out  perpendicularly  to 
the  paper  towards  the  spectator  j  they  are,  therefore, 
foreshortened,  and  appear  to  be  of  less  than  their  true 
length. 

We  shall  find  it  convenient  to  suppose  that  the 
figures  are  looked  at  from  above  the  xy  plane,  and 
from  the  right  of  the  zx  plane. 

We  shall  make  the  angles  xOy  and  'zOx  each 
equal  to  135",  and  set  off  all  lengths  parallel  to  O* 
on  a  scale  half  of  that  used  for  y  and  z. 

The  student  should  remember,  however,  that  the 
angles  zOx,  xOy,  yOz,  are  right  angles,  although  it 
is  only  angles  in  planes  parallel  to  yOz  that  are 
drawn  with  their  true  values. 
_  The  planes  xOyt  yOz^  and  zOx  are  called  the 

y^  three  co-ordinate  planes. 

K  By  adopting  this  conventional  mode  of  repre- 

^^G.  157.  sentation,  we  are  enabled  rapidly  to  draw  all  figures 

to  scale  on  squared  paper. 
The  axes  of  y  and  z  are  taken  in  the  direction  of  the  ruling,  and  all  lines  parallel 
to  Ox  are  drawn  along  or  parallel  to  the  diagonals  of  the  squares. 


Fig.  158. 


178.  Signs  of  the  Co-ordinates. — 
If  any  co-ordinate  is  measured  from  O 
in  the  direction  shown  in  Fig.  156,  it 
is  positive ;  if  measured  in  the  oppo- 
site direction  parallel  to  the  corre- 
sponding axis  produced  backward,  it  is 
negative. 

E.^.  the  point  (2,  —  i,  3)  is  shown  by 
measuring  the  distance  i  along  ^O  pro- 
duced, and  2  and  3  on  the  proper  scales 
along  Ox  and  O2 ;  on  completing  the 
rectangular  block  as  before,  we  get  the 
point  Pj  in  Fig.  158. 

The  co-ordinates  of  P,  in  Fig.  158 
are  (-2,  i,  -  i). 

In  this  case  x  Is  measured  away 
from  the  spectator  behind  the  plane  of 
jO^,  and  z  is  measured  below  the  plane 
xOy. 


Examples.— XCIV. 
Draw  figures  showing  clearly  the  position  of  each  of  the  following  points  : — 
(8,  2,  6).  2.  (10,  3,  5).  3.  (I,  I,  o) ;    (i,  o,  i) ;   {o, 


4.  (I,  o,  o) ;    (o,  I,  o) 
6.  (7,  4,  -  2). 


(0,0,  i). 


5.  (-6,5,3). 
7.  (5,  -6,-2) 


179.  Polar  Co-ordinates  of  a  Point. — Consider  the  case  of  a  point  near 
the  door  of  a  room.  Its  position  might  be  defined  as  follows.  Suppose  the 
door  to  be  opened  till  it  passes  through  the  point.  Draw  a  line  from  the 
lower  fixed  comer  of  the  door  to  the  point.  Then  if  we  know  the  length  of 
this  line,  and  the  angle  it  makes  with  a  line  through  the  hinges,  the  position 
of  ths  point  is  fixed  in  the  door. 
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These  two  quantities  are  the  polar  co-ordinates,  r  and  ^,  of  the  point  in 
the  plane  of  the  door.  If  in  addition  we  know  the  angle  through  which  the 
door  is  opened  the  position  of  the  point  is  fixed  in  space.  We  distinguish 
this  angle  by  the  letter  </>,  and  the 
three  quantities  r,  3,  0  are  the  polar 
co-ordinates  of  the  point  in  space. 

Thus  we  may  define  the  polar  co- 
ordinates of  the  point  P  as  follows  : — 

Take  three  rectangular  axes  as 
before.  Let  P  be  the  point  and  join 
OP.  Let  a  plane  through  OP  and  O^ 
cut  the  plane  Oxy  in  ON. 

Draw  PN  perpendicular  to  the 
plane  Oxy,  and  PM  perpendicular  to 
Oz. 

The  rectangular  block  whose  edges 
are  the  rectangular  co-ordinates  x,y 
and  2'  of  P  is  thus  cut  by  a  diagonal 

plane  in  a  section  which  is  the  rect-     *^  Fig.  159. 

angle  ONPM. 

The  polar  co-ordinates  of  P  are — 

(i)  The  distance  r  of  P  from  the  origin. 

(2)  The  angle  6  between  OP  and  the  axis  of  z. 

(3)  The  angle  <f>  between  the  plane  OPN  and  the  axis  of  r. 


Note. — The  angle  between  a  straight  line  and  a  plane  is  measured  by  the  angle 
between  the  line  and  its  projection  on  the  given  plane. 

The  point  P  is  known  as  the  point  (r,  6,  </>).    Note  that  in  the  figure  none 
of  the  three  co-ordinates  r,  d,  <p  is  drawn  with  its  true  value. 


180.  To  find  the  Rectangular  Co-ordinates  of  a  Point  when  the 
Polar  Co-ordinates  are  given. 

The  angle  OMP  is  a  right  angle,  and  therefore 


OM 
OP 


cos  ^,  and  z  =  r  cos  0 


MP 

Also =  sin  6  and  MP  =  r  sin  ^  =  ON. 


Also,  since  OAN  is  a  right  angle, 


ON 


cos  0, 


and  X  =  ON  cos  (f)  =  r  sin  B  cos  d>. 
So  also  ^  =  sin  0, 

and^  =  ON  sin  </>  =  r  sin  &  sin  <t>. 
Thus,  to  convert  polar  to  rectangular  co-ordinates,  we  have 

z  =  r  cos  3 

jr  =  r  sin  B  cos  <ft 

y  —  r  sin  6  sin  ^ 


Example. — Find  the  rectangular  co-ordinates  of  the  point  whose  polar  co-ordinates 
are  (2,  15°,  40°),  and  draw  a  figure  showing  its  position. 
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We  have 

f  =  r  cos  d  =  2  cos  15°  =  2  X  09659  =  1932 
X  =  r  s\xi  9  cos  <^  =  2  sin  15°  cos  40° 

=  2  X  02588  X  07660 

=  0-396 
V  =  r  siin  9  sin  «^  =  2  sin  1 5°  sin  40*  * 

=  0-333 

/,  the  rectangular  co-ordinates  are — 

X  =  0-396 

-   y  =  0333 

z=  1-932 

The  figure  may  now  be  drawn  in  parallel  projection  from  these  values  of  *-,  y, 
and  z. 

Examples. — XCV. 

Find  the  rectangular  co-ordinates  of  the  points  whose  polar  co-ordinates  are  given 
as  follows,  and  draw  figures  to  scale  : — 

1.  (4.  55°,  44°).  2.  (3,  37°,  51°).                   3.  (3,  45°,  120"). 

4.  (4,  35°,  42°).  5.  (3-2,  52°,  16°).                6.  (2.  31°,  59°). 

7.  (2,  40°,  56°).  8.  (3,  30°  45°).                   9.  (2,  38°,  52°). 

10.  (I,  120°,  52°).  11.  (I,  270°,  90°).  12.  (3,  62°,  122°). 

181.  To  find  the  Polar  Co-ordinates  of  a  Point  when  the 
Kectangular  Co-ordinates  are  given. 

Let  X,  t/,  z,  and  r  be  regarded  as  vectors  in  the  directions  shown  by  the 
arrows  in  Fig.  159. 

We  have,  by  vector  addition, 

X'\-y-\-z-r 
Squaring 

x'  +  t/'  +  z'  +  2xy  +  2t/z  +  2ZX  =  r* 
where  the  products  are  scalar  products. 

/.  :t^  +  /  +  -sr^  +  2xy  cos  90°  +  2yz  cos  90°  +  2ZX  cos  90°  =  r* 

But  cos  90°  =  o. 


This  gives  r  =  aJx^  +  ^  +  z- 

z 


These  equations  give  r,  d,  and  0. 

Example. — Find  the  polar  co-ordinates  of  the  point  whose  rectangular  co-ordinates 
are  (4,  3.  2). 

Note. — In  examples  such  as  this  the  student  should  always  draw  the  figure,  and 
obtain  the  results  directly  from  the  geometry  of  the  case,  and  not  from  the  formulae 
alone. 

He  should  form  a  definite  mental  picture  of  the  co-ordinates  in  space,  and  should 
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not  form  the  habit  of  simply  working  from  the  formulae  alone,  if  he  does  so  these 
examples  will  become  mere  practice  in  arithmetic,  and  not  in  geometry. 

In  the  figure 

ON«  =  32  +  4'  =  25 
.*.  ON  =  5 

r*  =  ON2  +  NP'  =  25  +  4  =  29 
.-.  r=^/29  =  5-38 

.-.  •  =  68o  ,    • 

tan  0=-^  =  07s 

and  the  polar  co-ordinates  are  (538,  68°,  37°) 


Fig.  z6o. 


Examples.— XCVI. 

Find  the  polar  co-ordinates  of  the  points  whose  rectangular  co-ordinates  are  given 
as  follows : — 

Give  the  values  of  9  and  </>  to  the  nearest  degree.  Draw  a  figure  to  scale  in  each 
case. 

I.  j:  =  8,>'  =  4,  2  =  5-  2.  jf  =  10,^  =  5,0  =  4. 
3.  ;r  =  4,  >'  =  2,  2  =  -  2.  4.  *  =  8,  ^  =  2,  «  =  5. 
5.  JT  =  6,_y  =  4,  2  =  8.  e.  j:  =  i,^  =  I,  »  =  I. 
7.  :r  =  3.  ^  =  -  2,  2  =  I.  8.  ;r  =  6,  jv  =  4.  «  =  3- 
9.  jT  =  18,  ^  =  io,  2  =  15.  10.  ;p  =  8,  ^  =  -  2,  2  =  3. 

II.  j:=  i2,j/=  -3,  2  =  -  4. 

12.  Prove  that  x*  -t-  ^^  +  2'  =  r^  without  using  vector  algebra. 


182.  Direction  of  a  Straight  liine  in  Space. — The  direction  of  a 
straight  line  in  space  may  be  specified  by  the  three  angles  o,  iS,  and  7,  which 
it  makes  with  the  three  axes  of  ;r, 
^  and  2  respectively. 

If  the  line  does  not  pass 
through  the  origin  we  can  specify 
the  direction  by  considering  the 
case  of  a  line  parallel  to  it  through 
the  origin,  so  that  we  need  only 
consider  the  case  of  a  straight  line 
through  the  origin. 

Take  any  point  P  on  this  line 
and  complete  the  rectangular 
block,  having  the  co-ordinates  of 
P  as  its  edges. 

Then,  with  the  same  notation 
as  before,  PMO  is  a  right-angled 
triangle,  and 

OM      2 

cos  7  =    ,^r— -  =  — 

OP      r 


Fig.  x6z. 


Similarly,  if  we  join  PA,  PAO  is  a  right-angled  triangle,  and 

OA      X 
OP  "  r 


cos  a 
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Similarly,  joining  PB,  we  get  cos  )8  = - 

Cos  fl^  cos  /8,  and  cos  7,  are  called  the  direction  cosines  of  the  line  OP. 
We  write  cos  o  =  /,  cos  3  =  w,  cos  7  =  «,  and  use  the  direction  cosines 
/,  m,  n,  to  specify  the  direction  of  the  straight  line  OP. 

Note  that  the  angle  7  is  the  same  as  the  polar  co-ordinate  0  of  the  point  P. 

Example. — TA^  rectangular  co-ordinates  of  a  point  P  are  6,  3,  3.  Find  the  angles 
which  OP  makes  with  the  three  axes  Ox^  Oy^  and  Oz. 

V/e  have 

r  =  Vx»  4-r  +  2'  =  V36  4-  9  +  9  =  7'35 

X        d  ' 

cos  a  =  -  = =  0*828  ;  .*.  a  =  34° 

'-     7*35  ^^ 

cos  3  =-^  =  ^  =  0414 ;  /.  ^  -  65-5° 
cos  7  =  i  =  ^-  =  0-414  ;  /.  7  =  65-50 

and  the  required  angles  are 

a  =  34°,  /3  =  65-5°,  7  =  6S-S» 

183.  /*  +  w^  +  ^2  =  I. — Considering  the  case  where  the  position  of  P  is 
such  tliat  all  its  co-ordinates  are  positive,  we  see  that  any  two  of  the  angles 
a,  j8,  7  would  be  sufficient  to  fix  the  direction  of  the  line  OP.  There  must, 
therefore,  be  some  relation  connecting  a,  ^8,  and  7  so  that  the  third  angle 
may  be  determined  when  any  two  are  given. 

With  the  same  notation  as  before,  we  have 

X  X 

cos  a  =  -  = 


r      V^'+y  +  ir8 


COS  )8  -  -^ 


z  z 

COS  'i  —  -  —  ■ 

Squaring  and  adding,  we  get 

cos2  a  +  cos2  3  +  cos^  7  =  J2 +3,2-4.-72  ="  ^ 

U.  /2  +  ^2  +  «2  c=   I 

This  corresponds  to  the  relation  cos^  B  +  sin^  ^  =  i  in  plane  geometry. 
If  we  have  two  of  the  angles  a,  3,  and  7  given,  we  may  now  find  the  third 
angle. 

Example. — A  straight  line  makes  angles  of  60°  and  70°  with  the  axes  of  x  and  t 
respectively.     Find  the  angle  which  it  makes  with  the  axis  ofy. 

We  have  o  =  60°,  7  =  70°. 
We  require  to  find  /8. 

cos'  a  +  cos'  /5  +  cos'  7=1 
cos'  /3  =  I  —  cos'  a  —  cos'  7 

=  I  -  cos'  60°  -  cos'  70° 
=  I  -  (o'5)'  -  (0-342)' 
=  I  —  0*25  —  0-1170 
=  I  -  0-3670  =  0-6330 
cos  ^  =  ^0-6330  =  0-^^96 

.-.  ^  =  37-25° 
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184.  Angle  between  a  Straight  Line  and  each  of  the  Co-ordinate 
Planes. — The  angle  which  a  straight  line  makes  with  a  plane  is  defined  as 
the  angle  which  the  straight  line  makes  with  its  projection  on  the  plane. 

In  Fig.  160  the  angle  between  OP  and  the  plane  Oxy  is 

NOP  =  90°  -  POM  =  90°  -  7 

Similarly,  the  angle  between  OP  and  the  plane  Oyz  is  90°  -  a ;  and  the 
angle  between  OP  and  the  plane  Ozx  is  90°  -  &. 

The  angle  between  a  given  straight  line  and  any  co-ordinate  plane  is  the 
complement  of  the  angle  between  the  line  and  the  axis,  which  is  perpendicular 
to  that  plane. 

E.g.  in  example,  §  183. 

«  =  60",  /8  =  37«»,  7  =  7o» 

.*.  OP  makes  angles  of  30°  with  the  plane  Oyz^  53°  with  the  plane  Ozx^ 
and  20°  with  the  plane  Oxy. 


185.  Representation  on  a  Sphere. — Consider  a  sphere  of  unit  radius 
with  its  centre  at  the  origin. 

Let  the  axes  cut  the  surface  of 
this  sphere  in  the  points  :r,  /,  and 
-sr,  and  let  OP  cut  the  surface  in  P. 

Then,  since  the  radius  of  the 
sphere  is  unity,  the  planes  PO;jr, 
PO^,  and  PO^  will  cut  the  surface 
of  the  sphere  in  arcs  whose  lengths 
are  numerically  equal  to  the  values 
of  o,  i8,  and  7. 

Thus  the  angles  which  OP 
makes  with  the  three  axes  may  be 
represented  on  the  surface  of  a 
sphere,  as  shown  in  Fig.  162. 

Thus  the  arc  zPn  in  the  figure 

is  equal  to  -,  the  arc  zP  =  7,  and 

the  arc   P«  which    measures  the 
angle  between  OP  and  the  plane 

Ojry,  is  equal  to  -  —  7. 


Fio.  x6a. 


186.  Example  (i). — The  rectangular  co-ordinates  of  a  point  P  are  (10,  4,  3)  j 
find  the  angles  which  OP  makes  with  the  three  axes  of  co-ordinates. 

We  have 


OP  =  r  =  V^  -Vf  +  a'  =  V125  =  1118 
cos  a  =  ^  =  ^-^g  =  0-895  =  cos  265°  ;     .-.  a  =  26-5*' 

cos  )8  =^  =  Y^  =  0-358  =  cos  69°  J         .-.  /3  =  690 

cos  7  =^  =  YpYs  =  0-2685  =  cos  74-4° ;  .-.  7  =  74-4'* 


Example  (2),— 7%^  polar  co-ordinates  of  a  point  P  are  (5,  36°,  42°)  /  find  the 
•ngUs  between  OP  and  the  thru  axes  of  rectangular  co-ordinates. 
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We  have 

7  =  ff  =  3^"*, 

X       r  sin  fl  cos  <p 

r~  r 

=  sin  36°  cos  42°  =  0588  X  0743  =  0-437  =  cos  64® 

/.  a  =  64° 

y      r  sin  0  sin  ♦        ... 

cos  j8  =  -  =  =  sm  9  sin  ^ 

r  r 

=  sin  36°  sin  42°  =  0*588  X  0*669  =  0*393  =  cos  67" 
/.  /S  =  67° 
and  the  three  angles  which  OP  makes  with  the  axes  are 

a  =  64%  )8  =  67°,  7  =  36" 

Examples.— XCVII. 

1.  The  rectangular  co-ordinates  of  a  point  P  are  (8,  3,  2).  Draw  a  figure  to  scale 
to  show  its  position,  and  calculate  the  direction  cosines  of  OP,  and  the  angles  which 
it  makes  with  the  axes  of  co-ordinates. 

2.  The  rectangular  co-ordinates  of  P  are  (5,  2,  3).  Find  the  angles  which  OP 
makes  with  the  co-ordinate  planes,  and  the  projection  of  OP  on  the  plane  Oyz. 

3.  The  rectangular  co-ordinates  of  P  are  (3,  4,  6).  Find  the  direction  cosines 
of  OP. 

4.  A  rectangular  block  has  its  edges  3,  4,  and  7  in.  long.  Find  the  length  of  its 
diagonal  and  the  angles  which  its  diagonal  makes  with  each  of  the  three  edges. 

5.  The  polar  co-ordinates  of  a  point  P  are  (3,  57°,  39°).  Find  the  direction 
cosines  of  OP. 

6.  The  polar  co-ordinates  of  P  are  (3*2,  52^  16°).  Find  the  angles  which  OP 
makes  with  the  three  axes  of  rectangular  co-ordinates. 

7.  The  polar  co-ordinates  of  P  are  (2,  31°,  59°).  Find  the  angles  which  OP 
makes  with  the  three  co-ordinate  axes. 

8.  The  polar  co-ordinates  of  P  are  (5,  48°,  60°).  Find  the  projection  of  OP  on 
the  plane  Ozx. 

8.  A  straight  line  OP,  3  in.  long,  is  drawn  from  the  origin  so  as  to  make  angles 
of  52°  and  65°  with  the  axes  of  x  and  %  respectively.  Find  the  rectangular 
co-ordinates  of  the  point  P. 

10.  A  straight  line,  3*52  in.  long,  makes  angles  of  59°  and  67°  with  Ox  and  Oy 
respectively.     Find  the  lengths  of  its  projections  on  the  three  axes. 

11.  A  straight  line  makes  angles  of  40°  and  60°  with  the  axes  of  y  and  x 
respectively.     What  angle  does  it  make  with  the  axis  of  z  ? 

12.  A  straight  line  makes  angles  of  59°  and  73°  with  O2  and  Ox  respectively. 
What  angle  does  it  make  with  Oy  ? 

13.  For  a  certain  straight  line  a  =  52°,  -y  =  65°.     Find  /3. 

14.  If  a  =  59°,  )8  =  67°.     Find  7. 

15.  A  straight  line  makes  angles  of  55°  with  O*  and  71°  with  0>'.  What  angle 
does  it  make  with  the  plane  Oxy  ? 

187.  To  find  the  Iiength  and  Direction  of  the  Line  joining  two 
given  Points. 

Example. —  The  rectangular  co-ordinates  of  a  point  A  are  (4,  3,  2),  and  of  a  point 
B  (8,  5,  3).     Find  the  length  and  direction  cosines  of  the  straight  line  AB. 

Construct  the  rectangular  blocks  formed  by  the  co-ordinates  of  A  and  B. 

Then,  if  we  produce  the  edges  of  the  block  formed  by  the  co-ordinates  of  A  until 
they  meet  the  faces  of  the  block  formed  by  the  co-ordinates  of  B,  we  obtain  a  third 
rectangular  block,  having  A  B  as  its  diagonal.     The  edges  of  this  block  are 

8  —  4  =  4  parallel  to  Ox 
5-3  =  2  „  Oy 
3-2=1         „        Of 
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.*.  the  problem  is  the  same  as  if  A  were  the  origin,  and  the  co-ordinates  of  B  were 
(4,  2,  I). 


^ 


1 

R, 

/ 

,^ 

/    / 

A  / 

/  / 

-x 

A^'^^  „ 

^  / 

i  /I/   ':' 

Y   / 

/    A 

\/ 

D  B3 

Fig.  163. 


cos  /3 


cos  7  = 


4-583 

I 

4-583 


=  0437 
0-2185 


Examples.— XCVIII. 

Find  the  length  and  direction  cosines  of  the  line  AB  when  the  co-ordinates  of  A 
and  B  are  given  as  follows.     Draw  a  figure  in  each  case. 


A  (2,  2,  2) ;  B  (6,  4,  5). 
A  (4,  2,  I) ;  B  (7,  3,  4). 


1.  A  (I,  I,  I);  B(3,  4,  3). 
3.  A(8,  2,  4);  B(io,  3,  3). 

5.  A  (2,  2,  3) ;  B  {4,  3,  5). 

6.  A  straight  line  AB  makes  angles  of  42**  with  Oxy  and  53°  with  Oa ;  what 
angle  does  it  make  with  Oy  ?  If  the  line  is  4  inches  long,  and  is  placed  so  that  the 
end  A  is  at  the  origin,  what  are  the  co-ordinates  of  the  other  end  B  ? 

7.  If  the  end  A  of  the  line  AB  in  example  6  is  placed  at  the  point  (i,  i,  i),  and 
its  direction  remains  the  same,  what  are  the  rectangular  co-ordinates  of  B  ?  Draw 
a  figure  to  scale. 

8.  A  is  a  point  whose  co-ordinates  are  (9,  3,  4).  A  straight  line  AB  5  units  long 
is  drawn  through  A  in  a  direction  making  an  angle  of  59°  with  Oj/,  and  44®  with  the 
plane  Oxy.     Find  the  rectangular  co-ordinates  of  B. 


188.  Projections  of  a  Line  on  the  Three  Co-ordinate  Planes. — In 


Fig.  163, 


A,B, 


are  the  projections  of  AB  on  the  planes  Oyz^ 


Ozx^  Oxy  respectively. 

As  an  example  we  shall  consider  the  case  where  the  co-ordinates  of  A 
are  (4,  3,  2),  and  of  B  (8,  5,  3),  as  in  Fig.  163. 

To  find  the  length  of  the  projection  A3B3  of  AB  on  the  plane  Ory, 
we  have  co-ordinates  of  A,  are  :f  =  4,  ^  =  3  ;  co-ordinates  of  B,  are  jr  =  8, 
/  =  5. 
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/.  A3D 

DB„ 


8-4  =  4 

5-3  =  2 


and  A3B3  =  >/2o  =  4*47 

Similarly  AjBi  =  ^4  +  ^  =  2*24 

and  AgBj  =  V^^  +  i  =4*12 

When  the  length  and  direction  cosines  I,  m,  n  of  AS  are  known,  its 
projections  on  the  three  co-ordinate  planes  may  also  be  found  as  follows  : — 


We  have  angle  ABC  =  7  ;  A3B3  =  AC  =  AB  sin  7  =  AB^i  —  «*. 
Similarly  A^B,  =  AB  sin  a  =  AB^i  -  ^ 
A2B2  =  AB  sin  j8  =  AB^T  -  w' 

189.  To  find  the  Length  and  Position  of  a  Straight  Line  when 
its  Projections  on  Two  Perpendicular  Planes  are  given. — On  reference 
to  Fig.  163,  it  is  seen  that  a  straight  line  is  determined  by  its  projections  on 
any  two  of  the  co-ordinate  planes,  for  if  AgBg  and  A3  B3  are  given,  a  plane 
through  A2B2  perpendicular  to  the  plane  Ozx  and  a  plane  through  A3BJ 
perpendicular  to  the  plane  Oxy  will  intersect  in  the  required  line  AB. 

The  co-ordinates  of  A  are  the  same  as  the  corresponding  co-ordinates  of 
A2  and  A3,  viz. — 

the  X  co-ordinate  of  A  =  the  x  co-ordinate  of  Ag  and  A, 

a   y  »>  »>  ^  ~     ii    J^  »»  »>  ^3 

))     ^  »  »>  A  =     „     2  „  „  Ag 

Similarly,  the  co-ordinates  of  B  are  the  same  as  the  corresponding 
co-ordinates  of  B2  and  B3. 

The  co-ordinates  of  A  and  B  are  now  known,  and  the  length  and  direction 
cosines  of  AB  may  be  found. 

Example. — The  projections  A,B,  and  A3B,  ^  AB  on  the  planes  Oyz  and  Oxy 
respectively  are  given  as  follows: — 

The  co-ordinates  0/  A-^  are  (o,  4,  2)  o/B^  (o,  7,  4) 
„  „        A,  are  (5,  4,  o)  0/  B,  (8,  7,  o) 


Fig.  164. 

Draw  a  figure  showing  the  position  0/  AB,  and  calculate  its  length  and  the  angles 
which  it  makes  with  the  cuces  of  co-ordinates. 
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From  the  figure  the  co-ordinates  of  A  and  B  are  (5,  4,  2)  and  (8,  7, 4)  respectively. 
The  length  and  direction  cosines  of  AB  may  now  be  found 


AB  =  ^9  +  9  +  4  =  4'69 
To  find  the  angle  which  AB  makes  with  the  axis  of  «,  we  have 


A,B,  =  V9  +  9  =  4'24 
sin  7  =  ~^^'  =  0905 


/.  y  =  64-80 
Similarly,  a  and  $  may  be  found. 


Examples.— XCIX 

1.  Write  down  the  values  of  the  angles  which  AB  makes  with  each  of  the  three 
co-ordinate  planes  in  Examples  XCVIII.,  1-4. 

2.  Draw  figures  to  show  the  projections  of  AB  on  the  three  co-ordinate  planes  in 
Examples  iXCVlII.,  1-4.  Calculate  the  length  of  the  projection  on  the  plane  Oxy 
in  each  case. 

3.  Find  the  distance  between  the  points  (i,  2,  l)  and  (3,  3,  —2),  draw  a  figure  to 
show  the  position  of  the  points  and  the  line  joining  them,  and  !ind  the  angle  which 
the  joining  line  makes  with  the  plane  Oxy. 

A,B,,  A2B,,  A3B3  are  the  projections  of  a  straight  line  AB  on  the  planes  O^s, 
Ozx,  Oxy  respectively.  Draw  figures  \o  show  the  position  of  AB,  and  calculate  its 
length  when  the  co-ordinates  of  the  following  points  are  given  : — 


Ai  (o,  4,  2) ;  B,  (o,  6,  5). 
A3  (5,  4,  o) ;  B3  (7,  6,  o). 
e.  Ai  (o,  I,  3) ;  B,  (o,  4,  5). 
A,  (5,  o,  3) ;  B,  (6,  o,  5). 


6.  A,  (4,  o,  5) ;  B^  (7,  o,  5). 
A,  (4,  8,  o);  B,  (7,  4,  o). 


7.  Find  the  angles  which  AB  in  example  4  makes  with  the  planes  Oxy 
and  Oyz. 

8.  Find  the  angle  which  AB  in  example  4  makes  with  the  plane  Ozx^  draw  a 
figure  to  show  the  projection  AgB,  of  AB  on  the  plane  O&r,  and  calculate  the  length 
of  A,Bj. 

9.  A  straight  line  PQ,  5  inches  long,  makes  angles  of  45°  with  Ox  and  55**  with 
Oz.     Find  the  lengths  of  its  projections  on  the  three  co-ordinate  planes. 

190.  Angle  between  Two  given  Straight  Lines.— Let  OP  and  OQ  be 
two  given  lines  whose  direction  cosines  are  (/j,  Wj,  «J  and  (4,  m.^  n^ 
respectively.     We  require  to  find  the  angle  POQ  =  6  between  OP  and  OQ. 

Let  OP  =  rj,  OQ  =  ^2,  and  let  the  co-ordinates  of  P  and  Q  be  (jTj,  y^^  g^) 
and  {x^i  y^i  z^  respectively. 

Then  /i  =  ^,  Wi  =  ^\  «i  =  ^ 
rx  n  ^1 


Consider  Xy,  yy  z,  r,  and  x^,  J/r  ^v  r,  as  vectors. 
Then,  by  vector  addition, 

ri  =  x,  +  yi  +  jr, 
rt  =  Xt  +  y,  +  z. 
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By  multiplication,  we  get  the  scalar  product 


riz-s  =  iXi  +  t/i  +  Zi){x^  +  y2  +  2t) 

=  x^x^  +  f/,1/2  +  ZxZt  +  x^y^  +  x^z,  +  yi7, 
+  yxXi  +  ZiJr,  +  Z|(/2  (p.  306) 

Since  the  scalar  product  of  two  linear 
vectors  is  the  product  of  their  lengths 
into  the  cosine  of  the  angle  between 
them,  the  last  6  terms  in  this  expression 
vanish,  being  the  scalar  products  of  pairs 
of  perpendicular  vectors. 

.*.  we  have 

r^r^  cos  6  =  x^x^  cos  0°  +  yiy^  cos  o** 
+  z^z^  cos  0° 

...   cos  ^  =  ^i^  +^^2  +  ^lf2 


r,r„ 


r,ro 


Fig.  165. 


IJ2  +  ^1^2  +   «i«2 


Example  (i). — Find  to  the  nearest  degree  the  angle  0  between  the  straight  lines  OP 
and  OQ,  when  the  co-ordinates  ofP  and  Q  are  (3,  2,  5),  and  (4,  3,  i)  respectively. 

This  case  is  shown  in  Fig.  165. 

Let  the  direction  cosines  of  OP  and  OQ  be  (/„  ««,,  «,),  and  (l^,  »»„  n^)  respectively. 

We  have 


OP  =  V9  +  4  +  25  =  V38 
OQ  =  V16  +  9+  I  =  V26 

2 

<w,  =  cos^OP  =  -— =^>  »»j  =  cos^yOQ 


3_ 
V26 


f,  =  cos  &OP  =  —j=i  «2  =  cos  zOQ  =  — =: 
V38  V26 


P^    +T-== 


V38    V26  V38   V26  V38   V26 

^     23^  =  0732  =  cos  43* 
V988 
•.  POQ  =  d  =  43° 


Example  (2). — The  polar  co-ordinates  0/ two  points  P  and  Q  ar^r  (2,  15",  45*),  a«</ 
(3»  5^°»  ^°**^  respectively.     Find  the  angle  d  between  OP  aW  OQ. 

With  the  same  notation  as  before,  we  have 

/,  =  ^  =  »  sin  .5°  cos  45'  ^  „.,588  >,  „.y„j,  ^  ^...gj. 


>'i      2  sin  15**  sin  45** 


0*1832 


^  =  !L=li^  =  09659 
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,       3  sin  56**  cos  60*^  e 

A  =  ~ ^ =  o'829o  X  o'S  =  0-4145 

«,  =  3^56°  sin  600  ^  ^.3^^  ^  ^.g^  ^  ^.^^^^ 

/,  cos  6  —  /,/,  +  »i,f»j  +  »,«, 

=  0*076  +  0-132  +  0*540  =  0-748  =  cos  41  •5" 
/.  POQ  =  «  =  4is« 

Since  the  direction  cosines  of  a  line  from  O  are  proportional  to  tte  rectangnlar 
co-ordinates  of  any  point  on  it,  the  figure  may  be  drawn  in  parallel  projection  when 
the  direction  cosines  of  the  two  lines  are  known. 


Examples.-— C. 

1.  The  straight  line  AB  makes  angles  of  59°  and  40°  with  Ox  and  Oy  respectively. 
AC  makes  angles  43°  and  61°  with  Ox  and  Oy,     Calculate  the  angle  BAC. 

2.  OA  makes  32°  with  Ox  and  74°  with  Oy. 
OB      „      67°    „     Ox  „    60°    „    Oy. 

Find  the  angle  AOB. 

3.  OP  makes  45°  with  Ox  and  50**  with  Oy. 
OQ     „     60°    „    Ox   „    70°    „    Oy. 

Find  the  angle  POQ  and  the  length  of  the  line  PQ,  taking  OP  =  i  and  OQ  =  i. 

4.  The  rectangular  co-ordinates  of  P  are  (3,  4,  i),  of  Q  (2,  4,  3).  Find  the  angle 
between  OP  and  OQ  correct  to  the  nearest  degree. 

5.  Co-ordinates  of  P  are  (4,  2,  i)  and  of  Q  (2*5,  2,  3).  Find  the  angle  POQ, 
and  draw  a  figure  to  scale  in  oblique  parallel  projection. 

e.  Co-ordinates  of  P  are  (5,  i,  5)  and  of  Q  (i,  6,  2).  Find  the  angle  POQ,  and 
draw  a  figure. 

7.  Co-ordinates  of  P  are  (I'S,  0*8,  i*2)  and  of  Q  (i*2,  2*8,  1*7).  Find  the  angle 
POQ,  the  length  of  PQ,  and  the  angles  which  it  makes  with  the  three  axes. 

8.  Co-ordinates  of  P  are  (3, 4,  i)  and  of  Q  (-3,  4,  i).  Find  the  angle  POQ,  and 
draw  a  figure. 

9.  The  polar  co-ordinates  of  P  are  (3,  45*,  30°)  and  of  Q  (3,  60",  50°).  Find 
the  angle  POQ. 

10.  Verify  that  the  relation 

cos  %  —  /j/j  -h  myin^  -|-  «,«, 

holds  good  when  the  two  straight  lines  are  O*  and  Oj,  and  also  when  the  two  straight 
lines  are  in  the  directions  Ox  and  >'0, 

11.  A  is  a  point  in  a  mine  200  ft.  below  the  surface,  B  is  150  ft.  E.  and  50  ft. 
S.  of  A  and  250  ft.  below  the  surface,  C  is  350  ft.  E.  and  50  ft.  N.  of  A  and  80  ft. 
below  the  surface.  Straight  passages  are  cut  from  A  to  B  and  from  B  to  C.  Find 
the  angle  between  them  at  B. 


CHAPTER  XXI II 

SOLID  GEOMETRY— PLANES 

191.  Traces  of  a  Plane. — Any  plane  cuts  the  three  co-ordinate  planes  in 
three  straight  lines,  called  its  traces,  forming  a  triangle. 

Any  two  of  the  traces  are  sufficient  to  determine  the  plane. 


Fig.  t66. 


Thus,  in  Fig.  ii6,  AB,  BC,  and  CA  are  the  traces  of  the  plane  ABC.  We 
shall  denote  the  lengths  OA,  OB,  OC  which  the  plane  cuts  off  from  the  axes 
by  ^,  ^,  <r,  taken  positive  when  measured  in  the  positive  direction  along  the 
axes. 

We  shall  use  ^,  ^,  c  with  this  meaning  to  specify  the  position  of  a  plane 
by  means  of  its  traces. 

Thus,  in  Fig.  ii6,  for  the  plane  ABC 

tf  =  3,^=  17,  ^=2-1, 
and  for  the  plane  AB^C 

a  =  3,  ^  =  —  r6,  c  =  2*1 

To  find  the  lengths  of  the  traces  we  have 


AB  =  V^'  +  <^,  BC  =  V^^  +  <^\  CA  =  >s/c^  +  fl* 


192.  Measurement  of  Angles  between  Straight  Ijines  and  Planes. — 
A  straight  line  is  said  to  be  perpendicular  to  a  plane  when  it  is  perpendicular 
to  every  straight  line  in  that  plane. 

The  angle  between  two  planes  is  measured  by  the  angle  between  two 
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lines  drawn  one  in  each  plane  perpendicular  to  the  line  of  intersection  of  the 
two  planes. 

In  Fig.  167  OPQR  is  a  rectangle  ;  OP  and  Oy  are  perpendicular  to  the 
line   of  intersection   Ox  of  the  two 
planes  OPQR  and  Oxy ;  the  angle  be- 
tween the  two  planes  is^OP  or  POy. 

Draw  OT  perpendicular  to  the 
plane  OPQR. 

Then,  if  we  suppose  the  plane 
OPQR  to  lie  originally  in  the  plane 
Ory,  so  that  OT  coincides  with  Oz^ 
and  to  rotate  about  Ox  to  its  present 
position,  OT  evidently  turns  through 
the  same  angle  as  OP,  and  therefore 
the  angle  ^-OT  =^OP  =  angle  be- 
tween the  planes  OPQR  and  Oxy. 

Thus  the  angle  between  any  two 
planes  is  equal  to  the  angle  between 
two  perpendiculars  to  the  respective 
planes. 


Fig.  167. 


193.  Length  and  Direction  of  the  Perpendicular  from  the  Origin 
to  a  given  Plane.— Let  OP  be  the  perpendicular  from  the  origin  to  the 
plane  ABC,/  its  length,  and  (/,  w,  n)  its  direction  cosines. 


Fig.  t6S. 


In  the  figure  BPO  is  a  right  angle,  and 

m  =  cos  yOP  =  7, «  =  cos  ^OP  =  -,  /  =  cos  ;rOP  =  * 

0  C  A 


i^-'^-?) 


.-./ 


\/j^  +  h-^? 
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And  /: 

a 

a 

v^»+^+? 

b 

I 

T 

M  • 

=  ^  = 

c 

C  /III 


Example. — A  plane^  ABC,  cuts  off  lengths  a  =  6,  6  =  /^c=  3,  from  the  axes  of 
Xj  y^  and  t.  Find  the  length  and  direction  cosines  of  the  perpendicular  from  O  to  this 
plane. 

These  values  are  taken  in  Fig.  i68. 
We  have 

/  =  V  ''^      ^       '^^  ~  V  36  ■*"  i6  "^  9  "    " 

'=^  =  ^-^  =  0-37 

_  /  ,  g23 
^        4 

To  find  the  position  of  P  in  the  figure,  drawn  in  parallel  projection,  we  note  that, 
if  BP  and  CP  are  produced  to  meet  the  opposite  traces  in  H  and  K,  it  may  be  shown 
by  plane  geometry  that  in  the  right-angled  triangle  OCA, 

AH  :  HC  =  a»  :  <^ 
So  also 

AK  :  KB  =  a'  :  3» 

Accordingly,  to  draw  the  figure,  we  first  find  the  points  H  and  K  ;  then  the  inter- 
section of  BH  and  CK  gives  the  position  of  P  in  the  plane. 


194.  Inclination  of  a  given  Plane  to  the  Axes  and  to  the  Co- 
ordinate Planes. — In  Fig.  168  PB  is  the  projection  of  OB  on  the  plane  ABC, 
and  the  angle  OBP  or  its  supplement  measures  the  angle  between  the  plane 
ABC  and  the  axis  of  ^.     But 

I 


8inOBP=^  = 


v/ 


?-  +  ^  +  l 

^2  ^  ^2  ^  ^ 


This  gives  the  angle  between  the  plane  and  the  axis  of  y.     Similarly,  the 
angles  between  the  plane  and  the  axes  of  z  and  x  may  be  found. 
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The  angles  between  the  plane  ABC  and  the  co-ordinate  planes  arc  the 
complements  of  the  angles  between  ABC  and  the  axes. 

Thus  the  angle  between  ABC  and  Ozx  is  measured  by  the  angle 
OHB  =  complement  of  OBP,  which  has  been  found. 

Example.— /i  p/am,  ABC,  cuts  off  lengths  of  S,  ^,  5  from  Ox,  O/,  and  Oz, 
respectively.  Find  the  angles  (i)  between  the  plane  ABC  and  the  axis  of  y  ;  (2)  between 
ABC  and  the  plane  Oxy. 


We  have 


/III  /I        I        I 


2907 


sin  OBP  =1  =  ^^  =  0727=  sin  46-60 
.-.  OBP  =  46'6«» 

The  angle  between  the  planes  ABC  and  Oxy  =  OKC  =  COP,  and 
cos  COP  =1  =  ?^  =  05816  =  cos  54-4 

Thus  the  plane  ABC  makes  angles  of  46*6°  with  the  axis  of  y^  and  54*4°  with  the 
plane  Oxy. 


EXAMPLKS. — CI. 

1.  The  traces  of  a  plane  on  the  three  co-ordinate  planes  join  the  points  (10,  o,  o), 
(o,  7,  o),  (o,  o,  6).  Draw  a  figure  to  scale  to  show  the  positions  of  die  plane,  and  of 
the  foot  of  the  perpendicular  drawn  from  the  origin  to  the  plane. 

2.  <z,  b,  c  are  the  lengths  cut  oflf  from  the  three  axes  of  co-ordinates  by  the 
plane  ABC. 

Draw  figures  to  scale  to  show  the  position  of  the  plane  ABC  in  the  following 
cases : — 

tf  =  20,  *  =  16,  r  =  12 
a  =  20,  ^  =  —  10,  r  =  15 
a  =  —  26,  ^  =  12,  f  =  —  14 

3.  The  traces  of  a  plane  ABC  join  the  points  (3,  o,  o),  (o,  2,  o),  (o,  o,  4).  Find 
(i)  the  length  of  the  perpendicular  OP  from  O  to  the  plane  ABC,  (2)  the  angles 
between  the  plane  ABC  and  the  axes  oix  and>',  (3)  the  angles  which  the  plane  ABC 
makes  with  the  planes  Oyz  and  Ozx. 

4.  A  plane  ABC  cuts  off  lengths,  a  =  8,  ^  =  5,  <r  =  3,  from  the  axes  of  jr,  y,  and  « 
respectively.  Draw  a  figure  and  find  (i)  the  length  of  the  perpendicular  OP  from  the 
origin  to  the  plane  ABC,  (2)  the  angles  which  OP  makes  with  the  three  axes,  (3)  the 
angles  which  the  plane  ABC  makes  with  the  axis  of*  and  the  plane  Ozx. 

195.  Line  of  Intersection  of  Two  Planes. 

The  intersection  of  two  planes  is  a  straight  line  which  must  pass  through 
the  intersections  of  each  pair  of  traces,  produced  if  necessary. 

In  the  figure  QPR  is  the  intersection  of  the  planes  ABC  and  AiBjCj, 
which  cut  off  lengths  (10,  5,  3)  and  (3,  4,  5)  from  the  axes. 

Note  that  in  the  figure  the  three  points  of  intersection  Q,  P,  R  must  lie 
in  a  straight  line. 
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To  find  the  projection  of  QPR  on  the  plane  Oxy^  we  already  have  one 
point  R  where  QPR  crosses  the  plane  Oxy. 


Fig.  169. 


Another 
of  Q  or  P  on 
QPR  on  the  plane  Oxy. 


point  on  the  required  projection  will  be  given  by  the  projection 
on  the  axis  oi  x  or  y.     In  the  figure  QiPiR  is  the  projection  of 


Examples.— CII. 

1.  Two  planes  cut  off  lengths  {a,  5,  c)  and  (a^  6^,  <:,)  from  the  axes  of  x,  y^  and  z 
respectively.  Draw  figures  to  show  their  line  of  intersection  by  means  of  its  traces 
on  the  three  co-ordinate  planes,  and  the  projection  of  this  line  of  intersection  on  the 
plane  Oxy. 


(o)  a  =  I,  ^  =  2,  f  =  I  ;  a^ 
(;8)  a  =  2,  *  =  3,  <:  =  I  ;  flj 
(7)  a  =  3,  ^  =  3.  <^  =  3  ;  '^i 


2,  /5,  =  2-5,  ^1  =  3 

-  3,  ^,  =  2,  <:,  =  2 

-  3.  ^1  =  —  3»  ^  =  4 


Note  that  in  7  the  line  is  parallel  to  the  plane  Oxy^  and  the  trace  in  that  plane  is 
at  infinity. 

2.  If  a  =  5,  «J  =  3,  <:  =  3,  <Zi  =  3,  ^x  =  4f  C\  =  6,  find  by  construction  and 
measurement  the  co-ordinates  of  the  points  P,  Q,  and  R,  in  which  the  line  of 
intersection  of  the  two  planes  cuts  the  tluee  co-ordinate  planes. 


196.  Angle  between  Two  given  Planes. — To  find  the  angle  between 
two  planes  whose  traces  are  given. 

Let  ABC  and  AiBiCj  (Fig.  170)  be  the  given  planes,  and  let  OP  and  OPj 
be  perpendiculars  from  the  origin  to  these  planes.  Then  the  required  angle 
B  between  ABC  and  AjBiCj  is  equal  to  the  angle  POPj  between  the  per- 
pendiculars. To  calculate  it  we  first  find  the  direction  cosines  (/,  m^  n)  and 
(/j,  Wj,  «i)  of  OP  and  OPi- 

Then  cos  6  =  lii  +  mm^  +  ««x,  and  hence  6  may  be  found. 
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Example. — Find  the  angle  between  the  two  planes  A,  B,  C,  and  Aj,  Bi,  Ci,  where, 
with  the  usual  notation^ 

a  =  2,  6  =  It  c  -  I  ;  ai  =  25,  ^j  =  2,  ^Tj  =  3 
We  have 


\/'a^  +  h  +  ? 


/I  /         2  p        2 

*  =  -  =  -,  f»  =  T  =  -,«  =  -=  - 

«      3*  *      3  '^      3 


OP,  =A  = 


/I        I        I 


=  1-386 


A 


/,  cos  6  =  //,  +  mnti  +  nn^ 

=  0185  +  0*462  +  0-308  =  0955  =  cos  I7'4*» 
Fig.  170. 

.*.  angle  between  the  planes  =  POPj  =  I7*4*. 


0*462 


196a.  Equation  to  a  Plane.— To  find  the  equation  to  the  plane  ABC 
(Fig.  170),  whose  traces  are  given. 

Let  Q  be  any  point  (:r,  y,  z)  on  the  plane,  OQ  =  r,  angle  POQ  =  6- 

Then  direction  cosines  of  OQ  are  (->-,-),  and  of  OP  I -.  t,  -  I  .  .  .  §  IQO, 

\r  r  r/  V«  ^   cj  ^ 

Since  OPQ  is  a  right  angle,  cos  0  =^  =  --^  + -•?  +  -•- 

••■-+!+-  =  ■ 

a      0      c 

This  equation  is  satisfied  by  the  co-ordinates  of  any  point  Q  on  the  plane, 
and  is  therefore  the  equation  of  the  plane. 


Examples.— CIII. 

1.  With  the  same  notation  as  before, 

fl  =  8,  *  =  3,  <•  =  4  ;  '^i  =  9>  ^1  =  6f  <^i  =  9 
Find  the  angle  between  the  two  planes.    Draw  a  figure  in  parallel  projection  to  fcal«. 

2.  tf  =  10,  *  =  S,  f  =  6 ;  a,  =  4»  *i  =  5.  ^1  =  3 
Find  the  angle  between  the  two  planes,  and  draw  a  figure  to  scale. 


CHAPTER  XXIV 

VOLUMES  OF  SOLIDS 

197,  Volume  of  any  Solid. — Consider  the  case  of  a  solid  in  which  the 
cross-sectional  area  perpendicular  to  a  fixed  axis  in  the  solid  follows  some 
known  law,  as  we  pass  from  point  to  point  along  that  axis. 

We  may,  for  instance,  know  the  way  in  which  the  area  of  the  horizontal 
section  or  water-plane  of  a  ship  varies  from  point  to  point  along  an  axis 
drawn  vertically  from  the  keel. 

Let  A  be  the  area  of  the  water-plane  of  a  ship  when  the  keel  is  x  feet 
below  the  surface,  and  let  V  be  the  displacement,  i.e.  the  volume  under 
iraier. 

Suppose  the  ship  to  sink  deeper  into  the  water  by  a  further  small 
distance  Jjr. 

Then  the  displacement  is  increased  by  a  thin  plane  layer  of  water  of 
area  A  and  thickness  5jr ;  i.e.  if  5V  is  the  increase  in  the  displacement 

IV  =  Klx 

Bat  we  may  imagine  that  the  whole  displacement  V  to  any  draught  h 
is  made  up  of  a  number  of  such  thin  layers  of  volume  5V  =  A5:r,  and,  there- 
fore, the  whole  displacement  V  is  the  sum  of  the  terms  klx  from  :r  =  o  to 

In  the  limit,  as  x  is  made  smaller  and  smaller,  this  sum  becomes  I  P^dx. 


/> 


In  the  same  way  it  can  be  shown  in  the  general  case  that,  if  A  is  the 
cross- sectional  area  of  any  solid  measured  perpendicular  to  a  fixed  axis  in 
the  solid  and  at  distance  x  from  a  fixed  point  on  that  axis,  then  the  volume 

of  the  solid  enclosed  between  two  sections  at  ;r  =  ^  and  ;ir  =  ^  is  /  P\.dx. 


fj 


In  order  to  find  this  integral  we  must  know  the  law  connecting  A  and  x. 

This  law  may  be  given  by  an  equation,  or  by  an  empirical  series  of 
corresponding  values.  In  the  latter  case  the  integral  must  be  found  by  the 
graphic  method. 

Example. — The  folUnaing  table  gives  the  area  A  of  cross  sections  perpendicular  to 
the  length  of  a  piece  of  timber  at  distances  x  from  one  end.  Find  the  volume  of  ihi 
timber  aj  cucurcttely  as  you  canjrom  the  given  data. 
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X  feet       .     . 

o 

6 

IS 

23 

30 

A  square  feet 

4*17 

6-15                7-96 

8-47 

8-75 

/■30 
We  have  shown  that  the  volume  V  =   /    Adx. 

Jo 
Plotting  A  and  x  we  get  the  curve  PQ. 


Q 

—^ 

fP 


10  15  20 

Values  of  x  ft 

Fig.  171. 


25 


30 


The  required  definite  integral  is  the  area  between  this  curve  and  the  axis  of  x» 
This  is  found  to  be  222*3. 

.*.  V  =  222*3  cub.  ft. 

If  the  areas  of  the  cross-section  A  are  measured  at  suitable  sufficiently  small 
intervals,  we  may  calculate  the  volume  of  the  solid  directly  from  these  without 
drawing  the  curve  PQ,  either  by  finding  the  mean  cross-section  A  by  the  method  of 
Chapter  IX.  or  by  Simpson's  rule,  which  is  sometimes  known  in  this  application  as 
the  Prismoidal  Formula. 


Examples. — CIV. 

1.  The  following  are  values  of  the  area  in  square  yards  of  the  cross-section  of  a 
railway  cutting  taken  at  intervals  of  6  ft.  How  many  cubic  feet  of  earth  must  be 
removed  in  making  the  cutting  between  the  two  end  sections  given  ? 

70,  88,  94,  93,  87,  76 

2.  A  is  the  cross-sectional  area  of  a  piece  of  oak  at  distance  x  from  one  end. 
Find  its  weight.     One  cubic  foot  of  oak  weighs  48  lbs. 


X  feet      .     . 

0 

2 

4 

6 

8 

10 

A  square  feet 

1*7 

2*2 

29 

37 

49 

5*5 
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8.  k  IS  the  height  in  feet  of  the  surface  of  the  water  in  a  reservoir  above  the  lowest 
point  at  the  bottom.  The  reservoir  is  filled  to  various  heights,  and  the  area  A 
measured  as  follows : — 


A  feet    . 

o 

14 

24 

36 

76 

96 

no 

lao 

A  sq.  ft. 

0 

21000 

33000 

36700 

42000 

44500 

52500 

60500 

How  many  gallons  of  water  does  the  reservoir  hold  when  full  to  a  depth  of  120  ft.  ? 
Also,  how  much  water  leaves  the  reservoir  when  the  surface  level  changes  from  120  ft. 
to  60  ft.  ?     I  gallon  =  O"  16046  cub.  ft. 

4.  A  is  the  area  of  the  surface  of  the  water  in  a  reservoir  when  full  to  a  depth  A. 


A  feet    ...     . 

60 

50 

40 

30 

A,  square  feet     . 

37100 

25900 

16700 

9500 

The  depth  is  originally  60  ft. ;  water  is  pumped  out  of  the  reservoir  to  a  height  of 
100  ft.  above  the  bottom  until  the  depth  is  30  ft. 


Find  the  work  done  =  1    wA(ioo  —  A)dA  ;   where   w  =  weight    of   i  cub.  ft.  of 
J  n 
water  =  62*3  lbs. 

5.  A  is  the  area  of  the  surface  of  the  water  in  a  reservoir  when  full  to  a  depth  A. 


A  feet.    .    . 

0 

^5 

25 

35 

45 

A  square  feet 

2000 

4500 

20000 

30000 

50000 

How  much  water  does  the  reservoir  hold  when  full  ?  Construct  a  table  showing 
the  supply  of  water  in  the  reservoir  for  different  values  of  the  depth  at  intervals  of 
5  ft.  from  20  ft  to  45  ft. 


e.  A  is  the  area  of  the  water  plane  of  a 

vessel  at  a  distance  x  above  the  keel. 

a:  feet.     .     . 

2 

4 

6 

8 

10 

A  square  feet 

2690 

3635 

4320 

4900 

5400 

Find  the  total  displacement  of  the  vessel  for  a  draught  of  10  ft. 

The  displacement  in  tons  is  equal  to  the  weight  of  the  vessel ;  what  weight  is  put 
into  the  vessel  when  the  draught  increases  from  7  ft.  to  10  ft.  i  ton  of  sea  water 
measures  35  cub.  ft. 

7.  The  area  of  the  water-plane  of  a  certain  vessel  is  found  to  vary  as  A^'^f  where 
i  is  the  distance  above  the  keel.  When  A  is  20  ft.  the  area  of  the  water-plane  is  4810 
sq.  ft.     Find  the  total  displacement  in  cubic  feet  for  a  draught  of  20  ft. 
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198.  A  surface  of  revolution  is  generated  when  a  plane  figure  rotates 
about  an  axis  in  its  plane. 

E.^.  a  cone  or  cylinder  is  formed  when  a  straight  line  rotates  about  an 
axis  in  its  plane  ;  a  sphere  when  a  circle  rotates  about  a  diameter ;  a  paraboloid 
of  revolution  when  a  parabola  rotates  about  its  axis. 

The  rotating  curve  which  traces  out  the  surface  is  called  the  generating 
curve. 

The  section  of  a  surface  of  revolution  by  any  plane  perpendicular  to  its 
axis  is  a  circle. 


199.  Volume  of  a  Solid  of  Revolution. — Let  the  curve  PQ  represent/ 
as  a  function  of  :r  from  x  =  OA  =  ato  x  =  OB  =  i>. 

Let  PQ  and  the  ordinates  AP,  BQ,  rotate  about  the  axis  of  ;r,  so  as  to 
generate  a  surface  of  revolution  whose 
section  by  the  plane  OXY  is  PQSR. 

To  find  the  volume  of  the  solid  en- 
closed by  this  surface,  suppose  the  solid 
cut  into  thin  circular  discs  by  planes 
perpendicular  to  OX. 

The  area  of  any  section  is  iry\  and 
its  volume  'ry^5;r,  where  Sx  is  the  thick- 
ness of  the  disc,  and  /  the  ordinate  at 
some  point  within  it. 

The  whole  volume  of  the  solid  is  thus 
the  sum  of  a  number  of  terms  of  the 
form  irj^^SXf  which  we  write 

Now  suppose  the  number  of  sections 
into  which  the  sohd  is  cut  up  to  be  in- 
definitely increased,  and  the  thickness  *'»g-  »7«. 
5^  of  each   section  to  be    indefinitely 
diminished.    Then  the  limit  of  the  sum  S^V^^-^  is 


Y 

P 

A 

Q 

B 

R 

S 

f: 


^y^dx 


(§  130) 


Thus,  if  a  curve  representing  j'  as  a  function  of  x  rotates  about  the  axis 
of  r,  so  to  trace  out  a  surface  of  revolution,  the  volume  enclosed  by  this 
surface  between  the  sections  2X  x  =  a  and  ;r  =  ^  is 


/.■ 


ry^dx 


If  the  equation  connecting  y  and  x  is  known,  the  volume  may  in  many 
cases  be  found  by  integration  ;  and  if  the  form  of  the  curve  is  known,  the 
volume  may  always  be  found  by  graphic  integration  by  the  method  of 
Chapter  XVIL 


200.  We  shall  first  consider  examples  of  solids  of  revolution  where  the 
equation  to  the  generating  curve  is  known. 
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Example  (i). — To  find  the  volume  of  aright  circular  cone,  having  given  the  height  h 
and  the  radius  a  of  the  base. 

The  cone  is  formed  by  the  revolution  of  a  straight  line  OA  about  an  axis  OH.     In 
the  figure,  OH  =  >5,  HA  =  a. 

Take  OH  as  axis  of  x.     Then,  if  [x,  y)  are 
the  co-ordinates  of  any  point  P  on  OA, 


Fig.  773. 


and^ 


ax 
~h 


The  volume  of  a  circular  disc  of  thickness  hx 
and  radius^  is  fryHx. 

,'.  volume  of  cone  =  limit  of  the  sum  of  such 
discs  as  5x  is  made  smaller  and  smaller. 


rh  rh   a^j^ 

=x^[f]:=i- 

=  ^(area  of  base)  X  (height) 


Example  {2).— The  curve  y  -  \y?  revolves  about  the  axis  of  y.   Find  the  volume  of 
the  solid  thus  formed  between  the  sections  where  y  -  i  and  y  -  3. 

We  here  suppose  the  solid  divided  into 
circular  elements  of  thickness  hy  and  radius  x 
by  planes  perpendicular  to  the  axis  of  ^. 

We  have^  =  ^jc*,  x  =  (3;/)^. 
Then  the  volume  of  an  element  =  irx'By, 
and    the    whole    volume  of   the    figure  = 


Y 

3_ 
2 


f. 


■KX^dy 


0 

Fig.  174- 


=  j  AZy)^dy 

-^{3*-.} 
=  2055 


Example  (3). — Find  the  volume  of  a  sphere  of  radius  a. 
Take  two  perpendicular  diameters,  OA  and  OB,  as  axes. 


Fio.  175. 
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Then  the  sphere  is  generated  by  the  revolution  of  the  circle  APB  about  the 
axis  of  X. 

If  (jr,  ^)  are  the  co-ordinates  of  any  point  P,  on  the  circle,  x"  +y  =  a*. 

Divide  the  sphere  into  thin  circular  elements  of  thickness,  Sx  and  radius  y  by 
planes  perpendicular  to  the  axis  of  x. 

Then  the  volume  of  an  element  =  iiy*lix. 


Volume  of  sphere  =  /     iry*dx 


Example  (4). — Find  the  volume  of  the  frustum  of  a  sphere  of  radius  3  inches  lying 
between  two  parallel  planes  on  opposite  sides  of  the  centre,  and  at  distances  i  and  2  inches 
respectively  from  the  centre. 

Take  the  centre  as  origin,  the  diameter  perpendicular  to  the  two  end  sections  as 
axis  of  x,  and  any  diameter  perpendicular  to  this  as  axis  of  ^. 

Then  the  frustrum  is  formed  by  the  revolution  of  an  arc  of  a  circle  about  O*. 
The  limiting  values  of  x  are  —  i  and  2,  and  it  follows,  as  in  the  previous  example, 


that 


r+a 
Volume  =  I    iryV* 

•a 
ir(9  -  x')dx 
1 


■I 


-1 

9* 


=  27ir  -  3ir 

=  75'4  cubic  inches 

Example  {e^).— Prove  the  formula  for  the  volume  of  the  frustum  of  a  cone, 

- .  i(a«  +  ai  +  ll') 

Let  the  trapezium  A  BCD  rotate  about  A  B,  so  as  to  generate  a  frustum  of  a  cone. 


0^ 


B--1 


a. 


^"    A:      A 


Fia  176. 
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Produce  CD  and  BA  to  meet  at  O. 

Take  O  as  origin,  OA  as  axis  of  ;r,  and  a  straight  line  parallel  to  BC  as  axis  o(  y. 

Let  OB  =  /%„  OA  =  /^a,  BO  =  ^,  AD  =  a,  AB  =  A. 

Then  at  any  point  P  {x,  >)  oi)  CD 

y       i        .         ^x 
-  =  ^-,and>.  =  -^ 

also  a  —  -~- 

/"*! 

Volume  of  frustum  =  I    -Ky^dx 

E35:amples. — CV, 

1.  Find  by  integration  the  volume  of  a  cone  having  radius  of  base  3  ins.,  height 
4  ins. 

2.  Find  by  integration  the  volume  of  the  frustum  of  a  cone,  the  radii  of  the  two 
ends  being  2  ins.  and  4  ins.  respectively,  and  the  height  3  ins. 

3.  The  curve  y  =  ^x^  rotates  about  the  axis  of  x.  Find  the  volume  of  the  portion 
of  the  solid  of  revolution  generated  which  lies  between  the  origin  and  the  section  at 

4.  The  parabola  y  =  2/s/x  rotates  about  the  axis  of  x.  Find  the  volume  of  the 
paraboloid  of  revolution  generated  between  the  origin  and  the  section  at  ;c  =  4. 

5.  A  sphere  of  radius  6  ins.  is  cut  by  two  parallel  planes  on  opposite  sides  of  the 
centre  at  distances  4  ins.  and  i  in.  from  the  centre.  Find  the  volumes  of  the  frustum 
between  the  two  sections,  and  of  the  smaller  segment  cut  oflf  from  the  sphere  by  the 
plane  at  a  distance  of  4  ins.  from  the  centre. 

Note. — Do  not  use  the  formula,  but  perform  the  integration  in  full. 

6.  Find  the  volume  of  a  frustum  of  a  sphere  of  radius  4  ins.,  which  is  cut  oflf  by 
two  parallel  planes  on  opposite  sides  of  the  centre,  and  distant  3  ins.  from  the  centre. 

7.  Prove  the  formula,  given  in  §  44,  for  the  volume  of  a  zone  of  a  sphere. 

x^      r' 

8.  The  ellipse  -?  +  —  =  i  rotates  about  the  axis  of  x.     Find  the  volume  of  the 

16      9 
ellipsoid  of  revolution  which  it  generates. 

9.  The  curve  y  =  x'  —  2x  +  2  rotates  about  the  axis  of  x.  Find  the  volume  of 
the  solid  of  revolution  generated  between  the  sections  at  ^  =  o  and  x  =  2. 

10.  The  curve  y  =  c^  rotates  about  the  axis  of  x.  Find  the  volume  enclosed  by 
the  surface  of  revolution  generated  and  the  sections  2X  x  =■  a  and  x  =  b.  Given  ^  =  m 
when  X  ~  a  'y  Uy  by  niy  and  n  are  known  constants. 

11.  The  figure  formed  by  the  curve  ^  =  4r',  the  axis  of  ^,  and  the  straight  line 
>'  =  4  rotates  about  the  axis  of  y.  Find  the  volume  of  the  solid  of  revolution 
generated. 

201.  Graphic  Determination  of  Volumes  enclosed  by  Surfaces  of 
Revolution. — Instead  of  having  the  equation  to  the  generating  curve  given 
as  in  the  above  examples,  we  may  have  the  form  of  the  curve  given  by  a  list 
of  tabulated  values. 

The  volume  enclosed  by  the  surface  =  /  try'^dx  may  then  be  found  by 
a  graphic  method. 
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ExAMPi  j:. — Thefollowhig  are  corresponding  values  of  y  and  x  for  a  certain  curve. 
This  curve  rotates  about  the  axis  of  x  so  as  to  generate  a  surface  of  revolution.  Find  the 
volume  enclosed  by  this  surface  and  the  two  end  sections^  where  x  =  2*4  and  x  =  iO'6. 


X  inches 

24 

4-6 

7 

9*4 

10 -6 

y  inches 

155 

2-13 

232 

I -65 

0 

Plotting  these  values  oiy  and  *,  we  get  the  curve  PQ. 


^2 
:2 


/ 

'^ 

\ 

/ 

r 

> 

v 

/ 

\ 

/ 

\ 

/ 

y 

/ 

\s 

R 

^ 

^ 

r— 

^^ 

N, 

P 

X 

^ 

S 

F 

V 

V 

2  N  4  6  8 

ValueB  (if  X  finches) 

Fig.  177. 


10 


The  volume  enclosed  by  the  surface  of  revolution  generated  by  the  rotation  of  this 

no-9  ' 

curve  and  the  ordinate  NP  about  the  axis  of  ;if  is  /      iiy*dx 

Ji'A 

=  ir  r   y'dx 
J  34 

Taking  values  of  y  from  the  curve  PQ,  squaring  them,  and  plotting,  we  get  the 
curve  RS  representing  ^'  as  a  function  of  x.  The  area  between  this  curve  and  the 
axis  of  X  from  x  =  2*4  to  ;r  =  I0'6  is  found  by  Simpson's  rule  to  be  32' 16.     This  is 

no  6 
the  value  of  I     y'^x. 

J  2-4 
•,  the  required  volume  of  the  surface  of  revolution  is 


J  r 


w  I      y^dx  =  »  X  32*16  =  loi  cub.  in«. 
9-4 
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In  practice  it  is  not  necessary  actually  to  draw  the  curve  RS,  In  the  formula  for 
Simpson's  rule  we  may  substitute  the  values  of  the  squares  of  the  ordinates  taken  from 
the  curve  PQ  at  the  proper  intervals.  The  result  will  give  the  area  under  the  curve 
RS,  which  is  equal  to  jydx. 

The  student  should,  however,  in  working  the  first  few  examples,  draw  both  curves 
as  in  the  above  examples,  until  he  has  become  familiar  with  the  method. 

Examples. — CVI. 

The  curves  given  by  the  following  lists  of  values  of  x  and  y  rotate  about  the  axis 
of  X.  Find  the  volumes  of  the  solids  of  revolution  which  they  generate  between  the 
specified  limits. 


X  inches 

2 

3 

4 

S 

6 

7 

8 

y  inches 

5*15 

5*54 

5-63 

5-46 

4-8o 

3-86 

3-16 

Between  x  =  2  and  ^  =  8. 
2. 


X  inches  .     . 

o 

lO 

IS 

20 

25 

>' inches  .     . 

lO 

6'93 

7-21 

9'8o 

15-03 

Between  x  =  o  and  ;r  =  25. 
3. 


x  inches 

0 

• 

15 

2 

2*5 

3 

3'5 

40 

y  inches 

05 

09 

IDS 

117 

1-24 

1*2 

I -05 

08 

Between  x  =  0  and  x  =  4. 
4. 


X  inches .     . 

1-99 

280 

3412 

3*919 

4*359 

475 

y  inches  .     . 

1-8 

1-6 

1-4 

1-2 

I 

0-8 

Between  x  =  2  and  x  =  4*5. 
6. 


*  feet  . 

05 

- 
1*4 

2 

2*7 

3*5 

4*2 

4*6 

5*3 

6 

y  inches 

12*37 

1278 

1262 

1178 

1089 

10-56 

IO-45 

10-69 

12*04 

Between  x  =  0*5  and  x  =  6. 
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6.  A  buoy  is  in  the  form  of  a  solid  of  revolution  floating  with  its  axis  vertical,  d  is 
its  diameter  at  depth  A  below  the  surface  of  the  water.  Find  the  weight  of  water 
displaced  by  the  buoy.     One  cubic  foot  of  sea  water  weighs  64*  1 1  lbs. 


Depth  below  water-line  (feet) 

0 

0-6 

09 

1-25 

1-50 

I -So 

2 

Diameter  (feet)      .... 

6 

590 

5-8 

5*55 

5-25 

470 

4-20 

The  bottom  of  the  buoy  is  fiat,  and  at  a  depth  of  2  it. 


CHAPTER  XXV 

CENTRES   OF  GRAVITY 

202.  In  Chapter  XXI.  we  defined  the  centre  of  gravity  of  a  number  of  weights 
supposed  concentrated  at  isolated  points,  and  obtained  expressions  for  its 
position. 

If  (:r,  y)  are  the  co-ordinates  of  the  centre  of  gravity  of  weights  w^,  Wj, 
«5  .  .  .  situated  at  the  points  (jTi,  y^,  {x^,  ^j),  (rj,  ^s)  .  .  .  then 

-  __  m-^x^  +  m^x^  +  m^x^  +  .  .  .  _  2(w£) 

""  Wi  +  W2  +  Wg  +  .    .    .  2(»i) 

p  ^  »*i/i  +  tn^y^  +  ^3^3  4-  .  .  .  ^  ^{tny) 
»*i  +  »«a  +  »*8  +  •  •  •  ^C^*) 


203.  Centre  of  Gravity  of  Distributed  Masses. — If  any  figure  is  cut 
out  in  a  thin  stiff  uniform  material,  such  as  sheet  metal  or  cardboard,  there 
is  a  certain  point  in  the  plane  of  the  figure  through  which  its  resultant  weight 
always  acts  so  that  the  figure  will  balance  if  supported  only  at  this  point. 

In  this  sense  we  speak  of  the  centre  of  gravity,  or  centre  of  mass,  of  a 
plane  area.  The  position  of  the  centre  of  gravity  will  evidently  depend  only 
on  ^he  shape  of  the  figure,  and  not  on  its  material,  so  that  in  finding  the 
centre  of  gravity  of  a  figure  we  may  take  the  area  of  any  portion  as  equal  to 
its  weight. 

The  centre  of  gravity  of  a  figure  is  also  known  as  the  centre  of  area,  or 
centroid. 

In  the  same  way  every  solid  body  has  a  centre  of  gravity  through  which 
the  resultant  weight  always  acts. 

We  may  suppose  the  number  of  isolated  masses  enclosed  in  a  given 
space  to  be  indefinitely  increased,  and  at  the  same  time  the  magnitude  of 
each  mass  to  be  diminished  so  that  in  the  limit  a  continuous  solid  body  is 
formed.  Then  the  definition  of  the  centre  of  gravity  of  a  number  of  isolated 
weights  may  be  extended  to  the  case  of  a  continuous  solid  body. 

Example. — Find  the  abscissa  of  the  centre  of  gravity  of  the  area  given  in  the  figure. 

Divide  the  area  into  ten  strips  of  equal  width  by  straight  lines  parallel  to  the 
axis  of  >'. 

Take  the  weight  of  each  strip  as  numerically  equal  to  its  area,  and  assume  this 
weight  to  act  at  the  centre  of  gravity  of  the  strip. 

If  the  strips  are  sufficiently  narrow,  the  centre  of  gravity  of  each  strip  may  be 
supposed  to  lie  on  the  ordinate  drawn  at  the  mid  point  of  the  base  of  that  strip ;  e.g. 
in  the  figure  the  centre  of  gravity  of  the  second  strip  is  at  G. 

We  now  have,  if  (jr,  y)  are  the  co-ordinates  of  the  centre  of  gravity, 

where  m  is  the  area  of  a  strip,  and  ^  the  abscissa  of  the  mid  point  of  its  base. 
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2{mx)  is  obtained  by  multiplying  the  base  of  eacii  strip  by  its  mean  height  to  get 
the  area,  and  then  multiplying  the  result  by  the  abscissa  of  the  mid  point  of  the  b^e 
and  adding  the  results. 

%{m)  is  the  whole  area  of  the  figure. 


_,,      ,      62*96 
30-64 


2-05 


.*.  the  centre  of  gravity  lies  in  the  ordinate  AB. 

Similarly,  the  ordinate  j  of  the  centre  of  gravity  maybe  found  by  dividing  the  area 
into  strips  parallel  to  Ov. 


204.  Centre  of  Gravity  of  an  Area  by  Integration. — The  accuracy  ol 
the  method  described  in  the  last  paragraph  depends  on  the  number  of  strips 
into  which  we  divide  the  area.  If_the  area  is  divided  into  20  parts  instead 
of  into  10,  the  resulting  value  of  x  will  be  nearer  to  the  exact  value  of  the 
abscissa  of  the  centre  of  gravity,  and  so  on. 

If  5x  is  the  width  and  y  the  mean  height  of  a  strip,  then  the  area  of  that 
strip,  which  is  proportional  to  its  mass,  is  j5;r,  and 


*■  = 


approximately 


The  exact  value  of  ;ir  is  the  limiting  value  of  this  expression,  as  the 
number  of  divisions  is  indefinitely  increased,  t\g.  when  Sx  is  indefinitely 
diminished. 
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where  a  and  b  are  the  limiting  values  of  ;jr  for  the  area  considered. 

Similarly,  since  the  ordinate  of  the  centre  of  gravity  of  a  strip  is  -,  we 
have 


and  in  the  limit 


y  = 


Thus,  if  the  equation  to  the  bounding  curve  is  known,  we  may  be  able  to 
evaluate  these  integrals,  and  so  find  the  position  of  the  centre  of  gravity. 


Example  (i). — Find  the  centre  of  gravity  of  a  triangle. 


Fig.  179. 


In  the  triangle  ABC  draw  AN  perpendicular  to  BC. 
Take  A  as  origin  of  rectangular  co-ordinates,  and  AN  as 
axis  of  X. 

Let  AN  =  A,  BN  =/. 

First   find  the  centre  of   gravity  of  the  triangle   ANB. 

Then  the  equation  to  the  straight  line  AB  is    -  =-^. 


x^dx 


,  since  /  and  h  are  constantSi 


xdx 


=!=«* 


Similarly,  for  the  triangle  ANC,  jr  =  §/4.  It  follows  that  x  =  lh  for  the  whole 
triangle. 

Similarly,  the  centre  of  gravity  is  at  a  distance  of  §  of  the  height  measured  from 
any  other  side  of  the  triangle,  and  its  position  is  completely  determined. 


Example  (2). — Find  the  centre  of  gravity  of  the  area  bounded  by  the  parabola 
y  =  o'2j:'  +  I,  the  axis  of  x^  and  the  ordincUes  at  x  =  ^  and  x  =■  ^. 
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We  have 


f_^ 


/ 


6 

{o-zx*  +  x)dx 

8 


5 
{p-7^  +  l)dx 


/: 

r-+-T 


ydx 


8-53 

(oint  (4*125,  2*24). 
The  student  should  draw  the  figure  to  illustrate  this  example. 


/.  the  centre  of  gravity  is  at  the  jsoint  (4*i.25>  2*24) 
sh«    "   " 


Examples.— CVII. 

1.  Find  by  integration  the  centre  of  gravity  of  an  isosceles  triangle,  having  its 
base  6  inches,  and  height  4  inches. 

Find  the  centres  of  gravity  of  the  areas  bounded  by  the  following  curves,  the  axis 
of  x^  and  the  ordinates  at  the  points  specified  : — 

2.  ^  =  *'  between  x  —  o  and  x  —  l.  3.  ^  =  2;r»  between  x  =  i  and  jt  =  4. 
^.  y  —  3^  between  x  =-o  and  x  —  \.  ^.  y  —  x^  between  ;c  =  i  and  x  =  2. 
Q.  y  =  ^x^  between  x  =  o  and  x  =  27. 

7.  A  trapezium  is  bounded  by  the  ordinates  A,  at  ;p  =  a,  and  A,  at  j;  =  ^,  the  axis 
of  X,  and  the  straight  line  joining  the  heads  of  the  ordinates  A^  and  >%,.  Find  the 
co-ordinates  of  its  centre  of  gravity  by  integration. 

Find  the  abscissae  of  the  centres  of  gravity  of  the  areas  bounded  by  the  following 
curves,  the  axis  of  x,  and  the  ordinates  at  the  points  specified  : — 

8.  y  =  X  +  fj x  between  x  —  o  and  x  —  \. 

9.  y  =  x*  —  2x  +  2  between  x  =  0  and  *  =  3.     Plot  the  curve. 

10.  Find  the  position  of  the  centre  of  gravity  of  a  semi-circle  of  radius  a. 

11.  Find  the  position  of  the  centre  of  gravity  of  the  parabolic  spandril  bounded 
by  the  parabola  5  —  ^  =  2^4:,  and  the  axes  of  x  and  y. 

205.  Centre  of  Gravity  of  an  Area — Graphic  Method. — The  graphic 
method  may  now  be  put  into  a  more  concise  and  accurate  form  than  in  §  203. 
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/xydx"  Ij^^dx 

*  fb        ty  —  ^    rb 

I  ydx  j  ydx 


If  we  do  oot  know  the  equation  of  the  bounding  curve  or  cannot  evaluate 
the  above  integrals,  we  may  find  their  values  by  the  graphic  method. 


Example. — The  following  are  corresponding  values  of  x  and  y  for  a  certain  curve; 
find  the  abscissa  of  the  centre  of  gravity  of  the  area  enclosed  by  this  curve^  the  ordinates 
at  X  —  \  and  ^  =  5,  and  the  axis  of  x. 


X 

I 

IS 

2 

2'S 

3 

35 

4 

45 

S 

S'3 

V 

3*52 

3 '45 

316 

2-67 

2 -co 

156 

1-40 

1-40 

i-65 

200 

Plotting  the  given  values  of  x  and  y  we  get  the  curve  PQ. 


\ 

\ 

\ 

s 

\ 

/ 

\ 

/ 

\ 

^ 

y 

c 

^ 

y 

/ 

> 

/ 

\ 

A 

V 

— 

y 

/ 

^ 

Q 

( 

V 

^y 

d 

•    G 

N 

^. 

y 

/ 

A 

B 

13 
12 
11 

10 
9 

e>t 
a) 


^^ 


5 


yalueB  of  X 
Fig.  z8a. 
Plotting  the  values  of  xy  and  y^  we  get  the  curves  RS  and  TQ. 


352  Practical  Mathematics 

The  work  may  be  set  out  as  follows — 


(0 

(a) 

(3) 

(4) 

(5) 

(6) 

(7) 

No.  of 
ordinate. 

X 

y 

SM 

jj'XSM 

.ryXSM 

^2xSM 

I 

I'O 

3-52 

, 

3*52 

3-52 

12-39 

2 

1-5 

3 '45 

4 

13-80 

2070 

47-61 

3 

2"0 

3-i6 

2 

6-32 

12-64 

19-97 

4 

2-5 

2-67 

4 

IO-68 

26-70 

28-52 

5 

3*o 

2'00 

2 

4-00 

I2-00 

8-00 

6 

3-5 

1-56 

4 

6-24 

21-84 

973 

7 

4'o 

1-40 

2 

2 -80 

11*20 

3-92 

8 

4-5 

1-40 

4 

5-60 

25-20 

7-84 

9 

50 

1-65 

I 

1-65 

8-25 

2-72 

S4'6i 

142-05 

140-7 

Column  (5)  is  obtained  as  the  product  of  the  numbers  in  (3)  and  (4) 
..       (6)  ,>  »  „  (2)    „    (5) 

..       (7)  ..  M  M  (3)    ».    (5) 

Adding  the  numbers  in  column  (5)  and  multiplying  by  -  =  8»  we  obtain  the  area 

under  the  curve  PQ  from  x  —  i  to  ;r  =  5. 

"6 

ydx  =  \y.  54-61 


w 


Adding  the  numbers  in  column  (6)  and  multiplying  by  J,  we  obtain  the  area 
under  the  curve  RS  from  j:  =  i  to  ;c  =  5. 


/; 


xydx  =  J  X  142-05 


:.x 


I 


xydx 


I 


ydx 


54'6i 


Adding  the  numbers  in  column  (7)  and  multiplying  by  |,  we  obtain  the  area 
under  TQ  from  :r  =  I  to  i:  =  5. 


/; 


y'^dx  =  I  X  140-7 


.J  =  i 


/; 


/</;■ 


JVx 


140-7 

2  X  54-61 


1*29 


,*,  the  centre  of  gravity  is  at  the  point  G,  whose  co-ordinates  are  (2  60,  1*29). 

Note  that  it  is  not   necessary  actually  to  carry  out  the  multiplication  by   the 

factor  -,  since  this  occurs  in  both  numerator  and  denominator  of  the  expressions 

for  X  andj'. 

In  practice  the  curves  RS  and  TQ  need  not  be  drawn  ;  the  values  of  xy  and  y^ 
necessary  for  the  calculation  of  the  integrals  may  be  found  from  the  curve  PQ. 
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Note  that  this  method  of  finding^  has  only  been  shown  to  apply  when  the  base  of 
the  area  consider  ed  is  the  axis  of  x.  To  find  ^  in  other  cases  we  may  divide  the  area 
into  elements  parallel  to  the  axis  of  * ;  ^  is  then  given  by  the  relation 

y  —  IT 


ly" 


where  c  and  d  are  the  limiting  values  of  yy  and  x  denotes  the  width  of  the  figure 
measured  parallel  to  the  axis  of  x. 


Examples.— CVIII. 

1.  A  curve  passes  through  the  following  points.  Find  the  abscissa  of  the  centre 
of  gravity  of  the  area  enclosed  by  this  curve,  the  ordinates  at  *  =  o'5  and  x  —  6'5, 
and  the  axis  of  x. 


OS 


SO 


1*2 


3-6 


2-3 


27 


3-2 


2-45 


4*5 


2'34 


5*4 


2*43 


6i 


2-6 


6-5 


275 


2.  The  height  of  a  certain  figure  is  measured  at  different  points  along  the  axis  of 
x,  as  given  in  the  following  table.     Find  the  abscissa  of  its  centre  of  gravity. 

X 

0-3 

■ 

>S 

20 

2-6 

32 

3-S 

40 

44 

SO 

S*3 

y 

0 

042 

0-585 

076 

I -055 

I -53 

24 

219 

192 

IIS 

0 

3.  Plot  a  curve  from  the  following  values  of  x  and  y.  Find  the  abscissa  of  the 
centre  of  gravity  of  the  area  enclosed  by  this  curve,  the  line  y  —  10,  and  the  ordinates 
at  X  =  20  and  x  =  40. 


X 

20 

36 

.    30 

325 

36 

38 

40 

y 

30-3 

46-1 

S8 

659 

77-6 

846 

919 

4.  Find  the  co-ordinates  of  the  centre  of  gravity  of  the  area  enclosed  by  the  curve 
given  by  the  following  values,  the  ordinates  at  *  =  3'i  and  x  =  5*2,  and  the  axis 
of  a::— 


X 

310 

356 

41 

485 

520 

y 

2247 

1919 

15-97 

12-85 

II 72 

2    A 
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6,  Find  the  co-ordinates  of  the  centre  of  gravity  of  the  area  within  the  closed 
curve,  which  passes  through  the  following  points  in  the  order  given  : — 


X 

n 

1-8 

2-6 

3-8 

44 

5-2 

5'35 

51 

4-3 

31 

2-0 

1-2 

07 

06 

I-I 

y 

lO 

o'3 

oo8 

o'40 

07 

17 

2-6 

375 

5'i7 

5-83 

5*5 

46 

3-25 

21 

I'D 

e.  Find  by  the  graphic  method  the  position  of  the  centre  of  gravity  of  the 
quadrant  of  a  circle  of  radius  4  ins.  Also  find  the  centre  of  gravity  by  experiment, 
and  compare  the  results. 

7.  The  equation  to  half  of  an  ellipse  \&  y  —  tj\  —  o'Z^^o^.  Plot  this  curve,  and 
find  by  the  graphic  method  the  centre  of  gravity  of  the  area  enclosed  between  this 
curve  and  the  axis  of  x. 

8.  ABCD  is  the  section  of  a  bar.  AB,  BC,  CD  are  three  adjacent  sides  of  a 
regular  hexagon.  AD  measures  i  ft.  Find  by  the  graphic  method  the  position  of 
the  centre  of  gravity  of  the  section. 

206.  Centre  of  Gravity  of  a  Curve. 

Example. — The  curve  shown  in  the  figure  represents  a  thin  uniform  wire.  Find 
the  position  of  its  centre  of  gravity. 


# 

M^ 

^ 

' 

""^ 

^». 

8 

A 

X 

G 

S 

\ 

A 

> 

\ 

2 

\ 

1 

J 

K 

0  1  2  3  4  ^    J(  ' 

Fig.  181. 

Divide  the  curve  into  small  elements  of  some  convenient  length.  Then  each 
element  is  approximately  a  short  straight  rod,  and  its  centre  of  gravity  is  situated  at 
its  mid  point. 

In  this  case  we  divide  the  curve  into  elements  \  in.  long.  Take  the  mass  of  each 
i  in.  element  as  the  unit  of  mass.  The  length  of  the  last  clement  at  B  is  0*115  in., 
and  its  mass  is  therefore  0*46. 

Take  any  convenient  axes  of  x  and  y.     Then,  since 


2(/«) '  y 


We  shall  obtain  the  approximate  position  of  the  centre  of  gravity  by  the  following 
method : — 
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Multiply  the  mass  of  each  element  by  the  value  of  x  at  its  mid  point,  and  add  the 
products  obtained.  Divide  the  sum  by  the  total  mass  of  the  curve.  The  result  is  the 
abscissa  of  the  centre  of  gravity.  In  the  same  way  the  ordinate  of  the  centre  of  gravity 
may  be  found. 

Substituting  the  values  from  the  curve,  we  find 


_  _  ^{mx) 


3*32 


51-28 

2(;w)  ~  15-46 
_  :S.{my)      48-26  _ 


2(w)        15-46 


Thus  the  centre  of  gravity  is  at  the  point  G  (3-32,  3-12)  in  the  figure. 

206a.  Centre  of  Gravity  of  a  Uniform  Circular  Arc. 

Take  the  centre  O  of  the  arc  as  origin,  and  the  middle  radius  OC  as  initial  line 
of  polar  co-ordinates  (Fig.  181  a). 


Let  2a  be  the  angle  which  the  arc  subtends  at  the  centre,  and  (r,  9)  and  (r,  9  +  M) 
the  polar  co-ordinates  of  two  adjacent  points  P,  Q  on  the  arc. 

Let  w  =  weight  of  unit  length  of  the  arc. 

By  symmetry  the  centre  of  gravity  lies  on  OC,  Let  G  be  its  position.  Draw 
CD  perpendicular  to  OC. 

Then,  weight  of  portion  PQ  =  wr^9. 

Moment  of  portion  PQ  about  CD  =  ON  .  wr^Q  =  wr^  cos  550,  50  being  a  small 
quantity. 


.-.  OG.  = 


/: 


wr'  cos  9d9 


/: 


wrdQ 


Examples.— CIX. 


1.  Plot  a  curve  from  the  following  values  of  x  and  y.  Find  the  co-ordinates  of 
the  centre  of  gravity  of  a  uniform  wire  bent  into  this  shape,  the  ends  of  the  wire  being 
at  the  points  (0-7,  3-54)  and  (5,  6). 
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X 

07 

i'3 

2-0 

2-6 

3*4 

4*0 

5-0 

y 

3'54 

4*35 

5-0 

5 '4 

575 

5-91 

60 

2.  A  curve  passes  through  the  following  points  in  the  order  given.     Find  the 
position  of  its  centre  of  gravity. 


s 

19 
10 

17 
20 

17 
29 

21 

26 

36 

45 

48 

50 

53 

62 '6 

66 

677 

61 

y 

38 

43 

45 

38-5 

33-5 

27 

18 

15 

18 

24 

31 

3.  Find  the  position  of  the  centre  of  gravity  of  the  perimeter  of  the  figure  in 
Example  CVIII.  5. 

4.  Find  by  the  graphic  method  the  position  of  the  centre  of  gravity  of  the  arc  of 
a  semicircle  of  radius  4  inches. 

5.  Draw  an  arc  of  a  circle  of  radius  10  inches,  subtending  a  chord  of  length 
5  inches.     Find  the  distance  of  the  centre  of  gravity  of  the  arc  from  the  curve. 

6.   Show  that  the  centre  of  gravity  of  a  sector  of  a  circle  of  radius  a  and  angle  2a 

is  at  a  distance  §  .  — -  a  from  the  centre. 
a 


207.  Centre  of  Gravity  of  a  Solid  of  Uniform  Density. 


Fig.  i8a. 


Take  a  fixed  axis  of  x  in  the  body.  Divide  the  body  into  thin  plates  by 
a  series  of  planes  perpendicular  to  the  axis  of  x. 

Let  Ix  be  the  thickness  of  any  plate  and  A  its  area.  Then  its  volume, 
which  is  proportional  to  its  mass,  is  Khx.     And 

^  ^  2(AS;r)   approximately 

the  values   of  x  in  the  numerator  being  measured  to  some  point  within 
the  corresponding  thin  plate. 

In  the  limit,  as  Ix  is  diminished  and  the  number  of  divisions  increased, 
this  becomes 


/: 


fi<xdx 


/: 


P<dx 


where  a  and  b  are  the  values  of  x  for  the  two  end  sections. 

The  law  connecting  A  and  x  may  be  given  by  means  of  an  equation  or 
by  an  empirical  series  of  values  obtained  by  measurement  at  various  points 
along  the  axis.  In  the  latter  case  the  above  integrals  may  be  found  by  a 
graphic  method. 
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Example. — The  cross-sectional  area  ^  of  a  certain  body  of  uniform  density  is 
measured  at  right  angles  to  a  fixed  axis  in  the  body^  x  is  the  distance  of  a  section  from  a 
fixed  point  on  this  axis. 

The  following  table  gives  corresponding  values  of  A  and  x.  Find  the  value  of  x  at 
the  centre  of  gravity  of  the  body. 


x 

I 

1*4 

2 

3 

4 

5 

6 

7 

A 

o 

2-5 

4'25 

5 

S 

4-8 

433 

3-86 

We  have 


I 


^dx 


l^. 


Plotting  A  and  x  we  get  the  curve  PQ. 
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Fig.  183. 


The  value 


of  f  f<dx  is  th 


e  area  between  this  curve  and  the  axis  of  jr. 


This  is  found  to  be  26  "2. 
To  find  the  value  of  the  numerator  we  require  to  plot  the  values  cf  /^x  and  x. 
Multiplying  the  given  values  of  A  and  x  in  pairs  we  get  the  values  of  At 
follows : — 
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X 

I 

1*4 

2 

3 

4 

5 

6 

7 

Ax 

o 

35 

8-S 

IS 

20 

24 

26 

27 

Plotting  these  values  we  get  the  curve  PS. 

Then  the  value  of  /  Aixdx  is  the  area  between  PS  and  the  axis  of  x. 

This  is  found  to  be  107 '7, 

—     1077 

i.e.  the  centre  of  gravity  is  situated  in  that  section  of  the  solid  for  which  jjt  =  4*11. 


208.  Centre  of  Gravity  of  a  Solid  of  Revolution.— This  is  a  special 
case  of  the  last  method. 

The  sections  of  the  solid  by  planes  perpendicular  to  the  axis  of  revolution 
are  circles.  Let  the  solid  be  cut  by  such  planes  into  thin  circular  discs  of 
thickness  Sx  and  radius^,  then  A  =  rr;'^,  and  we  have 


I  Axdx       I  y^xdx 


Example  (i). — Find  the  centre  of  gravity  of  a  solid  hemisphere. 

Let  a  be  the  radius  of  the  hemisphere.  Take 
the  centre  as  origin  and  the  radius  perpendicular  to 
the  plane  surface  as  axis  of  x. 

Then  the  hemisphere  is  a  solid  of  revolution 
formed  when  the  quadrant  of  a  circle  of  radius  a 
revolves  about  the  axis  of  x. 


Fig.  184. 


/: 


y^xdx 


/: 


y*dx 


where  (jr,  y)  are  the  co-ordinates  of  any  point  on  the 
:',  and  .•.,  substituting 


generating  curve. 

But  we  have  x"^  +y*  - 
y*  ■=.  (^  —  x^  in  the  above, 


^{d'x  -  x'yx 
[\a*  -  x'')dx 

2  4  lo   _ 


3  Jo 


4 

2a' 

3 


i" 
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The  centre  of  gravity  of  a  solid  hemisphere  is  on  the  axis  at  a  d  istance  of  ^  of  the 
radius  from  the  centre. 

Example  (2).— The  curve  y  =  3  +  —revolves  about  the  axis  0/  x  so  as  to  generate  a 

solid  of  revolution.     Find  the  centre  of  gravity  of  the  portion  of  this  solid  which  lies 
between  the  sections  at  x  =  2  and  x  =  4'8. 


We  have 


j: 


4-8 

xy'dx 


9.^  +  24^^+  i61og»r  I 


»9 


[9x  +  24log«jr-^J^ 
31-97      ^    ^ 


Since  the  body  is  symmetrical  with  respect  to  the  axis  of  *,  we  also  know  that  the 
centre  of  gravity  lies  on  the  axis  of  jr,  and  its  position  has  been  completely  determined. 


Examples.— ex. 

1.  Find  the  centre  of  gravity  of  the  cone  formed  by  the  straight  line  y  =  ^x 
rotating  about  the  axis  of  x^  the  base  of  the  cone  being  a  plane  perpendicular  to  Ox 
at  the  point  *  =  6. 

2.  Find  the  centre  of  gravity  of  the  frustum  of  the  cone  in  example  i,  which  lies 
between  the  sections  at  x  =  3  and  x  =  6. 

3.  Prove  that  the  centre  of  gravity  of  a  right  circular  cone  of  height  h  lies  at  a 
distance  ^h  from  the  vertex, 

4.  The  radii  of  the  ends  of  a  frustum  of  a  cone  are  3  and  7  ins.  respectively,  and 
its  height  is  9  ins.     Find  the  distance  of  its  centre  of  gravity  from  the  smaller  end. 

5.  Find  the  position  of  the  centre  of  gravity  of  the  frustum  of  a  sphere  of  radius 
5  ins.  The  radii  of  the  plane  faces  are  4  and  3  ins.,  and  they  are  both  on  the  same 
side  of  the  centre. 

6.  The  curve  jj/  =  j:'  —  2;»r  +  2  rotates  about  the  axis  of  x.  Find  the  centre  of 
gravity  of  the  solid  of  revolutio^n  generated  between  the  sections  at  ^  =  o  and  x  —  2' 

7.  The  parabola  jv  =  i6/^x  rotates  about  the  axis  of  ^.  Find  the  position  of  the 
centre  of  gravity  of  the  paraboloid  of  revolution  which  is  generated  between  x  =  o 
and  X  =  16. 

8.  Find  the  centre  of  gravity  of  the  portion  of  the  same  paraboloid  lying  between 
sections  at ;»;  =  4  and  x  =  g. 

209.  Centre  of  Gravity  of  a  Solid  of  Revolution— Graphic  Method. 

Example. — The  curve  given  by  the  follozvtjig  values  of  x  and y  revolves  about  the 
axis  of  X.  Find  the  centre  of  gravity  of  the  solid  of  revolution  which  it  generates 
between  the  end  sectioris  at  x  —  -^  and  x  =  g. 
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X 

3 

37 

4'3 

S 

5*5 

6-3 

7 

7-S 

8 

8-6 

9 

y 

« 

IIO 

i'i9 

1-30 

I  "395 

I -60 

1-85 

210 

243 

2-925 

335 

y" 

' 

I'2I 

1-42 

169 

'•95 

2-56 

342 

4-41 

590 

8-55 

11-22 

xy^ 

3 

4'S 

61 

8.4 

107 

161 

239 

330 

47*2 

73*6 

lOI 

We  have 


?  xfdx 

I/" 


Calculating  the  values  of  ^,  as  shown  in  the  third  line  above,  and  plotting,  we  get 
the  curve  PQ. 
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Fig.  185 

.  The  axea  between  this  curve  and  the  axis  of  x  is  found  to  be  20*1 


«       X     • 


no 
s 

100 
90 

80 

01 
70  ^ 

60   g 

50  :2 

40 
30 
20 
10 
O 


I 


y^dx  =  20*1 


Multiplying  in  pairs  the  corresponding  numbers  in  the  first  and  third  lines,  we  get 
the  values  of  xy^  given  in  the  fourth  line. 
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Plotting  these,  we  get  the  curve  RS. 

The  area  between  Uiis  curve  and  the  axis  of  x  is  found  to  be  142*5. 
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f. 


xfdx  —  142-5 


142-5 


f  =  71 


Examples.— CXI. 

1.  The  curve  given  by  the  following  values  of  y  and  x  rotates  about  the  axis  of  x. 
Find  the  position  of  the  centre  of  gravity  of  the  solid  of  revolution  which  it  generates. 


X 

2 

2-8 

3*5 

4*5 

5*5 

6-4 

7*3 

80 

y 

I 

206 

271 

3-25 

3*39 

3-30 

2-8o 

i'8o 

2.  Find  the  position  of  the  centre  of  gravity  of  the  solid  of  revolution  specified  in 
Examples  CVI.,  I. 

3.  Find  the  position  of  the  centre  of  gravity  of  a  solid  hemisphere  of  5  inches 
radius  by  the  graphic  method,  and  compare  with  the  result  obtained  by  direct 
mtegration. 

4.  A  IS  the  area  of  the  vertical  cross-section  of  a  solid  at  distance  x  from  one  end. 
Find  the  distance  of  the  centre  of  gravity  from  that  end. 


*ft. 

0 

25 

50 

100 

150 

206 

230 

240 

250 

A  sq.  ft. 

I 

145 

214 

260 

277 

250 

188 

140 

I 

5.  Find  the  centre  of  gravity  of  the  water  displaced  by  the  buoy  whose  dimensions 
are  given  in  Example  CVI.,  6. 


210.  Theorem  of  Pappus  for  the  Volume  of  a  Ring. — A  closed  figure 
rotates  about  an  axis  in  its  plane  so  as  to  generate  a  ring.  To  find  the 
volume  of  the  ring. 

Divide  the  total  area  A  of  the  rotating  figure  into  small  elements  of  area 
5A,  and  let  x  be  the  distance  of  any  element  from  the  axis  of  rotation  PQ. 

Then  the  element  SA  traces  out  a  thin  circular  ring  of  radius  x. 

The  volume  of  this  ring  is  2irx5A,  and  the  volume  of  the  ring  generated 
by  the  whole  area  A  is  the  sum  of  the  terms  2nxhfK  for  all  the  elements  SA. 

But  if  we  divide  an  area  A  into  small  elements  and  multiply  each  element 
by  its  distance  x  from  an  axis,  the  sum  of  the  products  is  in  the  limit  equal 
to  ;r .  A  (vid£  p.  297)  where  x  is  the  distance  of  the  centre  of  gravity  of  the  area 
from  PQ. 

.*.  the  volume  of  the  ring  =  27rar.  A  ;  i.e.  it  is  equal  to  the  area  of  the 
rotating  figure  multiplied  by  the  circuniference  of  the  circle  traced  out  by  its 
centre  of  gravity. 
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In  the  same  way  it  follows  that  if  the  area  A  does  not  rotate  through  a 
whole  circle,  the  volume  traced  out  is  equal  to  the  area  A  multiplied  by  the 
length  of  the  path  of  its  centre  of  gravity. 


a> 


P 

Fig-  z86. 


If  A  rotates  through  an  angle  B  radians,  then  the  volume  of  the  solid 
traced  out  is  d .  ;r .  A. 


211.  Theorem  of  Pappus  for  the  Area  of  the  Surface  of  a  Ring. — 
Let  a  closed  curve  of  perimeter  S  rotate  about  an  axis  in  its  plane  so  as  to 
generate  a  ring.     To  find  the  area  of  the  surface  of  the  ring. 

Divide  the  perimeter  S  into  small  elements  SS  (Fig.  186). 

Let  X  be  the  distance  of  SS  from  the  axis  of  rotation  PQ.  Then  SS  traces 
out  a  ring  whose  area  is  27r;r5S. 

The  whole  area  is  therefore 

27r5jr5S  =  2n-I^S 

where  x  now  refers  to  the  centre  of  gravity  of  the  perimeter  S  and  not  to  the 
centre  of  gravity  of  the  area  A  of  the  figure. 

Thus  the  area  of  the  surface  of  a  ring  is  equal  to  the  length  of  the 
generating  curve  multiplied  by  the  length  of  the  path  traced  out  by  its 
centre  of  gravity. 

If  S  is  not  a  closed  curve  this  method  gives  the  area  of  one  side  of  the 
surface  of  revolution  which  it  traces  out. 

Note. — These  theorems  are  sometimes  attributed  to  Guldin,  who  published  them 
in  the  sixteenth  century.  They  had,  however,  been  previously  discovered  by  Pappus  in 
the  third  century,  A.D. 


Example  {i).—Find  an  expression  for  the  volume  and  area  of  the  surface  of  an 
anchor  ring. 

An  anchor  ring  is  generated  when  a  circle  rotates  about  an  axis  in  its  plane.  Let 
r  be  the  radius  of  the  rotating  circle,  and  R  the  radius  of  the  circle  traced  out  by  its 
centre  (Fig.  186). 

Then  the  area  of  the  rotating  circle       =  irr* 
Length  of  path  of  its  centre  of  gravity  =  27rR 

,\  volume  of  anchor  ring  =  2T'Rr, 
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To  find  the  area  of  the  surface  we  have 

Perimeter  of  rotating  curve  =  2-irr 
Length  of  path  of  its  centre  of  gravity  =  zirR 

.'.  area  of  surface  of  anchor  ring  =  47r'^R  •  r 


Example  {2).— The  curve  whose  centre  of  gravity  was  found  in  §  206,  revolves  about 
the  axis  of  x  so  as  to  generate  a  surface  of  re7>olution.     Find  the  area  of  this  snrface. 

We  found  that  the  length  of  the  curve  was  3*865  inches,  and  the  ordinate  of  its 
centre  of  gravity  was  3-12  half-inch  unites  =  i'56  inches. 

.'.  the  centre  of  gravity  traces  out  a  circular  path  of  radius  1*56  inches. 
The  area  of  the  surface  is 

3*865  X  2ir  X  1*56  =  38*5  square  inches 
This  is,  of  course,  the  area  of  one  side  only  of  the  surface. 


Example  (3), — Find  the  area  of  the  surface  of  a  sphere. 

The  sphere  may  be  regarded  as  being  generated  by  the  revolution  of  a  semicircle 
about  a  diameter. 

If  X  be  the  distance  of  the  centre  of  gravity  of  the  curve  from  the  axis,  the  length 
of  the  path  of  the  centre  of  gravity  is  2-kx. 

By  §  206a  we  have 


-  _  sjn  o    _2r 


Also  length  of  curve  =  irr. 


\  Area  of  surface  of  sphere  =  rr .  2ir  — 
=  4Trr« 


Examples. — CXII. 

1.  The  mean  radius  of  the  rim  of  a  cast-iron  flywheel  is  3  fl.,  width  9  ins.,  thick- 
ness, measured  in  direction  of  radius,  6  ins.  Find  its  weight,  i  cub.  in.  of  cast 
iron  weighs  0*26  lb. 

2.  The  cross-section  of  an  anchor  ring  is  an  ellipse,  of  which  the  principal 
diameters  are  3  ins.  and  1*5  ins.  The  mean  diameter  of  the  ring  is  18  ins.  Find  its 
volume. 

3.  Verify  by  the  theorem  of  Pappus  that  the  volume  of  a  cone  is  one-third  of  the 
volume  of  a  cylinder  of  the  same  height  on  the  same  base. 

4.  The  mean  diameter  of  a  pneumatic  tyre  is  28  ins.  The  inside  diameter  of  the 
air  tube  when  the  tyre  is  inflated  in  position  is  I  '3  ins.  What  volume  of  air  will  it 
hold  ?     How  many  square  inches  of  indiarubber  are  needed  to  make  the  inner  tube  ? 

6.  Find  the  weight  of  a  wrought-iron  ring  whose  cross-section  is  an  ellipse. 
Radius  of  ring  measured  to  centre  of  ellipse  =  13  ins.  Principal  diameters  of  ellipse 
3  ins.  and  2  ins.     i  cub.  in.  of  wrought  iron  weighs  0*28  lb. 

6.  A  bend  in  a  wrought-iron  pipe  is  in  the  form  of  the  quadrant  of  a  circle  of 
mean  radius  6 J  ins.  The  bore  is  2  ins.,  and  the  thickness  of  the  metal  0*176  in. 
Find  the  weight  of  the  bend. 

7.  A  cylinder  circumscribes  a  sph'ere.  Two  parallel  planes  are  drawn  per- 
pendicular to  the  axis  of  the  cylinder.  Show  that  they  include  equal  areas  on  the 
surfaces  of  the  sphere  and  cylinder. 
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212.  If  a  mass  m  moves  along  a  straight  line  with  uniform  velocity  v  and 
without  rotating,  we  know  that  its  kinetic  energy  is  equal  to  \mv^.  This 
quantity  measures  the  amount  of  work  which  the  body  will  do  against  a 
resistance  before  coming  to  rest. 

We  may,  however,  wish  to  know  the  kinetic  energy  of  a  rotating  body, 
such  as  a  flywheel.  In  this  case  the  different  parts  of  the  body  are  moving 
with  different  velocities,  and  there  is  no  single  value  of  v  for  the  whole  body 
as  in  the  former  instance. 

We  require  to  find  some  method  of  calculating  the  kinetic  energy  of  a 
rotating  body. 

First  consider  a  simple  case,  such  as  the  following  : — 

Masses  of  5,  4,  6,  and  9  units  are  fixed  on  a 
light  rigid  framework,  whose  mass  may  be 
neglected,  at  distances  of  3,  2,  3*5,  and  2*5  ft. 
from  an  axis  about  which  the  whole  framework 
rotates  at  the  uniform  rate  of  »  radians  per 
second. 

Find  the  total  kinetic  energy  of  the  four 
masses. 

The  mass  of  5  units  is  tracing  out  an  arc  of 
30  per  second,  i.e.  at  any  instant  the  linear  ve- 
locity of  the  mass  of  5  units  is  30*  ft.  per  second. 
Therefore  its  kinetic  energy  is  ^ .  5  .  3^  .  «2 

Similarly  the  kinetic  energy  of  the  mass  of 
Fig.  187.  4  units  is  ^ .  4  .  2^ .  a>2,  and  so  on. 

The  whole  kinetic  energy  is 

K5  X  3'  +  4  ><  2^  +  6  X  3-5*  +  9  X  2-52)«a  =  \ .  19075  x  w« 

The  whole  mass  is  24,  and 

19075  =  24  X  8-25  =  24  X  (2-82)' 

/.  the  total  kinetic  energy  is  f  .  24  (2-82)2 .  «2, 

This  is  the  same  as  if  the  whole  mass  of  24  units  were  concentrated  in  a 
ring  at  a  distance  of  2*82  ft.  from  the  axis. 

The  radius  2*82  ft.  is  called  the  radius  of  gyration.  It  is  the  root  mean 
square  of  the  distances  of  all  the  separate  units  of  mass  from  the  axis. 

If  we  have  any  number  of  masses  m  at  various  distances  r  from  the  axis, 
and  if  M  is  the  total  mass  and  k  the  radius  of  gyration,  then,  as  in  the  above 
example, 

Mir»  =  5(»rr*) 
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where  2(wr')  denotes  the  result  of  multiplying  each  mass  by  the  square  ol 
its  distance  from  the  axis  and  adding  the  results. 

The  quantity  ^mr^)  =  M/6*  is  called  the  moment  of  inertia  of  the  whole 
mass  about  the  axis. 

213.  Moment  of  Inertia  of  a  Continuous  Kigid  Body.— In  actual 
cases,  however,  which  occur  in  experience,  we  have  to  deal  with  the  rotation 
of  bodies  whose  mass  is  not  collected  at  a  few  isolated  points,  as  in  the 
above  example,  but  is  spread  throughout  the  whole  of  the  body.  In  such 
cases  we  can  find  the  moment  of  inertia  by  integration. 

Example  (i). — Find  the  moment  of  inertia  of  a  solid  wheels  of  uniform  density  and 
thickness^  about  an  axis,  through  its  centre  and  perpendicular 
to  its  plane. 

Let  a  be  the  radius  of  the  wheel,  m  the  mass  of  a 
portion  I  sq.  ft.  in  area,  and  of  thickness  equal  to  the  thick- 
ness of  the  wheel,  and  M  the  mass  of  the  whole  wheel. 

Divide  the  wheel  into  thin  concentric  rings  of  radius  r 
and  radial  thickness  5r. 

Then  the  mass  of  any  one  ring  is  m  .  2irrSr. 

The  moment  of  inertia  of  one  ring  is  m .  2irrSr .  r*  = 
2irr*  .  mhr. 

The  moment  of  inertia  of  the  whole  wheel  is  the  limit 
of  the  sum  of  the  terms  2irr*mSr  for  all  the  rings  from 
r  =  o  to  r  =  a,  when  Br  is  taken  smaller  and  smaller. 


Fig.  188. 


the  moment  of  inertia  =  I    zxr^mhr  =  — - 


The  mass  of  the  whole  wheel  is  »a'/» 

/.  moment  of  inertia  =  ira^m .  —  =  M— ,  and  k^  =  — 
222 


i.e.  the  energy  of  the  rotating  wheel  is  the  same  as  if  its  whole  mass  were  concentrated 
a 


in  a  ring  of  radius 


V2 


0707a. 


Example  (2). — Find  the  moment  of  inertia  of  a  uniform  rectangle,  of  length  a  and 
breadth  b,  about  an  axis  through  its  centre 
parallel  to  the  side  h. 

In  speaking  of  the  moment  of  inertia  of 
an  area,  we  shall  take  the  mass  of  unit  area 
as  the  unit  of  mass,  so  that  the  mass  of  any 
portion  of  the  figure  may  be  taken  as 
numerically  equal  to  its  area. 

Take  the  mid  point  of  the  side  DC  =  a 
as  origin  and  axes  along  and  perpendicular 
to  DC. 

Divide  the  rectangle  into  thin  strips  of 
breadth  Ix  and  length  b  by  lines  parallel  to 
Oy.     Then  mass  of  one  strip  =  blx. 

,*,  moment  of  inertia  of  one  strip  about  Oy  —  btx  .  x^  =  bx^Sx. 

Moment  of  inertia  of  whole  rectangle  =  limit  of  sum  of  terms  bx^Bx,  when  9x  is 
indefinitely  diminished 
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12        la 
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Example  (3). — Find  the  moment  of  inertia  and  radius  of  gyration  of  a  triangU 
ABC  about  un  axis  through  A  and  parallel  to  BC. 


Draw  AN  perpendicular  to  BC,  and  take  AN  as  axis  of  x  ;  let  AN  =  h. 
the  triangle  into  thin  strips  parallel  to  BC. 

Let  X  be  the  distance  of  any  strip  from  A,  and  hx  its  width. 
Then  its  length  =  t  ■  ^,  and  its  mass  =  -r  x^x 


Divide 


/.  moment  of  inertia  of  the  strip  =  -r.x^Zx 
Moment  of  inertia  of  whole  triangle  =  / 


a  .  ,  ah*  ah  h* 
-xrdx  =  -£•  —  =  —  •  — 
h  A     4        2      2 


M.— 

2 


and  k"  = 


h^ 


Note  that  the  moment  of  inertia  of  the  whole  triangle  is  the  same  as  that  of  three 

M   . 
particles  each  of  mass —  situated  at  the  mid  points  of  the  sides. 

.  Examples.— CXIII. 

1.  Weights  of  5,  7,  12,  and  14  lbs.  are  fixed  to  a  light  rigid  framework  at  distances 
o^Sj  4»  7.  and  2  ins.  respectively  from  a  fixed  axis.  If  the  whole  framework  revolves 
about  the  axis  at  300  revolutions  per  minute,  what  is  the  total  kinetic  energy  of  the 
weights  ?  At  what  distance  from  the  axis  should  they  all  be  placed  together  so  as  to 
have  the  same  total  kinetic  energy  ? 

Note.— To  get  the  kinetic  energy  in  foot-pounds,  take  32*2  lbs.  as  the  unit  of 
mass,  and  i  ft.  as  the  unit  of  length. 

2.  Find  the  moment  of  inertia  about  its  axis  of  a  hollow  cylinder  of  mass  M,  inner 
radius  ^,  outer  radius  a. 

3.  Find  the  moment  of  inertia  of  a  thin  bar,  3  ft.  long,  and  weighing  3*5  lbs,, 
about  an  axis  through  one  end  and  perpendicular  to  its  length.  What  is  its  kinetic 
energy  when  it  is  rotating  about  this  axis  at  the  rate  of  100  revolutions  per  minute  ? 

4.  Find  the  moment  of  inertia  of  a  uniform  rectangular  sheet  of  metal,  3  ft.  by 
4  ft.,  weighing  6  lbs.  about  an  axis  through  one  of  the  shorter  sides. 
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214.  Moment  of  Inertia  about  Two  Perpendicular  Axes. — If  we 
know  the  moment  of  inertia  of  an  area  about  two  perpendicular  axes  in  its 
plane,  we  can  find  its  moment  of  inertia 
about  a  third  axis  perpendicular  to  its 
plane. 

Let  (Xj  y)  be  the  co-ordinates  of  a 
point  P  in  the  area.  Then  the  moment 
of  inertia  of  a  small  mass  5M  at  P 
about  the  axis  of  x  is  y^SM,  and  its 
moment  of  inertia  about  the  axis  of  _y 
is  x^8M.  But  the  moment  of  inertia 
about  an  axis  through  O  and  perpen- 
dicular to  the  plane  of  the  area  is 
r^SM  =  x^SM  +y5M  ;  i.e.  the  moment 
of  inertia  of  each  element  of  mass  SM 
about  an  axis  through  O  and  perpen- 
dicular to  OX  and  OY  is  equal  to  the 

sum  of  its  moments  of  inertia  about  OX  and  OY.  It  follows  by  addition  that 
this  is  also  the  case  for  the  moment  of  inertia  of  the  whole  area,  or,  if  Ij  and 
I2  are  the  moments  of  inertia  of  the  area  about  OX  and  OY,  and  I  is  the 
moment  of  inertia  about  OZ,  which  is  perpendicular  to  OX  and  OY,  then 

I  =  Ii  +  I, 

Example. — To  find  the  moment  of  inertia  of  a  circular  disc  aiout  a  diametrr. 

We  have  seen  that  the  moment  of  inertia  about  an  axis  through  the  centre,  and 

perpendicular  to  the  plane  of  the  circle,  is  M— .     This  is  the  sum  of  the  moments  of 

inertia  about  two  diameters  at  right  angles  by  the  above  theorem. 

By  symmetry  these  moments  of  inertia  are  equal,  and  therefore  each  of  them  is 

a' 

equal  to  M— . 

4 


Fig.  191. 


215.  Principle  of  Parallel  Axes. — Given  the  moment  of  inertia  of  a 
body  about  an  axis  through  its  centre  of  gravity,  to  find  its  moment  of 
inertia  about  a  parallel  axis  at  a  distance  h  from 
the  former. 

Let  P  be  any  point  in  the  body,  and  let  a 
plane  through  P  perpendicular  to  the  two  axes 
cut  the  axis  through  the  centre  of  gravity  in  G 
and  the  other  axis  in  O.     Then  OG  =  A. 

Produce  OG  to  N,  and  draw  PN  perpen- 
dicular to  ON.  Let  PG  =  r,  GN  =  Xy  and  let 
there  be  a  small  element  of  mass  5M  at  P. 
Then  the  moment  of  inertia  of  SM.  about  the  axis 
through  O  is 

OP2 .  5M  =  (/i2  +  r^  +  2/^A-)SM     .     (§  27) 

The  moment  of  inertia  of  the  whole  body 
about  the  axis  through  O  is  therefore 

Ii  =  2(/^2  +  r»  -f.  2/ix)SM 

=  /i225M  +  2(r25M)  +  2h:^{xfiM) 

But  25 M  =  M,  the  whole  mass  of  the  body 

2(r25M)  =  moment  of  inertia  of  the  body  about  the  axis  through  G  =  I 
5(jr5M)  =  M>  =  o ....(§  202) 
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where  x  is  the  value  of  x  at  the  centre  of  gravity,  and  is  zero,  since  the  axis 
at  G  passes  through  the  centre  of  gravity. 

/.  Ii  =  1  +  M.A> 

Or,  in  words,  the  moment  of  inertia  about  any  axis  is  equal  to  the  moment 
of  inertia  about  a  parallel  axis  through  the  centre  of  gravity,  together  with 
the  moment  of  inertia  about  the  former  axis  of  the  whole  mass  supposed 
concentrated  at  the  centre  of  gravity. 

It  follows  that  the  moment  of  inertia  about  an  axis  through  the  centre  of 
gravity  is  less  than  about  any  other  parallel  axis. 

Example. — To  find  the  moment  of  inertia  of  a  rectangle  about  one  edge. 

Let  a  and  b  be  the  length  and  breadth  of  the  rectangle. 

We  have  shown  that  the  moment  of  inertia  about  an  axis  through  the  centre  of 

gravity,  and  parallel  to  the  edge  b^  is  M— • 

We  require  the  moment  of  inertia  about  an  axis  parallel  to  this,  and  at  a  distance 


from  It. 

2 


»  12  4  3 


Examples.— CXIV, 

1.  Find  the  radius  of  gyration  about  one  side,  of  an  equilateral  triangle  whose 
sides  are  6  ins.  long. 

2.  Find  the  radius  of  gyration  of  a  circle  of  radius  a  about  a  tangent. 

3.  The  section   of  a    "T-iron  is  in  the  form  shown  in   the  figure.     BC  =  4", 

AB  =  05",  DE  =  3-5",  EF  =  0-5".    Find  the  radius 
B  C    ^^  gyration  of  the  area  of  the  section  about  an  axis 

I  j      through  its  centre  of  gravity  parallel  to  BC. 

'  4.  In  the  section  of  a  T-iron,  BC  =  4",  AB  = 

EF  =  0-5",  ED  =  25".  Find  the  moment  of  inertia 
of  the  area  of  the  section  about  an  axis  through  the 
centre  of  gravity  parallel  to  BC. 

5.  A  girder  is  formed  of  four  equal  rectangular 
plates  5"  wide  and  0*5"  thick.  In  section  they  enclose 
a  rectangle  5"  by  3*5",  the  top  and  bottom  plates  over- 
lapping the  side  plates  by  025"  on  each  side.     Find 

the  moment  of  inertia  of  the  area  of  the  section  about 

E      F  an  axis  through  the  centre  of  gravity,  and  parallel  to  the 

top  and  bottom  plates. 

Fig.  193.  6.   A  solid  wheel  of  i  ft.  radius  and  uniform  thick* 

ness   and    density  weighs   50    lbs.     Find    its    kinetic 

energy  in  foot-pounds,    ist  when  it  rotates  about   an   axis   through   its  centre  and 

perpendicular  to  its  plane,  2nd  when  it  rotates  about  a  parallel  axis  0*5  in.  from  the 

former.     It  makes  20  revolutions  per  second  in  both  cases. 

7.  What  is  the  moment  of  inertia  about   a   diameter  of  the  cross-section  of  a 
hollow  cylindrical  tube,  i  in.  in  outside  diameter  and  ^  in.  thick  ? 

8.  Show  that  the  mcaient  of  inertia  of  a  sphere  of  radius  a  about  a  diameter  m 

M.-. 

8.  Show  that  the  moment  of  inertia  of  a  cube  about  an  axis  through  its  centre  of 


gravity  parallel  to  an  edge  of  length  a  is  M^, 
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216.  Moment  of  Inertia  of  an  Area  about  an  Axis  in  its  Plane. 

In  general,  to  find  the  moment  of  inertia  of  the  area,  bounded  by  the 
curves  =A^)  and  the  axis  of  jr,  about  the  axis  of^,  we  divide  the  area  into 
thin  strips  of  thickness  Sx  and  parallel  to  Oy. 

Then  the  mass  of  each  strip  is^5;»r,  and  x  is  its  distance  from  Oy. 

.*.  its  moment  of  inertia  about  Oy  is  x^j^Sx,  and  the  moment  of  inertia 


of  the  whole  area  about  Oy  is  the  limit  of  t(x^_ySx)  as  9x  is  indefinitely 
diminished. 

/.  moment  of  inertia  about  Qy  =  /  x^jydx 

where  a  and  d  are  the  limiting  values  of  ;rfor  the  area  considered. 

Similarly,  moment  of  inertia  about  Ox  of  the  area  between  a  curve  and 

the  axis  of  ^  =  /  y^xdy^  where  c  and  d  are  the  limiting  values  of  ^. 

If  we  know  the  relation  between  y  and  ;r,  and  can  evaluate  the  above 
integrals,  the  moments  of  inertia  can  be  calculated  directly.  If  not,  we  can 
find  the  values  of  the  integrals  for  any  particular  case  by  the  graphic  method. 

Example. — The  shape  of  the  quarter  section  of  a  hollow  pillar  is  given  by  the 
folloiaing  table.  The  axes  of  x  and  y  are  the  shortest  and  longest  diameters.  The  other 
three  quarter  sections  are  equal  and  symmetrically  placed  to  the  one  shown,  Fitid  the 
moment  of  inertia  of  the  section  about  the  axes  of  x  and  y. 


j:  ins.     . 

o 

I 

I'S 

2-0 

2-2 

2-3 

30 

32 

3*3 

Outside^,  ins. 

6 

576 

5-44 

4*99 

475 

4-64 

30 

2*0 

0 

Inside  y^  ins.  . 

5 

4'47 

3-86 

2-8o 

rpo 

0 

— 

— 

— 

Plotting  these  values  we  get  the  form  of  the  quarter  section  ABCD. 

The  moment  of  inertia  about  Oy  is  I     yx'^dx,  where  ^^  is  the  height  of  a  strip  of 

the  area  parallel  to  Oy,  i.e.  y  =  yi  —  yt- 

Accordingly  we  measure  a  number  of  values  of  y  at  suitaole  tntcnrals,  multiply 
each  by  the  corresponding  valu»  of  **,  and  plot  the  cuttc  so  obtained. 
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Plotting  the  calculated  values  of  y:^  as  ordinates,  and  the  values  of  jr  as  abscissae, 
we  get  the  curve  OFD. 

Then  moment  of  inertia  of  quarter  section  about  Oy 

J-3 


l 


=  I     yx^dx  =  area  OFD 

=  35*45 
and  the  moment  of  inertia  of  the  whole  section  about  O^  is  4  x  35*45  =  141*8. 
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f. 


To  find  the  moment  of  inertia  about  the  axis  of  x^  we  require  to  find  the  value  of 

xyd^t  where  x  denotes  the  width  of  the  area  A  BCD  measured  parallel  to  Ox. 

Calculating  the  values  of  jtjk'  and  plotting,  we  get  the  curve  A  HO. 
Then  moment  of  inertia  of  quarter  section  about 


Ox  =  I   xy^dy  =  area  AHO  =  937 
and  the  moment  of  inertia  of  the  whole  section  about  0;r  is  4  X  937 
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Examples.— CXV. 

1.  The  section  of  a  s-olid  pillar  is  a  regular  hexagon,  whose  sides  measure  6  ins. 
Find  the  moment  of  inertia  of  this  section  about  a  diameter  by  the  graphic  method, 
and  verify  your  result  by  integration. 

2.  The  quarter  section  of  a  solid  beam  is  given  by  the  following  ordinates  and 
abscissae.  The  axes  of  x  and  y  are  the  shortest  and  longest  diameters  of  the  section 
which  is  symmetrical  with  respect  to  these  axes.  Find  the  moment  of  inertia  of  the 
whole  section  about  Oy. 
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0 

3.  Find  the  radius  of  gyration  of  a  flat  ring  of  inner  radius  2  ft.  and  outer  radius 
3  ft.  about  an  axis  through  its  centre  perpendicular  to  its  plane.  Find  the  percentage 
error  which  is  caused  in  the  calculated  value  of  the  energy  of  rotation  by  taking  the 
mean  radius  instead  of  the  true  value  of  the  radius  of  gyration. 

4.  Find  the  radius  of  gyration  about,  an  axis  through  its  centre  and  perpendicular 
to  its  plane  of  a  circular  disc  of  radius  a,  whose  thickness  varies  as  the  distance  from 
the  centre. 

5.  Find  the  radius  of  gyration  about  a  diagonal  of  a  square  of  side  a% 

6.  Find  the  radius  of  gyration  about  its  axis  of  a  cone  of  height  h^  radius  of  base  r. 


CHAPTER  XXVII 

PARTIAL  DIFFERENTIATION 

217.  Function  of  Two  or  more  Variables. — We  have  already  met  with 
many  instances  in  which  there  were  two  variable  quantities  connected  in 
such  a  way  that  if  the  value  of  one  was  fixed  the  value  of  the  other  was 
determined.  In  such  a  case  the  second  variable  was  called  a  function  of  the 
first. 

It  is  also  possible  for  a  variable  to  be  a  function  of  two  or  more  other 
variables. 

Suppose,  for  instance,  that  a  point  P  can  move  about  on  a  fixed  surface 
such  as  that  of  a  sphere  (Fig.  196).  Let  its  position  be  denoted  by  its 
rectangular  co-ordinates  (r,  y^  z)  with  respect  to  fixed  rectangular  axes 
through  the  centre  of  the  sphere. 

Then  the  co-ordinate  ^r  is  a  function  of  the  two  co-ordinates  x  and  /. 

For,  if  _x  alone  is  known,  the  point  P  may  lie  anywhere  on  a  line  such  as 
AB,  and  the  value  of  jsr  is  not  determined. 

Similarly,  if -r  aloiie  is  known,  the  point  may  be  anywhere  on  a  line  such 
as  CD,  and  the  value  of  z  is  not  determined. 

If  both  X  and  y  are  known,  P  can  only  lie  where  two  definite  lines  such 
as  AB  and  CB  intersect,  and  the  value  of  2"  is  determined. 

We  express  this  by  saying  that  ^  is  a  function  of  both  x  and  y^  or 

An  equation  of  the  form  z  —/[x^y)  can  evidently  be  represented  by  a 
surface  in  the  same  way  as  equations  of  the  form/  =/(-^)  are  represented  by 
curves  in  plane  geometry.  As  another  example,  consider  the  case  of  a 
definite  quantity  of  a  gas  enclosed  in  a  vessel.  We  can  alter  its  state  by 
changing  its  pressure,  its  volume,  or  its  temperature.  It  is  found  that  if  any 
two  of  these  are  fixed,  the  third  is  determined,  g.g.  if  the  pressure  and 
temperature  of  a  certain  definite  quantity  of  a  gas  are  known,  its  volume  is 
determined,  or  z/  is  a  function  of/  and  /. 

The  intrinsic  energy  E  of  a  definite  quantity  of  a  substance  is  determined 
when  its  pressure  and  volume,  or  its  volume  and  temperature,  or  its 
temperature  and  pressure  are  known,  i,g.  E  is  a  function  of  p  and  z/,  or  of 
V  and  /,  or  of  /  and  p. 

Similarly,  the  potential  V  at  any  point  P  in  a  field  of  force  is  only 
determined  when  we  know  the  three  co-ordinates  (r,  _y,  2)  of  P,  or 


S18.  Partial  Differential  Co-efBcients.— Let  x=f{x,y)  ;  then,  if  we 
suppose/  to  remain  constant  while  x  changes,  z  will  in  general  change  in  a 
definite  way. 

The  rate  of  Increase  of  z  with  respect  to  x  while  y  remains  constant 
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is  called  the  partial  differential  coefficient  of  2  with  respect  to  jr.  and  is 

wntten  v^  or  |  ^  I 
dx      \dx)^ 

Similarly,  n^  or  ( ^  j  denotes  the  rate  of  increase  of  z  with  respect  to 

y  while  x  is  constant. 

The  suffix  denoting  the  variable,  which  is  supposed  to  remain  constant, 
is  usually  omitted  unless  there  is  some  special  reason  for  inserting  it  to 
prevent  misconception  ;  the  brackets  are  also  often  omitted  when  it  is 
obvious  that  the  differentiation  is  partial. 

In  the  same  way,  if  «  is  a  function  of  three  variables  x.  y,  and  z,  —  or 

'  bx 

\-f)    denotes  the  rate  of  increase  of  u  with  respect  to  jr,  while y  and  z  are 

supposed  to  remain  constant. 

To  find  «-  when  z  is  given  as  a  function  of  x  and  y  by  means  of  an 

equation,  we  differentiate  z  with  respect  to  x  alone,  treating^  as  a  consfant. 

Example  {\).—Ltt  z  =  x*  -  2xy+y*. 
dz     (dz\ 


-  =  {"^J^  - 
^y     \dy)x~ 


2x  +  2y 


Example  (2).— Zrf^  =  sin  {et  —  x)  where c  is  a  constant. 
Then  (^^j^=- cos  (^/-*) 
(f)^=.  cos  (./-.) 

Example  (3).— />/  2  =  jr«  -  ^"^y  +  xf  +  sin  {x  -  2j')  +  3  cos  {2x  -  y) -^  ^*'. 
(  ^  j  =  4jr»  -  Sxy  +y*  -{■  cos  (x  -  2y)  —  6  sin  {2x  —  y)  +  2ye^ 
(  ^  j  =  -  4jr*  +  S^y  -  2  cos  (x  -  2>')  +  3  sin  {2x  -y)  +  2x^ 


219.  Geometrical  Illustration. — Let  the  three  co-ordinates  (;r,  y^  z)  of 
a  point  P  be  connected  by  the  equation  z  =/[x,y). 

Then,  if  we  take  a  number  of  pairs  of  values  of  x  and  y,  and  calculate  the 
corresponding  values  of  z  by  means  of  the  above  equation,  we  shall  find  in 
general  that  the  points  whose  three  co-ordinates  are  thus  found  lie  on  a 
surface,     z  —fix^y)  is  known  as  the  equation  to  this  surface. 

If  we  suppose  the  point  P  to  move  along  the  surface  so  as  to  keep  the 
value  of^  constant,  it  will  move  along  a  section  AB  of  the  surface  by  a  plane 

parallel  to  zx,    ^  is  then  equal  to  the  slope  of  the  curve  AB  to  the  plane 

Oxy^  or  the  tangent  of  the  angle  which  the  tangent  PM  to  the  curv^  AB 
makes  with  a  line  parallel  to  the  axis  of  x. 
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In  the  figure 


^  -  tangent  of  angle  between  QM  and  PM 
=  -  tan  PMQ 


Fig.  Z96. 

Similarly,  if  we  suppose  x  to  remain  constant,  P  is  restricted  to  a  curve 
such  as  CD,  and  ~  is  equal  to  the  slope  of  the  curve  CD  to  the  plane  Oxy. 
In  the  figure 

f^=-tanPNR 
dy 


Examples.— CXVI, 

Find  the  values  of  the  following  : — 

1.  ^  {ajc^y^)i  -^  (axy^),  where  «  is  a  constant. 

2.  ^(^'*>'),  ^<a^v)y  K^{ae^*'^)y  ^  (0^*+'*),  where  a,  h,  and  e  &re  constants. 

3.  ^{''sin(3^  +  9'))»|,{«sin(^:r  +  o')},|^{«cos(^;r  +  cy)},|,{^cos(^;r+0')}. 

4.  Let  2  =  3jr«  —  2xy. 

F»o<i  ^  ^^^  ~i  ^y  differentiation. 

Then  take  jr=  io,>'=  12;  increase  jr  by  the  amount  Ix  =  o'l^y  remaining  con- 
•tant  and  equal  to  12,  and  calculate  the  resulting  increase  hz  in  z.     Thence  find  (  —  j 

arithmetically,  and  compare  with  the  value  of  ^  already  found. 
Similarly,  find  ( -3^-  )  by  the  arithmetical  method,  and  compare. 
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5,  If  (r,  &)  are  the  polar  and  (jr,  y)  the  rectangular  co-ordinates  of  the  same  point 
on  a  plane  prove  that 

Sr 


gj=cos»,    ^  =  su.. 


nirx 
6.  Ky  =  A  sin  —  cos 


( ? + «)  fi"^  (1?)/"^  (i). 


A,  »,  /,  r,  a  are  constants. 

7.  If  the  pressure  /,  volume  v^  and  absolute  temperature  T  of  a  gas  are  conneclf^ 
by  the  equation  pv  =  RT,  where  R  is  constant,  find  the  values  of 


(&):  m:  m;  (S). 


Note  the  physical  meaning  of  the  sign  of  each  of  these  quantities. 
dr     dr    dr 


8.  If  r  =  ^x^  +f  +  z\  find  ^.   g^>   ^. 


220.  Small  Variations. — Let  -s-  be  a  function  of  x  and  y^  and  let  x^  y^ 
and  -sr  be  represented  by  the  co-ordinates  of  a  point  P. 

Suppose  P  to  move  into  a  new  position  Q  close  to  its  former  position  on 
the  surface  representing  the  function  z. 

Then  we  may  suppose  P  to  reach  Q  by  first  moving  to  P,  on  the  surface 
so  that  X  alone  increases  by  a  small  amount  5;r,  while  y  remains  constant, 
and  then  moving  from  Pj  to  Q  so  that  x  remains  constant  while  y  increases 
by  a  small  amount  5y. 

In  the  figure  PM  =  Ix,  P^N  =  ly. 


<*: 


•^^ 


Fig.  X97. 


During  the  first  movement  from  P  to  P^  z  increases  by  the  amount  MP, 
In  the  figure,  while  x  increases  by  the  amount  PM  =lx.    Thus 


PjM  =  5;r  X  tan  MPP, 


5^ 


Ix  X  (mean  value  of  J-  on  the  surface  between  P  and  P,) 
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Similarly,  during  the  second  part  of  the  movement  the  change  in  z 
is  NQ.     And 

NQ  =  Sy  X  tan  NPjQ 

=  8^  X  (mean  value  of  |-  on  the  surface  between  Pj  and  Q) 

The  whole  change  hz  in  z  during  the  movement  from  P  to  Q  is  made  up 
of  the  two  parts  MPi  and  NQ.  MP,  is  the  change  in  -sr,  which  would  take 
place  if  X  alone  changed  by  the  same  amount  as  it  actually  does  while  y 
remained  constant,  and  NQ  is  the  change  in  z  which  would  take  place  if  y 
alone  changed  and  x  remained  constant. 

As  5^,  8y,  S-ar  are  made  smaller  and  smaller  the  points  P,  P,,  Q  move 

nearer  together,  and  the  mean  values  of  ^  and  3-  become  more  and  more 

ax         (jy 

nearly  equal  to  the  exact  values  at  P. 

Thus,  if  5-r,  5y,  Zz  are  sufficiently  small 

Iz  =  MP,  +  NQ 
dx         dy-^ 

Example  (1). — The  side  a  of  a  triangle  is  calculated  from  the  following  observed 
values : — 

A  =  27%  B  =  54°,  b  =  23s  ft. 

If  the  correct  values  are  A  =  26'S°,  B  =  54*9**,  what  is  the  error  in  the  calculated  value 
of  a  due  to  the  errors  in  the  observed  values  of  ^  and  B  1 

We  have 

,  sin  A 
•  =  ^1^8 

If  there  are  small  errors  8A,  8B,  in  the  values  of  A  and  B,  the  consequent  error 
in  a  is 


We  have 

8 A  =  0*5®  =  0*00873  radian 

SB  =  —  0-9**  =  —  001 57 1  radian 


(da  \       b  cos  A      235  cos  27° 
dA)=~^^^^=      sin  54°      =2S9 

(^\  b  sin  A  cos  B  _       235  sin  27°  cos  54^  __  _       ^ 

ds)^"^  "       sin«  B        "  ~  sin«  54°  "       ^^ 

/.  Tlie  error  in  the  value  of  a  =  8a  =  259  X  0*00873  +  95*8  X  0*01571  =  3-8  ft. 


Example  (2). — A  certain  quantity  of  air  at  pressure  2000  lbs.  per  square  foot  and 
temperature  10°  C.  occupies  12  cubic  feet.  What  change  in  volume  will  be  produced  if 
the  pressure  is  increased  by  2  lbs.  per  square  foot  and  the  temperature  by  l°  C.  t  It  is 
given  thatpv  =  RT^  where p  is  the  pressure^  v  the  volume^  and  T  the  absolute  temper aturt 
of  the  air  and  R  is  a  constant. 
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By  substituting  the  given  values,  we  find  R  =  84*5. 
We  have 

RT 

dv  RT  _, 

,.-g^=-^  =  -o-oo6 

with  the  given  values  of/,  z/,  and  T. 

«/  =  2,  5T  =  I 


_^_  =0-0425 


/,  Substituting,  the  increase  in  volume  —  Zv=—  o'oi2  +  0*042 

=  0*03  cub.  ft. 


Examples.— CXVII. 

1.  A  certain  quantity  of  air  occupies  10  cub.  ft.  at  pressure  21 16  lbs.  per  square 
foot,  and  absolute  temperature  250°  C.  Find  the  change  in  pressure  when  the  volume 
is  diminished  by  O'l  cub.  ft.,  and  the  temperature  increased  by  2°. 

2.  With  the  same  data  as  in  example  i,  find  the  change  in  temperature  when 
the  volume  is  diminished  by  0'2  cub.  ft.,  and  the  pressure  increased  by  5  lbs.  per 
square  foot. 

3.  With  the  same  data,  find  the  change  in  volume  when  the  temperature  increases 
by  2°,  and  the  pressure  by  2  lbs.  per  square  foot. 

4.  (r,  B,  ^)  are  the  polar,  and  (jt,  y^  z)  the  rectangular  co-ordinates  of  the  same 
point  P.     What  change  is  produced  in  x  by  given  changes  U  in  6  and  S^  in  ^  ? 


221.  Successive  Partial  Differentiation. — Let  ^  be  a  function  of  x 

and  y.    Then  we  have  seen  that  ^   denotes  the  result  of  differentiating  s 

with  respect  to  :r,  y  being  treated  as  a  constant.     The  result  of  this  operation 
is,  in  general,  itself  a  function  of  x  and  y. 

If  it  is  differentiated  again  with  respect  to  r,  y  being  still  treated  as  a 

constant,  the  result  »s  n"  (  n-  K  which  is  wntten  ap  o**  (  ^  I- 

If  -^  is  differentiated  with  respect  to^',  x  being  treated  as  a  constant,  the 

result  is  —  I  —  ),  which  is  written  -^r-fr-  or  (  -j~r-  1. 
5A5^/  Wx      \dydx) 

d^z 
Similarly,  =-^  denotes  the  result  of  first  differentiating  z  with  respect 

to/,  treating  ;r  as  a  constant,  and  then  differentiating  the  result  with  respect 
to  ;r,  treating  ^^  as  a  constant. 

x-2  denotes   the  result  of   differentiating  z  twice   in   succession   with 

respect  ioy,  treating  ;r  as  a  constant. 

In  the  same  way,  we  may  proceed  to  partial  differential  coefficients  of  a 
higher  order. 
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Example  (i).— 

t  =  X*  -  ^y  +  2xy  +  y* 

§72  =  6^  +  "/. 
dxdy     dydx 


Note  that 


or,  the  order  in  which  we  differentiate  with  respect  to  x  and  y  does  not  affect  the 
result.  We  shall  find  that  this  is  the  case  for  all  the  functions  with  which  we  deal  in 
this  book. 

Example  (2). — If  V  is  the  potential  at  any  point  (jr,  y^  2)  in  a  field  of  force,  then  it 
can  be  shown  from  the  definition  of  potential  that  the  component  X  parallel  to  the  axis  of 
X  of  the  force  at  any  point  in  the  field  is  equal  to  the  rate  of  decrease  of  the  potential  per 
unit  increase  of  x  at  that  point. 


.>„V..,K=-(f)z=-(-) 


where  Y  and  Z  are  the  components  of  the  force  parallel  to  Oy  and  O2. 

Show  that  if  the  potential  at  any  point  varies  inversely  as  its  distance  from  O,  then 
the  resultant  force  at  any  point  varies  inversely  as  the  square  of  its  distance  from  O. 

Let  F  be  the  resultant  force  at  a  point  P  (j:,  y,  2),  and  X,  Y,  Z  its  components 
parallel  to  Ox^  Oy,  Oz  respectively. 
Then  F«  =  X«  +  Y«  +  Z\ 
Also  we  have 


e4)v=-(f)— © 


We  have 

,r  _  C C 


r      Ajx'+y'  +  z* 

where  c  is  constant. 

/dW\               Cx 
Then  X  =  -  '  —  ' 


¥ 


\dx)  (^2  ^.   ^2  4.  ^2)1 

Y  =  -  /"^U "^ 

\dy)  (;^+y+j,2)| 

Z  =  -  (-\  =         ^' 
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/.  squaring  and  adding, 

or  the  force  varies  inversely  as  the  square  of  the  distance  from  O. 


Examples.— CXVIII. 

1.  If  »  =  **  -  3:r'y  -  ix*y  +y,  find  the  values  of 

dx   dy    5^^'  6iy^'  ^^oly*  5/5- 

and  verify  that  the  last  two  are  equal. 

2.  Uz  =  3  sin  {2x  +  Zy)-  2^,  find 

d*     dz    b^t    3^g     yg      5^< 

a^'  ay  5^2'  a^'*  a^ray  a^a^ 
a^g      a'^g 

8.  Verify  that  n~n~  =  a   n    in  tlie  following  cases  :— 

t  =  a:i*y^^  t  =  a/^,  z  =  fl^**  +  ''i' 

«  =  «  sin  (3;«r  +  <rj'),  «  =  fl  cos  (^jr  +  cy) 

z  =  o^^y  sin  {ex  +  dy) 

4.  If  the  potential  V  at  a  point  P  (jr,  j',  «)  varies  inversely  as  the  distance  of  P 
from  the  origin  O,  show  that  V  satisfies  the  equation 


a^    ^   a^y 


4-^+^  =  0 


6.  ^  is  the  displacement  at  time  /  of  a  point  on  a  vibrating  stretched  string  at 
distance  x  from  one  end.  It  is  known  that  (-t^)  =Hj^)'  Show  that  this 
equation  is  satisfied  if 


^ 

where  A,  /,  ^,  a  are  constants. 


y  =  A  sin  «--  gin  (//  -f  a) 


CHAPTER    XXVIII 

MISCELLANEOUS  METHODS  OF  INTEGRATION 

222.  We  shall  here  give  examples  of  some  methods  of  integration  somewhat 
more  difficult  than  those  treated  in  Chapter  XVI. 

Example  (i).— fjm'  xdx. 

We  have 

Jsin'  xdx  =  fJC  —  cos  2x)dx 

X       .    . 

— t  sin  2JC 

Example  (2).— /tan*  xdx  =  /(sec*  x-  i)  dx  -  Xzsi  x  -  9, 


Example  {^).—fa^dx. 
We  have 


log«a 


Ca'dx  =  f/^^'^'dx  =  ^— ^ 


a* 


log,« 


Example  (4). 
We  have 


_1_=_L/_J L_\ 

**  —  a*      2a  U  —  tf      X  -{-a) 

•'  J  x'  ^  a*  ~  2a\]  X  -  a     J  x  +  a) 

=  ^{log.  (jr  -  a)  -  log,  (jr  +  a)) 
I  ,       :r  —  a 


Similarly 


2a         X  +  a 

x  +  a-^ 


/dx l_.       X  +  a^  fi 
{x  +  ay-i'-  2l>^°^'x  +  a  +  i^ 

f        dx 
Example  (5).- j  ^  ^  ^  _  g- 
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We  have       Jf^  +  3-r-5=j:'  +  3Jr  +  |-5~| 
=  (^  +  f)'  -  -2^    _ 

•'  jar*  +  3;c  -  5  ~^  log* "^    by  example  (4) 

V29     ^  2-^  +  3  +  V29 


h  respe 

^  =  fl  sec  >  =  fl(i  +  tan  '^)  =  tf  r  I  +  ^  J 


Example  (6) 


Let  X  —  a  tan  ^. 

Diflerentiating  with  respect  to  _y,  we  have 


Now  ^  =  i 

dy 
,    dy  _       a 
•*•  ^  -  at'  +  a« 


mid  I    .  f^   ,  =  -  /  ^  </:c  =  -  by  the  definition  of  an  mdefinite  int^ral 

=  —  tan-i  — 

a  a 

Similarly 

/dx  I  .  X  -^a 

(x  +  ay  +  i^^I^^^'-f- 

Example  (7).— j  ^  -^yx  +  S 

Wc  have  Jr«  +  3-^  +  5  =  (-^"^  +  3*  +  |)  +_5  -  I 

=  (JT  +  i)«  +  (^  -^*  j  by  example  (6) 
/.   f ^ =  -L=  tan-ii±i 

^'Jx'  +  sx  +  s     V"  vTi 

2 

s  —=  tan-1 z=:- 

Examples.— CXIX. 
Evaluate  the  following  integrals  : — 

1.  fcos'xdx.  2.    /  lO'dx.  8.    L2  _  ^^  +  y" 

•  j  z«^  +  dr  -  lo'  •  j  x*  -  2a:  +  5*  '    Jx^-2X'-S' 


Jx''-2x+i  J3-2X  J  4--*' 
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223.  Integration    by   Substitution. — Consider    a   function    such   as 
y  =  {loge  x)K 

Let  logo  X  =  Uj  then  we  may  also  write  _y  =  u^. 

Thus  we  may  regard  /  as  a  function  either  of  x  or  of  u. 

Let  u  increase  by  the  amount  5«  while  x  increases  by  5x. 

Su 
Then  5«  =  —  .  5;r 

and  /  ydu  =  limit  of  sum  of  terrhs^5» 


jydu  = 

J  c 


5», 


du 


=//S'" 


where  u  changes  from  c  to  d^  while  x  changes  from  a  to  ^. 

If  we  regard  the  upper  limit  as  variable  it  follows  that  ftie  indefinite 
integral 

Jydu  =  fy~dx (S135) 

In  the  case  considered  above,  this  result  gives 

J(J2^W  =  /(log.  -)' .  ^ .  -/x  =  /«V« 

=  j  =  iaog.^)' 

We  have  here  shown  that  in  an  indefinite  integral  du  may  be  substituted 

for  2~^^  when  it  occurs  tn  the  integral^  yxsX  as  if  du  and  dx  were  separate 

,  du 
quantities  and  -r-  were  a  fraction.     It  must  be  remembered,  however,  that 

no  meaning  has  been  given  to  du  and  dx  standing  alone,  and  when  we  use 
them  as  if  they  were  separate  terms  it  is  understood  that  they  occur  in  the 
expression  of  an  integral. 

Example  (i). — Integrate  jsin  x  cos*  x  dx. 

Let  u  —  cos  X. 

Then  du  may  be  written  for  -f'^^^  *'^'  ^^^  "^^^  '  ^*' 

-    /•  •             y      y            r  t  r            «*          cos*  X 
,\  Jsin  X  COS*  X  dx  =■  -  ju^du  = = 

Example {2).-^ToJind  f -^"^^   dx. 


[     ^  +  3     , 
J^  +  3^  +  4 


Let  «  =  X*  +  3jc  +  4, 

du 
Then  du  =  -j'dx  =  {2x  +  Z)dx. 


•••  Z?-?^/"  =l'i  =  '°8- "  =  '"«•  <''  +  3^  +  *'• 
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Example  (3)., — By  an  extension  of  the  method  0/  Example  (2)  we  may  integrate  any 

j-^i.   r  ax  +  b 

expression  of  the  form  ^a  4.  ^^  ^.  / 


E.g,  to  find  /  _i^+J_^:c. 
Let  K  =  jr'  +  3^  +  7- 


du 


Arrange  the  numerator  in  the  form  ■j-'^c^  where  ^  is  a  constant,  dividing  out  by 


whatever  coefficient  is  necessary. 
In  this  case  we  write  the  integral. 


/ 

» r_2jrjfj_  [         dx 

V^  +  3^  +  7      J'^  +  s-^  +  r 


2{zx  +  3)  -  i^^ 
:«:'  +  3-*  +  7 


The  first  of  these  integrals  falls  into  the  class  treated  in  Example  (2)  above,  and  the 
second  is  of  the  type  treated  in  Example  (7),  p.  382,  and  we  find  that  the  required 
integral 

2  .  2jr  +  3 

=  2  log.  (^  +  3*  +  7)  -  ;7I5  tan-^  yif 

Example  (4).— />'«</  the  position  of  the  centre  of  gravity  of  the  area  of  a  semicircle 
of  radius  a.  Y 

Take  axes  of  co-ordinates  as  shown  in  the  figure,  and 
divide  the  area  into  thin  strips  parallel  to  the  axis  of  y. 
Then  the  mass  of  an  element  =  2yix. 

Wehave  A^+y  =  a'. 


/xydx       \    xsjc?  —  j^dx 
^^  _o y_o 


-a' 
4 


To  find  this  integral  let  a'  -  4:*  =  «. 
2x  dx. 

4    /      T\   /-o 


Fig.  igS. 


Then</«  =  $'t/a: 
dx 


IT  a' 

2    2 


is/udu. 


\u  M"    =  ^  =  o-424tf. 
L      Jot     3^ 

the  limits  being  chosen  as  shown,  because  u  —  d^  when  jt  =  o,  and  u  —  o  when  jr  =  a. 
dx 


'Example  (5). — Find 
Let  jr  =  tf  sin  d. 


/: 


V^^ 


dx 


Then  dx  =  -^dd  =  a  cos  0  dB 
^a^-x^  =  a  cos  e 


/a'jr  fa  cos  Ode       .^       ^        .       , a 

;;^r^  =  j^^5fr  =  /'''  =  »  =  --<, 
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/dx 

Let  V^±:^«  =  «  -  *. 
Then        ±  a*  =  «'  —  2ux. 
Differentiating  with  respect  to  u — 

0  =  2u  —  2x  —  2u  — . 

du 

dx  _u  —  X 
"  du~      u 

"^  f-J^=^        [P^u         [du       ^  ^       ,     ^     , ^ 

J  u  —  x      J 

/dx 
■-.  may  be  reduced  to  the  form  of  examples 

sax^  -^^  bx  -^  c 

5  or  6,  according  as  a  is  negative  or  positive  by  the  method  used  in  examples  4  and 
5,  §  222. 

Otherwise,  we  have  (Ex.  LXVIII.  a,  10). 

l-fsinh-^U-T^L^        ^fcosh-i^)=  ±  -^^=-. 

C      dx              .  ,    1^                 [      dx  ,         ,    ,^   • 

/.   /     /  ,  =  smh-^  -  I  -j~ „  =  ±  cosh-^  -. 

f  dx^ 
Example  {:]).— Find  j  ^^^ 

We  have  sin  jt  =  2  sin  Jx  cos  Jx. 


'  J  smx         J  : 

'I 


dx 


sin  ^x  cos  ^x 
J  sec'  ^xdx 
tan  ^x 


dividing  numerator  and  denominator  by  cos'  ^x. 
Let  tan  ^x  =  u. 

Then  du  =  -j-dx  =  i  sec'  l^xdx. 
dx 

log  «  =  log  tan  \x. 


f  dx    _   fdu 
J  sin  x~  J  u 


No  general  rule  can  be  given  to  find  the  proper  substitutions  and  changes  of 
variable  to  use  in  applying  the  method  of  this  paragraph ;  it  is  largely  a  matter  of 
practice. 

A  few  examples  for  practice  are  given  below,  but  the  student  who  wishes  to 
pursue  the  subject  further  should  consult  works  on  the  integral  calculus. 

Examples. — CXX. 
Find  the  following  integrals  : — 
1.   ftan  X  dx  (take  u  =  cos  x).        2.    fcot  x  dx.  3.    / 

4      f{2x  +  i)dx  5     a6x  +  S)dx  Q      f(Sx  -  4)^x 

'  Jx^+x  +  S  '  Jx^+x+S  '  Jx'  +  x  +  s' 

2    C 


386  Practical  Mathematics 

7.    f^^^dx,  8.  fcosxsm'xdx.  9.    [^.^^dx. 

Jcos*x  J  Jcos-'x 

^^'   j    ikja^  —  x'^dx  (take  jp  =  a  sin  «,  as  in  Example  (4)  above.) 

11.  Verify  by  integration  that  the  area  of  a  circle  of  radius  a  is  equal  to  ird». 
Note. — This  is  not  really  a  proof  since  the  result  is  implicitly  assumed  in  the 

value  of  IT,  which  is  taken  as  a  limit  of  integration, 

Evaluate 

12.  [^-±^/x.  13.    f~.^f^i-^.. 

14.    [   /-^  15.    f-f^^^    . 

7  V  5  -  24^  J   sfS  ~  2X^ 

16.    [J'^^dx.  17.    [^^^1^- 

J  s/z^x^  j  I  +  2  sm-'  jc 

18.    hcos'xdx,       '  19.    fta^nhxdx. 

20.  Find  by  integration  the  area  of  the  portion  of  a  circle  of  radius  5  inches 
which  lies  between  two  parallel  chords,  distant  3  inches  and  4  inches  from  the  centre, 
and  on  opposite  sides  of  the  centre. 

21.  Prove  that  the  centre  of  gravity  of  the  zone  of  the  surface  of  a  sphere  is  at 
the  middle  point  of  its  axis. 

Evaluate 


J   'Jx^-2X-S  J 


sj  S^  —  2X  —  X* 


224.  Integration  by  Partial  Fractions. — In  Chapter  VI.  we  showed 

how  to  resolve  into  partial  fractions  a  fraction  of  the  form  j-^—. »  ,    . — ; — , 

^  ax^  -^r  ex''  +JX  +  g 

where  the  denominator  is  of  higher  degree  than  the  numerator. 

The  partial  fractions  can  be  integrated  separately  by  one  or  other  of  the 

methods  already  given. 

C        2X <I 

Example  {i),-To  find  j  _-^— _?_  ^x. 
Resolving  into  partial  fractions  we  get 

^•^""5  9  ^        (Example  (I),  p.  76.) 


2x^  +  3^-2      5(x  +  2)      S(2j;  -  I) 

•       f  2X- J r       _  O    r        dX       _  8    [         f^X 

••J2^MT^-2  V   •='^  +  2        'J   2X-   I 

=  f  log  (^  +  2)  -  ^  log  {2X  -  1) 

Example  (2).— 

=  -  A  log  (^  -  I)  +  32L  log  (^  +  2)  +  2V  log  {^  -  5) 
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Example  (3).— 


5 

(Example  (3),  p.  76.) 


=  rJj^°g  <*  -  0+12(0: -I)  -  ^^^°S  (•*  +  2)  +  ^l^log  (*  -  5) 
Example  (4).— 
Z,:,.:!^^^^  (Example  (4),  p.  77.) 

=  n  log  (.  -  6)  -  M/,-^±:h  -^^/.M^ 


|^log(x  -  6)  ^  fglog(4r'  +  *+  I)  -  -^tan-'  ^^ 


Examples.—CXXI. 

Find  the  following  integrals : — 

I  -~^—.     Verify  by  the  graphic  method. 


2dx  0/3^  +  8 


;»:«+&«: +15  7;«:^  +  7^  +  6 


3.    ..r7,°  ^^. 


/ 

/             5-y  +  7           ^-  5      /"            4^  +  23 

j  (^  -  I)(;c  +  2)(^  +  3)  •     j(2^+l)(A:-3)(;«:  +  2r*- 

r  3.y'  +  4^  -  2  /•7.r»-24.r'+6.r-25 

7  (^  +  l)^(;.:  -  2)^'*-  '•     j  {X-  l)\x  -  4)(^  +  3) 

/•        7^^+13^+9  r &r+ll , 

j(2a:-  l)(;c^  +  3^  +  4)  j(:.^+;i:  +  3)(;.;-2)     * 


225.    Integration  by  Parts.— It  has  been  shown  that,  if  «  and  v  are  two 
functions  of  ;r, 

d  ,     ^        dv        du 

The  same  theorem  may  be  otherwise  stated  in  the  form 

dv  .         f  dtt 


d."' 


=  fudv  +  fvdu 
Qx  fudv  =  uv  —  fvdu (i) 


dxf 
Any  function  of  x  which  can  be  directly  integrated  may  be  taken  as  ^ 

V  being  its  integral,  and  thus  we  get  a  method  which  sometimes  enables  us 
to  integrate  the  product  of  two  functions,  one  of  which  can  be  immediately 
integrated.  We  integrate  this  function  as  though  the  other  were  constant, 
and  subtract  the  integral  of  the  product  of  the  integral  already  found  and 
the  differential  coefficient  of  the  other  function. 
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Example  {i).—Find  the  value  of  fx  sin  x  dx. 
Take  u  —  x  and  v  —  —  q.os  x. 

Then  dv  —  -rdx  —  sin  xdx,  and  du  —  dx 

.*.  Substituting  in  (i),  we  get 

fx  %\xs.x  dx~  —  X  cos  X  — /(—  cos  x)dx 

=  —  X  zo%  X  ■\- ^xn  X 

dv 
It  is  often  useful  to  take  v^-  =  '»  ^^^  consequently  v  =  *,  as  in   the  following 

example  : — 

Exam  ple  (2) .  —Find flog ^  xdx, 

/log.  X  dx  =/(loge  x)y.  \  ,dx 
Take  u  =  log  ;c,  r/  =  :p 
Then  dv  =  dx,  du  =  -dx 

X 

.•.  Substituting  in  (i), 

/(log  x)l  .  dx  =  xlog  X  —fx  .  -i/^jr  =  jc  log  ^  —  X 
Example  (3). — Find  the  values  off^,  sin  {ex  +  d)dx,  andf^'  cos  {ex  +  d)dx. 
In  /<r**  sin  (fj?  +  d)dxy  let  «  =  sin  {ex  +  aT)  and  «/  =  ^<r^. 
Then  dv  =  ^dx,  and  </«  =  <■  cos  {ex  +  d)dx. 
.*,  Substituting  in  (i), 

/^  sin  (f;ir  +  d)dx  =  t^*  sin  {ex  ■{■  d)  --^l  ^*  cos  (<:j:  +  d)dx 
Similarly,  we  get 

/tf**  cos  {cx-\-d)  —  y^*  cos  (<:;r  +  <^  + 1 1  ^*  sin  {ex  +  ^</jr 

"We  have  here  two  simultaneous  equations  to  find  the  values  of  the  integrals, 
/?**  sin  {ex  +  d)dx,  and  fe^'^  cos  {ex  +  <0<^ 

Solving  we  get 

- .     .    ,       ,     -  ,        b ^\n  {ex -^^  d)  —  c QQ%{ex -^c  d)  j^ 
f^^  sin  {ex  +  d)dx  = ^ /«  + -^— ^ ~  ^ 

/•J,,         /       .  ^\v        <:  sin  (gJT  +  flO  +^cos(gx  +  ^^ 
/<r**  cos  (<:;c  +  ^)dJar  = ^2^^ ^ 

226.  It  is  sometimes  possible  to  reduce  an  integral  to  a  form  which  we 
can  integrate  by  applying  the  process  of  integration  by  parts  several  times 
in  succession. 

Example. — To  find  fx^c^dx. 

Let  «  =  jT*,  z'  =  ^.     Then  dv  =  e^dx^  du  —  ^dx. 

,\fx*e'dx  =  jfV  -  ^'e^x'dx 
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The  integral  fe'x^dx  may  now  be  reduced  in  the  same  way, 

^fx^c'dx  =  ^^  -  I2fx^e«dx 

=  4*'<*  -  i2;cV  +  2^fxe*dx 

=  4:1: V  -  izx^e^  +  24^:^  -  2Af^dx  • 

.'.fx^e'dx  =  x*e^-/^x*^  +  I2:r2^  -  2/[xe'  +  24* 

Examples.— CXXII, 

Find  the  values  of  the  following  integrals  : — 

1.  Jx  cos  X  dx.  2.  fxe-'dx.  8.  fx  log  r  <&. 

4.  Find  the  mean  value  of  log,,  x  from  j;  =  i  to  ;t:  =  10. 

5.  /or*  log,  ;r  </*.  e.  fx^c'dx. 

h 

7.  Find  the  mean  value  of  e~    sin  qt  from  /  =  o  to  /  =  — . 

8.  Find  the  abscissa  of  the  centre  of  gravity  of  the  area  lying  between  the  curve 
_j/  =  sin  jr  and  the  axis  of  x  from  x  =  o  to  a:  =  -. 


9.  yV'*  cos  yc  dx.  10.       I  ^  sin  4r  dx. 


11.  By  mefins  of  a  curve  representing  «  as  a  function  of  v  prove  graphically  that 
uv  —  fu  dv  +  Jv  du. 


CHAPTER   XXIX 
SOME  DIFFERENTIAL  EQUATIONS  OF  APPLIED  PHYSICS 

227.  In  Chapter  XVII.  we  met  with  problems  in  which  ^  °^  j2  ^^^  given 

as  a  function  of  ;r,  either  by  means  of  a  curve  to  be  drawn  from  a  number  of 
tabulated  results  or  by  an  algebraical  equation. 

We  showed  how  to  find  the  corresponding  relation  between  y  and  ;r,  and 
to  represent  it  by  a  curve.  These  were  examples  of  the  solution  of  differential 
equations. 

Equations  involving  a  dependent  and  one  or  more  independent  variables 
and  their  differential  coefficients  are  called  Differential  Equations.^ 

The  solution  or  integration  of  a  differential  equation  consists  in  finding 
the  relation  between  j  and  x  which  it  implies. 

We  shall  treat  certain  forms  of  differential  equations  which  occur  in 
applied  physics. 

228.  I.  Compound  Interest  Law. — There  is  a  large  class  of  cases  in 
nature  in  which  the  rate  of  increase  of  a  variable  is  proportional  to  the  variable 
itself.     Examples  of  some  of  these  have  been  given  in  Chapter  VII.,  §  66. 

This  law  may  be  expressed,  by  an  equation  in  the  form  -~  =  by^  where 

^  is  a  constant. 

dy 
Now  we  have  seen  that  when  y  —  ae^^  ^  —  ah^*  =  by^  and  therefore 

y  =  ae^  is  a  relation  between  y  and  Xy  which  always  satisfies  the  equation 

Otherwise,  we  have 

V  dx 
In  integrating  we  may  separate  the  variables  (§  223). 


/• 


log,^'  —  bx  -^r  Qt 


where  C  is  the  arbitrary  constant  of  integration. 

.*.  y  =  a^  where  C  =  log,  a 

The  variables  y  and  x  are  said  to  follow  the  Compound  Interest  Law  for 
a  reason  which  will  be  evident  from  the  following  considerations  : — 
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When  a  sum  of  money  is  invested  at  compound  interest  payable  annually, 
the  interest  for  each  year  is  added  to  the  principal  at  the  end  of  that  year 
and  proceeds  to  bear  interest  for  the  following  year,  and  so  on. 

Thus  the  rate  at  which  the  interest  accrues  is  proportional  to  the  total 
amount  at  the  end  of  the  preceding  year. 

By  making  the  interest  payable  more  frequently  we  could  approximate 
more  closely  to  the  cases  of  the  Compound  Interest  Law  which  occur  in 
nature. 

Suppose  the  time  to  increase  by  a  succession  of  small  increments  S/,  and 
that  the  interest  is  added  to  the  principal  P  at  the  end  of  each  of  these 
intervals.     Then,  if  r  is  the  rate  per  cent,  per  annum,  the  interest  gained  in 

time  5/  is  — PW,  where  8/  is  expressed  as  a  fraction  of  a  year  and  P  is  the 

total  amount  at  the  beginning  of  the  interval  St.    This  is  now  added  to  the 
principal,  and  may  be  denoted  by  5P. 

.'.  5P  =  —  P5/ 

100 

5P         r      _ 
or  —  =  —  .  P 

5/        100 

If  now  the  time  5/  is  continually  diminished  so  that  in  the  limit  we  may 

gp 

consider  the  interest  as  continuously  added  to  the  principal,  -—  continually 

approaches  a  limiting  value,  which  is  the  value  of  -^  for  the  case  where  the 
interest  is  added  on  continuously. 

^/       100 
Comparing  this  with  the  equation  given  above  to  express  the  Compound 
Interest  Law,  we  see  that  we  may  write  P  for  ^,  /  for  ;r,  —  for  ^,  and  the 
relation  between  P  and  /  is  therefore 

P  =  ae^' 

where  a\s  sl  constant. 

To  find  a  put  /  =  o,  then  V  =  a;  i.e.  a  is  the  principal  originally  invested 
when  /  =  o.     Writing  Pq  for  this,  we  get 

P  =  Po^i^' 


229.  The  exponential  ^  is  defined  algebraically  as  the  limiting  value  of 
ji+i-J     when  «  is  infinite. 

The  student  sometimes  finds  difficulty  in  understanding  the  connection 
between  this  definition  of  d'  and  its  use  to  express  the  Compound  Interest 
Law,  which  is  more  important  in  physical  applications. 

It  is  easy  to  show  that,  if  compound  interest  is  payable  m  times  per 
annum,  the  amount  in  /  years  at  r  per  cent,  per  annum  is 


V        loom  J 
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•Kv  •*  loom      .  nr 

Now  write  n  -  :  then  w  =      - 

r  loo 

and  t>  _  T>  /  .  _L  ^  \     ioo 


(-;)•■ 


If  we  continually  increase  the  value  of  m  until  the  interest  is  payable 
continuously,  w,  and  therefore  n  also,  approaches  the  value  infinity. 

We  have  shown  above  that  in  this  case  P  =  Po^i^,  and  therefore  e^^^  is  the 
limiting  value  of  ( i  +  -  V°°  when  n  is  infinite. 

ri 
If  we  write  j^  =  jr  we  get  the  algebraical  definition    that   ^  is   the 


limiting  value  of  (  i  +  -  )    when  n  is  infinite. 


Thus   the   algebraical    definition    of  ^   implies    also   its  capability    of 
expressing  the  Compound  Interest  Law. 


230.  The  following  are  examples  of  natural  phenomena  which  obey  the 
Compound  Interest  Law  : — 

(i)  The  case  of  a  belt  or  rope  passing  round  a  pulley.  It  can  be  shown 
that  at  any  point  on  the  belt  in  contact  with  the  pulley  the  rate  of  increase 
of  the  tension  in  passing  through  that  point  along  the  belt  from  the  slack  to 
the  taut  side  is  proportional  to  the  tension  at  that  point.  Thus  the  tension 
follows  the  Compound  Interest  Law.  The  results  of  an  experimental  proof 
of  this  are  given  on  p.  1 54. 

(2)  The  Compound  Interest  Law  is  also  extended  to  include  the  case 
where  the  rate  of  decrease  of  a  variable  is  proportional  to  that  variable 
itself. 

Newton's  Law  of  Cooling  is  an  instance  in  point.  The  rate  of  cooling  of  a 
body  is  under  certain  conditions  proportional  to  the  excess  of  its  temperature 
above  the  temperature  of  its  surroundings  ;  i.e.  the  rate  of  decrease  of  the 
temperature  B  per  unit  time  /  is  proportional  to  the  temperature,  or 

d6  . 

and  therefore  B  =  B^~^^  where  ^0  is  the  temperature  when  /  =  o  and  a  is  a 
constant.     P'or  experimental  results,  see  p.  108. 

(3)  If  the  two  sides  of  a  charged  electric  condenser  are  connected 
through  a  large  resistance,  the  discharge  takes  place  rapidly  at  first  and  then 
more  slowly,  the  rate  of  decrease  of  the  voltage  at  any  instant  being  pro-^ 
portional  to  the  voltage  to  which  the  condenser  remains  charged  at  that 
instant.  Thus  the  Compound  Interest  Law  connects  the  voltage  and  the 
time. 

where  V  is  the  voltage  at  time  /,  Vq  the  voltage  at  time  /  =  o,  K  the  capacity 
of  the  condenser,  and  R  the  resistance  in  the  circuit. 

The  student  may  be  familiar  with  the  method  of  testing  the  insulation 
resistance  of  a  cable,  which  depends  on  this  law. 

(4)  As  we  pass  upwards  from  the  earth's  surface  into  the  atmosphere,  the 
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density  and  pressure  of  the  atmosphere  at  any  height  diminish ;  the  rate  of 
decrease  of  the  pressure  per  unit  rise  in  height  is  proportional  to  the  density, 
and,  therefore,  if  the  temperature  is  constant,  to  the  pressure  at  that  height. 
Thus  the  pressure,  regarded  as  a  function  of  the  height,  follows  the 
Compound  Interest  Law. 


Examples.— C  XXIII. 

1.  Find  an  expression  for  y  in  terms  of  jr,  if  it  is  given  that  ^  —  3^,  and  j'  =  5 

when  X  =  I. 

2.  What  is  the  equation  to  a  curve  whose  slope  is  everywhere  numerically  equal 
to  one-half  of  its  ordinate,  and  whose  ordinate  is  i  when  x  =  o} 

3.  A  point  starts  at  A  and  moves  along  a  straight  line  AB,  so  that  its  velocity  in 
feet  per  second  is  always  numerically  equal  to  its  distance  in  feet  from  B.  If  AB  is 
100  ft.,  how  long  will  the  point  take  to  get  halfway  from  A  to  B  ? 

4.  Find  the  amount  of  ;^ioo  in  3  years  at  4  per  cent,  per  annum  compound 
interest 

(i)  when  the  interest  is  payable  yearly 

(2)  „  „  „  half-yearly 

(3)  ».  »  ..  quarterly 

(4)  „  „  ,,  continuously 

6.  If  9  is  the  temperature  of  a  certain  body  at  time  /,  it  is  known  that  the  rate  of 
cooling  is  equal  to  o'oo60,  and  that  when  /  =  o  the  temperature  is  20°  C.  Find  an 
expression  for  d  in  terms  of  /. 

6.  A  rope  passes  round  a  drum.  T  is  the  tension  of  the  rope  at  a  distance  j, 
measured  along  the  rope  from  one  end  of  the  portion  of  the  rope  which  is  in  contact 

with  the  drum.     It  can  be  shown  that  —f-  —  — 1  where  r  is  the  radius  of  the  drum, 

ds        r 

and  /i  the  coefficient  of  friction.     Find  an  expression  for  T  in  terms  of  s  for  the  case 

when  n.  —  0*5,  r  =  9",  and  T  =  25  lbs.  where  j  =  o. 

7.  q  is  the  quantity  of  the  charge  at  time  /  in  a  condenser  of  capacity  K,  dis- 
charging through  a  resistance  R.     It  can  be  proved  that  -f-  4.  .^^  =  o.      Find  an  ex- 

at        K.K 

pression  for  q  in  terms  of  /.     Taking  the  initial  charge  when  /  =  o  as  0*0005,  P^®^ 
a  curve  to  show  the  value   of  q  for  any  value   of  /  from  o  to  0*03  sees.,   given 

R  =  5000  X  lo*,  K  =  3  X  io-*».      In  what  time  is  the  charge  reduced  to  —  of  its 

original  value  ? 

8.  If  i  is  the  current  at  time  /  in  a  circuit  of  resistance  R,  and  coefficient  of 
self-induction   L,  and   the   impressed   electro-motive   force  has  been  removed,  then 

L—  -f  R/  =  o.     Find  i  in  terms  of  /,  taking  R  and  L  as  constants. 
at 

If  R  =  o*5  ohm,  L  =  0*05  henry,  and  i  —  15  amps  when  /  =  o,  plot  a  curve  to 

show  the  value  of  the  current  at  any  time  from  /  =  oto/=:0'2  sees. 


231.  The  following  is  an  extension  of  the  Compound  Interest  Law  ^— 

where  a  and  b  are  constants. 

To  find  the  law  connecting  _y  and  Xy  we  have 
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:.  separating  the  variables  and  integrating 


I 


b  —  ay      •' 
/.  -  ^  log,  {b-ay)^x->rQ 


where  C  is  any  constant. 

,".  log,  {p  -  ay)  -  -  ax  -  aQ, 

b-  ay  =  e-'^-"^ 

y  =  Ke-^  +  - 

where  the  constant  A  is  equal  to 

dy 
Example. — If  ^-  +  Zy  —  S*  J^"^  ^^  expression /or  y  in  terms  o/s. 

Following  the  above  process  we  get 

y  -  Ae-*'  +  I 
To  verify,  we  find 


•'  dx 
and  thus  the  given  differential  equation  is  satisfied  by  this  solution. 


^^  +  ay  =  -  z^f~^  +  3A^--«*  +  5  =  5 


Examples.— CXXIV. 

1.  Take  A  =  i  in  the  above  example,  and  plot  the  curve  y  =  «-•*  +  |  from  x  =  o 

dy 
to  X  =  J.     Measure  as  accurately  as  possible  the  values  of -^  Q.nd.y  for  this  curve  at 

the  point  where  «  =  o'l,  and  verify  by  substitution  that  they  satisfy  the  equation 

Find  the  value  of  ^  in  terms  of  ^  so  as  to  satisfy  the  following  differential  equations: — 

2.  g=^  +  3.  3.  g-3;.  =  9. 

4.  ^^  +  4y+3  =  o.  6.  ^^-6j/  +  7  =  o. 

6.  If  a  constant  electro-motive  force  E  be  impressed  on  a  circuit  of  resistance  R, 
and  co-efficient  of  self-induction  L,  the  current  i  at  time  /  satisfies  the  equation 

Find  an  expression  for  /  in  terms  of  /,  choosing  the  constant  of  integration  so  that 
/  =  o  when  /  =  o. 

If  R  =  o'5  ohm,  L  =  0*05  henry,  and  E  =  7  volts,  plot  a  curve  to  show  the 
value  of  the  current  at  any  time  from  /  =  o  to  /  =  0*3  sees. 

From  the  shape  of  the  curve  deduce  the  probable  value  of  the  current  at  the  end 

of  5  seconds.     Measure  the  slope  of  your  curve  at  /  =  O'l,  and  verify  that  i  and  ^  at 
this  instant  satisfy  the  given  differential  equation. 
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7.  In  an  electric  circuit  of  resistance  R,  and  coefficient  of  self-induction  L,  there 
is  a  simple  harmonic  impressed  electro-motive  force  E  sin  qt. 

Then  it  is  known  that  the  current  /  at  time  /  satisfies  the  equation 

L  ^  +  R»  =  E  sin  qt 

where  L,  R,  and  E  are  constants. 

Show  that  this  equation  is  satisfied  if 

where  C  is  a  constant  and  tan  a  =  -^• 

If «  =  o  when  /  =  o,  find  the  value  of  C,  and  plot  a  curve  to  show  the  value  of  i  at 
any  time  from  /  =  o  to  /  =  0*05. 

Given  R  =  25,  L  =  o'l,  E  =  lOO,  q  =  600. 

232.  The  following  differential  equation  may  also  be  considered  :— 

ax        X 


if-i- 


Find  the  law  connecting^  and  x.    We  have,  separating  the  variables  and 
integrating 

fdx 

X 

log,}f  =  n\ogeX  +  C 
•,  y  =  ax"^  where  a  =  /^ 
and  may  therefore  have  any  arbitrary  constant  value. 

Example. — If  a  gas  expands  ivithout  gain  or  loss  of  heat  it  can  be  shown  that 

dv  V  / 

Find  the  law  connecting p  and  v. 

As  above,  we  have 

i.dp=-'7jv 
.  /  ^ 

/,  integrating 

log*/  =  -7  log.  2'  +  ' 

.',  /  =  iv~y  where  i  is  z.  constant 
oxpvy  =  i 

233.  More  General  Case,  "wrhere  j-    is  given  as  a  Function  of  y.— > 


Consider  such  an  example  as 

the  following  : — 

dx 

=  y 

««       dx 
Then  -j-  ■ 
dy 

I 
f 

„d.=;..=/|4.=/J=-i+c 
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So,  in  general,  if 

dx  _     I 

dy    f{y) 

and  X  can  be  found  in  terms  of  j  if  the  function  -^r—.  can  be  integrated  with 

respect  ioy. 

If  /  7/-\  cannot  be  integrated  directly,  or  if  the  connection  between  ^ 
Jj\y)  ax 

and  y  is  given  by  means  of  a  number  of  experimental  results,  we  may  obtain 
a  solution  by  the  graphic  method. 


Example. — Let 


%=^{i-y){i'-o'2Sf) 


Construct  a  curve  showing  the  relation  between  x  and  y  from  y  —o  to  y  —  \^  having 
given  that  x  —  Q  when  y  —  O. 
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Fig.  199. 
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We  have 

dx  I 


and 


<iy     V(i-y)(i-o-2Sy») 


X  =  I  dx  =  \  -fdy  since  ^  =  o  when  x  —  o 


To  find  this  integral  we  plot  a  curve  in  which  values  of  y  are  ordinatcs  and  values 
of  -r  abscissae  by  choosing  a  number  of  values  of  y  and  thence  calculating  the  corre- 
sponding values  of -T-. 

This  is  the  curve  PB  in  the  figure. 

The  value  of  /  -^dy  for  any  value  of  y  is  the  area  lying  between  this  curve  and 
the  axis  of  ^  from  ^  =  o  to  the  value  of  ^  which  is  being  considered. 

'dx 
T/ 

This  is  found  to  be  0'307,  which  is  therefore  the  value  of  x  when  y  =  O A. 
Setting  oflF  AC  equal  to  0*307,  we  get  a  point  C  on  the  required  curve  connecting 
X  and^. 

Proceeding  in  this  way  for  a  series  of  values  of  y  we  construct  the  curve  OC  in 
the  figure,  which  shows  the  relation  between  x  and  y^  so  that  the  given  diflferential 
equation  may  be  satisfied. 


E.g.  the  area  OABP  gives  the  value  of  I  '^dy,  and  therefore  of  x  when^  =  OA. 


dy 
234.  We  may  also  have  the  relation  between  —-  and  y  given  by  means 

of  the  results  of  experiments  as  in  the  following  example. 

Example. — The  accelerating  torque  of  a  traction  motor  can  be  found  when  the 
sf-ced  is  known.  The  following  are  values  of  the  torque  ta  available  for  acceleration  at 
speeds  V  of  a  car  on  the  City  and  South  London  Electric  Railway. 


V  ft.  per  sec.      . 

0 

16 

16-95 

18-55 

20 

21-2 

ta  inch-lbs.  .     . 

7520 

7520 

5400 

3000 

1200 

0 

The  torque  is  constant  from  v  =  o  to  v  =  16,  and  then  decreases. 
The  acceleration  is  proportional  to  the  torque^  and  it  is  known  that  the  acceleration 
is  0*463//.  per  sec. per  sec.  when  ta  is  7520  inch-lbs. 

Construct  a  curve  to  show  the  relation  between  speed  and  time  from  starting. 

(Carus- Wilson,  Electro- Dynamics ^  p.  163.) 

Let  a  be  the  acceleration.     Then,  since  the  acceleration  is  proportional  to  the 
torque,  and  a  =  0*463  when  /«  =  7520,  we  have 

a  =  ^^ta  =  6'i6xio-'ta 

7520 

dv 
and  the  values  of  a,  which  is  equal  to  -tt,  may  be  calculated.     Hence  we  get  the 


dt 


values  of  2~  as  follows 
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V 

o 

16 

1695 

18-55 

20 

21-2 

dv 

dt 

0463 

0-463 

0333 

0-1845 

0-074 

0 

dt 

2-159 

2-IS9 

3 

545 

13-5 

QO 

.dt 


Plotting  the  values  oi-j-  and  z/,  we  get  the  curve  ACD. 


Valves  of  time  t  seconds 

20  30  40  50 


10 


12 


We  have  / 


7.S-''"' 


Values  of  L~*t^ 

Fig.  200. 


and  therefore  the  value  of  /  corresponding  to  any  value  of 


V  is  equal  to  the  area  between  the  corresponding  part  of  the  curve  ACD  and  the  axis 

of  V ;  e.g.  the  value  of  -r-  is  constant,  and  equal  to  2-159  from  »  =  o  to  z'  =  16  ft.  per 
dv 

second,  so  that  the  time  which  passes  until  the  car  attains  a  velocity  of  16  ft.  per 

second  is  equal  to  the  area  of  the  rectangle  OACE  =  34-5  sees.     So  also  the  time 

taken  to  attain  any  velocity  less  than  16  ft.  per  second  is  equal  to  the  area  of  a 

rectangle  of  base  OA  and  height  v^  and  is  therefore  proportional  to  v. 

Thus  from  v  —  O  \.o  v  —  \(>  the  velocity  time  curve  i.is  the  straight  line  OB. 
The  remainder  BF  of  the  velocity  time  curve  is  obtained  by  adding  to  the  abscissae 
lengths  equal  to  the  corresponding  areas  between  the  curve  CD  and  the  axis  of  v. 
"We  thus  get  the  curve  OBF,  showing  the  speed  at  any  time  from  starting. 

For  another  method  of  obtaining  this  curve,  see  Carus- Wilson,  Electro-Dynamics^ 
p.  163. 
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Examples.— CXXV. 

1.  The  speed  z/  of  a  car  at  a  distance  *  from  its  starting-point  is  given  by  the 
following  table  : — 


X  feet  .     . 

0 

40 

80 

130 

200 

300 

V  ft.  per  sec. 

0 

7-2 

12*2 

188 

25 

29-5 

In  what  time  does  the  car  get  from  *  =  ICX)  to  Jf  =  300  ? 

r3oo  jy  /-aoo. 

Note. — The  required  time  =  /     -y-dx  =  /     - .  dx,  which  can  be  found  by  the 

graphic  method  from  the  above  data. 

2.  The  following  table  gives  the  acceleration  a  of  an  electric  locomotive  when  the 
speed  is  v  feet  per  second. 


V  ft.  per  sec. 

0  to  26-28 

27 

29 

32 

34 

a  f.  s.  s. .     . 

Constant  and  =  073 

0-495 

0-285 

0*090 

0 

Construct  a  curve  to  show  the  velocity  at  any  time  after  starting. 
3.  The  following  data  refer  to  a  similar  case : — 


V  ft.  per  sec. 

0  to  374 

38 

39 

40 

42 

a  f.  s.  s.  .     . 

0-417 

0300 

0-190 

0-105 

0 

Construct  curves  to  show  the  relation  between  velocity  and  time  from  starting, 
and  also  between  distance  traversed  and  time. 

a 

4.  P  is  the  pull  in  pounds  exerted  at  the  tread  of  an  electric  locomotive  at  speed 
V  feet  per  second  after  tractive  resistance  has  been  allowed  for.  The  mass  to  be 
drawn  is  3360  engineering  units.  Construct  a  curve  to  show  the  relation  between 
velocity  and  time  from  starting. 


V  ft.  per  sec. 

0  to  28-6 

29 

30 

32 

354 

Plbs.    .     . 

i960 

1713 

1273 

605 

0 

5.  The  following  table  gives  the  speed  of  a  car  at  various  distances  s  from 
starting.  Construct  a  curve  showing  the  relation  between  the  distance  and  the  time 
from  starting. 
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Velocity  ft.  per  sec. 

0 

5 

rs 

99 

12-5 

16-9 

xft 

o 

35 

70 

120 

180 

300 

(P.  V.  MacMahon,  EUctricianf  June,  1899,  p.  227.) 


235.  Linear  Equations  of  the  Second  Order. — We  shall  first  consider 
and  compare  the  three  differential  equations. 

g  +  4-3.  =  o (.) 

g  +  ^i+-=° (3) 

We  note  that  the  equation 


dy 
dx 


-by 


has  been  shown  to  be  satisfied  by  putting 

y  =  K^' 

The  equations  which  we  are  now  considering  are  similar  to  equations  of 

d  ^y 
this  type,  but  contain  an  additional  term  ^-^  of  higher  order. 

(i)  We  shall  try  whether  a  value  of  j  of  the  form^  =  A^^»  where  A  and 
K  are  constants,  can  be  made  to  satisfy  the  equations  (i),  (2),  (3). 


We  have,  if  ^  =  A^^, 


dx 


AX£^ 


d^ 

'  dx^ 


Aa2^^. 


(4) 


Substituting  in  equation  (i),  we  get 

(a2  +  2A  -  i)Ke^^  -  o 
This  is  evidently  satisfied  if 

\2  +  2A  -  3  =  o,  and  /.  \  =?  I  or  —3 

Therefore  equation  (i)  is  satisfied  if  we  put 

y  =  Ai^  or^  =  Aa^"^ 
where  Ai  and  Aj  are  any  constants. 

:.y  ^  Ai^?*  +  A2<f-^       .    . 


(5) 


also  satisfies  equation  (i),  since  the  sum  of  two  functions  can  be  differentiated 
one  term  at  a  time. 

It  can  be  shown  that  all  possible  solutions  of  equation  (i)  can  be  put 
into  this  form  by  giving  different  values  to  the  constants  Aj  and  A,. 
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(2)  If  we  attempt  to  solve  equation  (2)  by  the  same  process,  we  get  on 
substituting  from  (4) 

(A*  +  2\  +  s)Ae>^  =  o 

The  equation  a^  4-  2\  4-  3  =  o  has  no  real  roots,  so  that  in  this  case  we 
cannot  find  two  real  values  of  A  to  give  a  solution  of  the  form  (5). 

If,  however,  we  introduce  the  imaginary  >/  — i  =  /  as  in  p.  66,  we  find, 
solving  the  quadratic  in  A, 

•',  the  general  solution  Is 

=  (j-'CAi^iV^  4-  Ar,e-W^) 

=  ^"'(Ai  cos  j^2x  +  A^t  sin  ^2X  +  Ag  cos  a/2x 
—  Aj/  sin  ^/2x)  (see  p.  224) 

=  (C  sin  ^'2x  +  D  cos  VTjr)^"* 

where  D  =  A^  4-  Aj,  C  =  A,/  -  AJ. 

Note  that  as  A^,  Ag  may  have  any  values,  real  or  imaginary,  C  may  be 
real,  and  C  and  D  are  constants. 

We  have  shown  (p.  42)  that 

C  sin  js/2x  +  D  cos  ^2x 

may  be  expressed  in  the  form  A  sin  (a/2x  +  B). 

Therefore  the  general  solution  of  the  equation  (2)  is 

y  =  Atf-«  sin  (^2x  4-  B) (6) 

where  A  and  B  are  constants. 

(3)  In  equation  (3)  we  get,  on  substituting^  =  A/^*, 

(\»  4-  2A  4-  i)AeA«  =  o 

This  is  satisfied  if  a»  4-  2A  4-  i  =  o 

«>.  (A  4-  i)^  =  o  ;  ^  =  -  T 

Thus  y  =  A^~'  will  satisfy  the  equation,  but  this  solution  only  contains 
one  arbitrary  constant  A  instead  of  two,  as  in  cases  (i)  and  (2). 

It  can  be  shown  that  the  complete  solution  of  a  differential  equation 

containing  -j^  must  contam  two  arbitrary  constants. 

We  find  that  the  equation  is  satisfied  by  putting 

^^  =  (A  4-  Bx)e-^ (7) 

For  ^  =  -  Ae-*  +  Be'*  -  Bxg-^ 
ax 

g  =  (A-2By-4-Br^- 

.  ^'^  +  2<^  4- y  =  (A  -  2B  -  2A  4-  2B  4-  A)^-  4-  (B  -  2B  +  B)xe'^  =  o 

2  D 
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236.  The  equations  (i),  (2),  (3)  are  all  of  the  form 

dH        dv 

^  +  a£  +  fy  =  o (8) 

where  a  and  b  are  constants. 

We  thus  find  that  there  are  three  forms  of  the  solution. 
If  the  quadratic 

K^  Jr  ax  +  b  =  o 

has  two  unequal  roots  Aj,  \^^  the  solution  is  in  the  form 
y  =  Aj*?'*^!*  +  A^eM'^  as  in  (5) 
If  the  quadratic  has  imaginary  roots  the  solution  takes  the  form 
y  =  A^^  sin  {qx  +  B)  as  in  (6) 
where  the  roots  of  the  quadratic  are 


...         -  a±  ij&,b  -  a^ 


2 

and  therefore  the  solution  is 


^=A^-^sin|(^y^^-0r+B|     . 


(9) 


If  the  quadratic  has  equal  roots  A,  the  solution  is^  =  (A  +  Bx)<?^* 
The  student  is  advised  not  to  use  the  general  formulae,  but  to  work  out 
each  case  separately  as  has  been  done  for  equations  (i),  (2),  (3)  above. 

237.  Simple  Harmouic  Motion. — An   important  special  case  arises 
when  a  -  o'm  equation  (8). 
We  get 

The  solution  (9)  becomes 

y  =  Asm{^Ix  +  B) 

The  case  of  simple  harmonic  motion  is  represented  by  a  differential 
equation  of  this  form. 

Let  a  point  move  along  a  straight  line  so  that  its  acceleration  towards  a 
fixed  point  O  is  proportional  to  its  distance  from  that  point. 

Let  X  be  the  distance  of  the  moving  point  from  O  at  any  time  /, 

Then  the  above  condition  gives 

d^x 

-~  =  -  q^x  where  ^  is  a  constant 

d^x 

ox  -^^+q^X  =  0 

The  solution  of  this  differential  equation  is 
;r  =  A  sin  {qt  +  g) 

where  ^  is  a  constant. 

This  gives  the  distance  x  described  in  time  /  in  simple  harmonic  motion. 
This  is  the  same  as  the  equation  obtained  to  represent  simple  harmonic 
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motion  in  the  graphic  treatment  in  Chapter  VII.,  where  simple  harmonic 
motion  was  defined  as  the  projection  of  uniform  circular  motion. 

We  thus  see  that  the  definition  of  simple  harmonic  motion  by  means  of 
the  property  that  the  acceleration  varies  as  the  distance  from  the  centre 
leads  to  the  same  result  as  its  definition  as  the  projection  on  a  straight  line 
of  uniform  circular  motion. 

238.  Example. — A  condenser  of  capacity  K  is  discharging  through  a  circuit  of 
resistance  R  and  coefficient  of  self-induction  L  ;  its  potential  v  at  any  time  t  satisfies  the 
differential  equation 

Find  an  expression  for  the  potential  at  any  time.       ^ 

We  have  seen  that  the  solution  of  this  equation  depends  upon  that  of  the 
quadratic 

L\«  +  R\  +  g  =  o (2) 

If  R2  >  ^  ;  i.e.  if  4L  <  R^K,  this  quadratic  has  real  roots,  and  the 

differential  equation  is  of  the  same  type  as  equation  (i),  p.  400. 
Let  Aj,  A-a  be  the  roots  of  the  quadratic  equation  (2). 
Then  the  solution  of  the  differential  equation  (i)  is 

V  =  Aj/i*  +  A2/2* 

If  R2  <  ^  ;  i.e.  if  4L  >  R^K,  the  quadratic  has  imaginary  roots,  and  the 

equation  is  of  the  same  type  as  equation  (2),  p.  400. 
Its  solution  is 


h.e    vi}  sin(  ^  /_L  -  -5l  /  +  b  | 
VV  KL      4L'  / 


If  4L  =  R^K  we  have  equal  roots  as  in  equation  (3),  p.  400,  and 
V  =  (A  +  B/V"u* 

239.  The  constants  in  any  actual  case  are  found  from  the  known  initial 

conditions. 

Consider  the  case  where   R  =  200  ohms    and   K  =  0*5   microfarad  = 
o*5  X  io~^  farad. 

First  take  L  =  0*002  henry. 

Then  the  differential  equation  becomes 

d^v  .        dv  m 

0-0©2-r75-  +  200— -  +  2  X   lO^V  =  O 

at*  at 

Substitute  v  —  A^^'. 

We  get,  as  the  condition  that  the  differential  equation  may  be  satisfied 

o'oo2\'  +  200X  +  2  X  !©•  =  o 
_  ~  200  ±  V4'io*  ~  r6. 10* 
~  4  X  io~* 

=  -  io*(s  ±  3-875)  =  —  8-875  .  10*  or  —  ri25   10* 
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.',  the  potential  to  which  the  condenser  is  charged  at  any  time  /  is 
given  by 

V  =  Ai^r-8-875.io4t  +  p^^g-vi^.io^ 

To  find  the  values  of  the  constants  Ai  and  Ag  the  initial  conditions  must 
be  given.     Suppose  the  condenser  is  charged  to  looo  volts  when  /  =  o. 
Substituting,  we  have 

looo  =  Aj  +  Aj 

We  also  know  that  the  current  and  therefore  ^  =  o  when  /  =  o. 
We  have 

^  =  -  8-875  .  io*,A,e-^«^-^^^'  -  ri25  .  10*.  Aa^-i^^^io** 

:.  substituting  /  =  o  and  ^  =  o,  and  simplifying,  we  get 

0=  -71A1-  9A2 
.-.  Ai  =  -^r  =  -145,  A2=  1145 
.*.  the  solution  is 

V  =  ii45tf-"Mio^  -  i45^?-8-875.io*t 

The  curve  representing  this  equation  has  been  plotted  as  an  example  in 
Example  7,  p.  no. 

Next  suppose  R  and  K  have  the  same  values  as  before,  but  L  =  o'oi. 
The  quadratic  in  a  becomes 

0-0IA.2  +  200A  +  2  X  lo*  =  o 

__  —  200  ±  >v/4'io^  -  8- 10* 

""  0*02 

=  -  io*(i  ±  /•) 
.*,  the  potential  at  any  time  is  given  by 

V  =  Ae-^^*'  sin  (loV  +  B) 
To  find  the  constants,  we  have 

V  =  1000  when  /  =  o 
.'.  1000  =  A  sin  B 

Also,  as  before,  -ji  =  ^  when  /  =  o. 

^  =  -  io*A^-w**  sin  (loV  +  B)  +  io<A<f-w*«  cos  (10V+  B) 

dij 
Substituting  ij  =  ^  and  /  =  o,  we  get 

o  =  io*A  cos  B  -  io*A  sin  B 
.',  sin  B  =  cos  B  and  tan  B  =  i 

/.  B  =  ^  =  07854 
4 

V       A 
and  looo  =  A  sin  -  =  —~        .*,  A  =  1414 
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/.  the  value  of  v  at  any  time  is  given  by 

V  =  I4i4<f~^°*'  sin  (loV  +  07854) 

The   curve   representing   this    solution   was    given    as  an  example   in 
Example  4,  p.  120. 

As  an  example  the  student  should  work  out  the  solution  numerically  and 

plot  the  curve  for  the  case  when   L  =  0005  = ,  the  initial  conditions 

being  the  same  as  in  the  above  examples. 


Examples.— CXXVI. 

Find  the  relations  between  v  and  jr,  so  that  the  following  equations,  may  be 
satisfied : — 

1.  'Ly.  +  c-^  +  4^  =  o.  Taking  each  of  the  constants  equal  to  unity,  plot  a 
curve  to  show  the  relation  between^  and  x  from  ^  =  o  to  jc  =  2. 

7.  A  mass  tn  is  supported  by  a  vertical  spring  which  will  stretch  a  length  h  when 
supporting  i  lb.  Then,  if  we  neglect  the  stiffness  of  the  spring  and  the  resistance  of 
the  air,  the  motion  is  given  by 

d'^x  .X 
"^  +  ^  =  ° 

where  m  is  obtained  by  dividing  the  weight  in  pounds  by  32*2,  and  x  feet  is  the 
distance  of  the  weight  from  its  position  of  equilibrium  at  time  /  seconds.  Find 
an  expression  for  x  in  terms  of  /,  having  given  that  x  =  o  when  /  =  o.  Taking 
the  weight  equal  to  J  lb,,  A  =  0*5  ft.,  and  the  greatest  value  of  j;  9  ins.,  plot  a  curve 
to  show  the  displacement  at  any  time  from  /  =  o  to  /  =  i  sec.  How  long  does  it  take 
the  weight  to  make  a  complete  oscillation  in  the  numerical  case  ?  Take  g  lbs.  as  the 
unit  of  mass. 

8.  If  the  stiffness  of  the  spring  and  the  resistance  of  the  air  in  Example  7  have  the 
effect  of  retarding  the  motion  with  a  force  proportional  to  the  velocity,  the  motion  is* 
giverv  by 

d^x  ,    jdx  ,  X 

k  is  the  retarding  force  when  the  velocity  is  unity.  Find  an  expression  for  x  in  terms 
of  /  for  the  case  where  the  weight  =  \\h.,  h  =  0*5  ft.,  and  k  =  o*02  lb.  Sketch  a 
curve  to  show  roughly  the  character  of  the  motion. 

9.  I  is  the  moment  of  inertia  of  a  ballistic  galvanometer  needle  round  its  axis  of 
rotation.  A  is  the  twisting  moment  per  unit  angular  displacement  due  to  the  torsion 
of  the  fibre  and  the  controlling  magnetic  field,  A  is  the  moment  of  retarding  force  per 
unit  angular  velocity  of  the  oil  bath  used  to  damp  the  motion.    The  motion  is  given  by 

jd^d  ,    .d0  ,    ,^ 

^^  +  ^^  +  ^'  =  ° 
where  0  is  the  angle  through  which  the  needle  is  displaced  from  its  equilibrium 
position  at  time  /. 
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Find  an  expression  for  6  in  terms  of  / 

I  St,  when  /&'  <4U  ;  2nd,  when  ^'>  ^Ih 

Sketch  figures  to  illustrate  the  character  of  the  motion  in  each  case. 
Note  that  in  the  second  case  the  motion  is  "dead-beat,"  i.e.  the  needle  does  not 
swing  back  past  its  equilibrium  position,  while  in  the  first  case  the  motion  is  oscillatory. 

240.  Next  consider  a  differential  equation  of  the  type 

g.+  <»,^o.  =  v (.) 

where  V  is  a  function  of  r. 

Compare  this  with  the  equation 

gH-.^i...  =  o      ........    (3) 

which  has  already  been  considered. 

Uy  =  u  is  any  solution  of  equation  (i),  thenj  =  «  +  z'  is  also  a  solution, 
where  v  is  any  solution  of  equation  (2). 

For  if  J  —  u  -{-v 

.         dy      du      dv    dH      d^u  .  dhf 

and,  on  substitution, 

d'^y  ,      dy  ,   ,        d^u  .     du  .   .     ,  d^v  .     dv  ,   , 

=  V  +  o 
since  ^  =  u  satisfies  equation  (i) 
and  y  —  V  satisfies  equation  (2) 

Thus  the  solution  of  equation  (i)  consists  of  two  parts: 

{(i)  A  "particular  integral"^  =  «,  which  may  be  any  solution  of  equa- 
tion (i),  the  simpler  the  better  ;  and 
(<J)  The  "  complementary  function "  z/,  which  is  the  general  solution  of 
equation  (2). 

Example— 

ePy  ,      dy 

We  have  shown,  p.  400,  that  the  solution  of 
d'^y  ,     dy 

is^  =  Ai^  +  Aj^-s*  "^ 

A  particular  integral  is  evidently  _j/  =  —  3, 
Therefore  the  solution  of  the  given  equation  is 

^  =  Ai^  +  Aj^-3*  -  3 

This  may  be  verified  by  finding-^  and -j^ and  substituting. 


241.  Symbolic  Method. — When  there  is  only  one  independent   vari-< 
able,  we  may  denote  the  operation  of  differentiation  by  the  symbol  D. 
Thus 

dx  "^^'         ^  =  ■^'■^'  ^"^^  ^°  °^* 
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For  example 

D^  =  a^**,        D  V**  =  a2^«^,        D  sin  ^x  =  p  cos  px, 
D  cos  /:r  =  —  /  sin  jzJjr,    D^  sin  px  =  -  p"^  sin  /;r,    D^  cos  px  =  -  p'^  cospx. 

Note  that  the  effect  of  the  operator  D  upon  e*^^  is  the  same  as  that  of 
multiplication  by  o,  and  the  effect  of  D^  upon  s'mpx  and  cos  px  is  the  same 
as  that  of  multiplication  hy—p\ 

In  the  same  way  the  complete  operation  of  forming  ~  +  a^-  +  by  may 

be  denoted  by  (D2  +  aD  +  b)y. 
Thus 
(D2  +  ^D  +  1)6^^  =  (a2  +  «;a  +  b)e'^ ,  (D^  +  b)  sin  px  =  {^ p"^  +  b)  sin/;f, 
(D2  +  aD  +  /J)  sin/:r  =  (,- p"^  +  aT>  ■{■  b)  smpx  =  {b-p^)  s'mpx  +  apcospx. 

In  order  to  be  consistent  with  Algebra,  the  inverse  operator  ^^  must  denote 
an  operation  which  is  reversed  by  D,  that  is 

Ly  =  j^dx ;  for  D  ^j  =  Bjydx  =  -^jydx  =  y 

Thus  ^^'^  =  \^'^i     0  sin  px  =  -  -  cos  px^     ^s\n  px  =  -  ^  sin  px. 

So  also  Y^2^— p  ,yy  denotes  the  operation  which  is  reversed  by  D2+aD  +  3 

so  that  (D^  +  «D  +  ^)  .p.^^p^^>-  =  y 

for  (D2  +  «D  +  ^)  o  /'^  ,  ,  =  "2 1  ""^  I  f  g<^  =  ^"^ 

^  ^  o2  4-  d!a  +  ^       o-*  +  ^a  +  <J 

We  have  seen  that  D-.D«^  =  ^-^^^  =  ^  =  D'"  +  > 

°(^  +  ^)  =  i  +  §=D->'  +  °'  - 

D(^7)  =  -^if^y)  —  ^~^  -  ^^y  when  a  is  constant. 

Thus  the  symbols  D,  D^,  etc.,  when  operating  upon  a  function  of  x  obey 
laws  similar  in  form  to  the  fundamental  laws  of  Algebra,  and  we  may  perform 
the  operations  of  Algebra  with  them  as  if  they  were  parts  of  an  algebraic 
expression,  the  other  parts  of  the  expression  being  constants.  As  an  exercise 
the  student  should  verify  the  following  examples  by  carrying  out  the  operations 
of  differentiation  and  integration  involved : — 

(D  -  2)(D  +  3)^  =  (D  +  3)(D  -  2)^  =  (D2  +  D  -  6)^ 

=  (3'  +  3  -  6)^  =  6^ 
(D  -  i)(D  +  4)  sin  2;ir  =  (D  -  i)(2  cos  2x  +  4.  sin  2x) 

=  —  4  sin  2-r  —  2  cos  2;r  +  8  cos  2;ir  —  4  sin  2X 

=  —  8  sin  2:r  +  6  cos  2x 
(D  -  iXD  +  4)  sin  2jr  =  (D2  +  3D  -  4)  sin  2jr  =  (-  4  +  3D  -  4)  sin  2x 

=  —  8  sin  2x  +  6  cos  2x 

^^L^^cospx  =  y^,cospx 
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the  operation  D^  +  <^  —  at)  on  both  numerator 
and  denominator 

sm  /jr  =  - — f^  ... r,-Ti,  sm  px 


-  (D2  +  ^)2  _  ^202-"/-*   -  (_^2  +  ^)2  _  ^ip 

-  ^b-ff-d^P'^  '•"  ^^  -  (^~/2)._^2^2  COS  px 

This  symbolic  method  may  be  used  to  find  a  particular  integral  of  a 
differential  equation  in  certain  cases. 

or  (D2  4-  aD  +  %  =  Jr 

then  J  =  :pr5 ,gis  a  value  of^  which  satisfies  the  differential  equation. 

For,  operating  on  both  sides  with  D^  +  ^D  +  ^,  we  get 

(D2  +  ^D  +  %  =  (D2  +  aD  +  ^)-D2  +  ^D+^-^  =  ' 

«-^.  7^:^5 7^ i .  -s"  is  a  particular  integral  of  the  equation  (D2  -^^  ali  -^  b)y  =  x 

D-*  +  oD  ■\-  0 

Example  i — 

We  have  (D'  -  sD  +  ^)y  =  2^ 

A  particular  integral  is 

and  the  complete  solution  is^  =  A,^*  +  A^^^  —  ^, 

Example  2 — 

d*x  ,    ,dx  ,  X  .        -, 

'"^  +  ^^  + /i  =  "^ '^"  ^'^-^^ 

This  represents  the  vibration  of  the  spring  considered  in  Example  CXXVI.  8, 
when  it  is  subjected  to  a  simple  periodic  force  of  frequency  /.  'laking  a  =  lo, 
/  —  20,  and  the  same  values  of  m,  k,  h  as  before,  find  a  numerical  solution. 

We  have  /'    ,  ,   k^  .     \  \         a    . 

(  D-  +  -  D  +  —  Lc  =  -  sm  2Tcft 
V  m         tnhj        m  •* 

A  particular  integral  is 


J ~  sin  z,f,  =  'iL "'^     •"     '  sin  2V/ 


A,  cos  2ir/t  +  B,  sin  2i^ 
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where  A^  = ?^P ;     B,  = — 

The  particular  integral  may  also  be  put  into  the  form 
*  =  C,  sin  (271/"/  +  Di) 

where  C  =  VaTT^*  and  tan  D,  =  ^ 

The  numerical  values  are  a  =  10,  /  =  20,  m  = ,  ^  =  o*5,  k  =  0"02 

'  ^  4  X  32-2'  ^' 

/.  A,  =  —0017,  Bi  =  —0*083 

and  the  complete  solution  is 

X  =  — 0"0i7  cos  40ir/  —  0*083  sin  407r/  +  gs-"^"^*  sin  15*75/ 

where  the  complementary  function  has  the  form  found  in  Example  8,  p.  405,  and  the 
same  values  of  the  constants  are  taken.     Putting  the  solution  into  the  form 

X  —  —0*084  sin  (407r/  +  0*22)  +  9^^'29'  sin  15*75/ 

we  see  that  the  motion  of  the  spring  consists  of  two  parts  : 

{a)  The    "natural"    or    "free"    oscillation     of     the    spring,    represented    by 

g^rm  sin  15*75/,  which  is  of  gradually  diminishing  amplitude  ; 
(6)  The  forced  oscillation,  represented  by  —0*084  sin  (407r/  +  0*22),  which  is  a 

simple  periodic  motion  of  the  same  period  as  the  impressed  force. 


Examples.— CXX  VII. 

Find  complete  solutions  of  the  following  diflferential  equations. 

Verify  by  differentiation  and  substitution. 

4.  If  a  constant  electromotive  force  of  looo  volts  is  applied  to  a  circuit  containing 
a  self-induction  L,  a  resistance  R,  and  a  condenser  of  capacity  K,  then  the  quantity  ^ 
of  the  charge  in  the  condenser  at  lime  /  satisfies  the  equation 

4r  +  <^^.- 

Giving  R  and  K  the  same  numerical  values  as  in  §  239,  find  expressions  for  ^  in 
terms  of  the   time  for  the  two  cases  when  L  =  o*oo2  henry  and  L  =  0*01  henry, 

having  given  that  g  =  o  when  /  =•  o,  and  -^  =  o  when  /  =  o. 

Note. — With  the  data  as  given  the  result  will  give  the  value  of  g  in  coulombs. 


CHAPTER  XXX 

COMPLEX  NUMBERS 

242.  Take  two  rectangular  axes  OX  and  OY,  and  let  the  unit  i  be  repre- 
sented by  a  vector  of  unit  length  in  direction  OX.  Then  any  other  ordinary 
integral  or  fractional  number,  such  as  2,  3*5 ,  x  is  represented  by  a  multiple 
of  the  unit  vector,  that  is,  a  vector  of  length  2,  3*5,  x  in  direction  OX. 


Q 
d 

P 
4/ 

-4       0 

\    ^ 

-5/ 
R 

Fig.  201. 


Fig.  202. 


Let  /denote  a  vector  of  unit  length  in  direction  OY.  Then  any  number 
of  the  form  2/,  3 "5/,  yi  is  represented  by  a  vector  of  length  2,  3*5,  y  in 
direction  OY. 

Any  other  vector  OP  maybe  expressed  as  the  sum  of  two  vectors  in 
directions  OX  and  OY. 

Thus,  in  Fig.  201,  OP  =  r  =  x  +  iy^  the  +  sign  here  denoting  vector 
addition. 

Example.— In  Fig.  202,  OP  =  3  +  4* 

OQ=-4+3^' 
OR  =  3  -  5* 
If  the  vector  r  makes  an  angle  6  with  OX,  then 

X  =  r  cos  9,  y  =  r  sin  6 
and  rff  =  x-{-ry  =  r(cos  6 -{•  i  sin  6) 

Thus  in  Fig.  115,  p.  285, 

the  vector  AB  =  35,0  =  3(cos  57°  +  *sin  57°)  =  3(0*545  +  0-8390  =  1-64  +  2-52/ 
CD  =  4i2oo  =  4(cos  120°  +  i  sin  120°)  =  —  2  +  3'464/ 


EF  =  2-53150  =  2-5  cos  315°  +  /.  2-5  sin  315°=  1-77 


[-77/ 


Complex  Numbers  411 

The  length  r,  regarded  as  a  scalar  quantity  and  not  a  vector,  is  called  the  modu/us, 
and  the  angle  6  the  argu?7ient  of  the  vector  r^—  x-\-  iy. 
The  modulus  oi x  ■\-iy  is  denoted  by  the  sign  \x  +  iy\. 
Thus  in  the  examples  considered  above 

Is  +  4^1  =  5  ;  Ii'64  +  2-52/1  =  3  ;  arg(r64  +  2-520  =570. 

Examples.— CXXVIII. 

Detemiine  the  modulus  and  argument  of  each  of  the  following  complex  numbers, 
draw  diagrams  to  represent  them  as  vectors  and  express  them  in  the  form  r  : — 

1.  -I.                   2.  -9.  3.  2/.                          4.  -3/. 

5.  I  4-  /.                 6.  I  -  /.  7.  4  +  3?.                   8.  0707  +  0707/. 

9.  0707  —  0707/.  10.  —0707  +  0707/. 

11.-0707-0707/.  12.  1-827 +  0-8 13/.     13.1-827-0-813/. 

14.  —0-868  + 4-925/.  15,  1-1724-2-761/. 

Express  the  following  vectors  as  complex  numbers  and  illustrate  by  diagrams : — 
16.  2„oo.  17.  3,50.  18.  3_„o.  19.  33,50. 

20.     2250O.  21.    4i7oO. 

22.  Show  that  x  ■\-  iy  and  y  —  ix  represent  two  perpendicular  vectors. 

243.  Addition  and  Subtraction  of  Complex  Numbers. — In  order 
to  be  consistent  with  the  vector  representation  of  complex  numbers  which  we 
have  adopted,  the  addition  and  subtraction  of  complex  numbers  must  follow 
the  same  laws  as  vector  addition. 

We  have  seen  (§  160)  that  the  sum  of  the  projections  of  a  number  of 
vectors  on  any  axis  is  equal  to  the  projection  of  their  sum. 

Thus,  if  ri  =  ;ri  +  iy^ ;         r^  =  Xo,-\-  iy^ ;        r^  =  x^-\-  iy^ 
the  projection  of  ^1  +  ^2  +  ^3  on  Ox  =  Xi  +  X2  +  x^ 

and  .'.  ri  +  r.2  +  r^  -  [x^  -V  x^-^  x^  +  <  ji  +  ^2  +  Js) 

For  example,  in  Fig.  141,  p.  303,  with  our  present  notation 

OA  =  3  cos  62°  +  2.3  sin  62°  =  1-4085  +  2-6487/ 
AB  =  4  cos  165°  +  2.4  sin  165°  =  -3-8636  +  1*0352/ 
BC  =  2  cos  280°  +  /.  2  sin  280°  =      0*3472  —  1-9696/ 


OC  =  OA  +  AB  +  BC  =-2-1079+17143/ 

the  sum   of  these  complex  numbers  being  obtained  by  adding  separately 
their  x  and  j  components. 

If  two  complex  numbers  are  equal  their  separate  components  must  be 
respectively  equal. 

Thus,  if  x^  +  iy^  =  X2  +  iy^ 

then  x-^  =  X2   and  y^  =  y^ 

For  the  sign  =  between  two  vectors  implies  that  they  can  be  represented 
by  equal  and  parallel  straight  lines,  and  if  two  straight  lines  are  equal  and 
parallel  their  projections  on  the  axis  of  x  are  equal,  as  also  are  their 
projections  on  the  axis  of  y. 

It  follows  that  if  x  -^^  iy  =  o 

then  X  —  o  and  y  =  o, 

244.  Multiplication  of  Complex  Numbers. — If  we  wish  to  perform 
the  operations  of  ordinary  scalar  algebra  with  complex  numbers  we  must 
choose  our  definition  of  multiplication  so  that  if  the  unit  i  is  multiplied  by 
any  number  x  +  iy  the  result  is  the  same  number  x  +  iy. 

Thus  we  must  have  i  x  r^  =  r^. 
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Now  any  vector  r^  is  obtained  from  the  unit  vector  i  along  Ox  by 
multiplying  its  length  by  r  and  turning  it  thro.ugh  an  angle  9. 

The  direction  of  our  original  axis  Ox  and  the  length  of  the  unit  vector 
were  arbitrary,  so  that  we  may  take  any  other  vector  p^  as  the  unit,  and 
the  product  P^p  X  r^  will  be  obtained  from  ^<|>  exactly  as  i  X  r^  was  obtained 

from  I. 

Accordingly,  to  multiply  any  vector  p^p  by  r^  we  must  multiply  its  length 
by  r  and  turn  it  through  an  angle  d. 

That  is  P<t>xr0  =  Pf<p  +  q 

In  other  words,  to  multiply  any  vector  by  7-q  we  must  alter  the  scale  of 
the  diagram  in  which  it  is  represented  in  the  ratio  r  :  i,  and  rotate  the 
diagram  through  an  angle  6. 

Applying  this  to  the  complex  numbers  which  the  vectors  represent  we 
get  the  rule  : 

To  multiply  two  complex  numbers  multiply  their  moduli  and  add  their 
arguments. 


iK  -r 


0 

Fig.  304. 


Example  (i).— 3300  X  2^0©  =  6,^0, 

In  Fig.  203  OP  represents  s^^o.     To  mviltiply  by  24^0  draw  the  vector  24oo»  talcing 
Sjoo  as  the  unit  vector  ;  that  is,  set  off  OP'  =  2  .  OP  and  angle  N'OP'  =  40°. 

Example  {2).—P  =  I900  x  I900  =  iigoo  =  —  i. 
In  Fig.  204  /■  =  OP'.     To  obtain  r  multiply  by  i  and  rotate  through  90°.     This  gives 

OP"=-i.  

Since  the  square  of  /=  —  i,  /may  be  written  ^f  —  l.  Although  this  expression 
has  no  meaning  in  ordinary  algebra  or  arithmetic  we 
now  see  that  it  has  a  perfectly  definite  meaning  in 
vector  algebra.  When  interpreted  in  this  sense  it  need 
no  longer  be  considered  as  imaginary. 

Example  (3). — 

(I    +  ^)(4  +  3/)   =    1-414450    X    536-9°  = 

=  7'078i.oo  =1  +  7'- 
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Example  (4). — 

(I  +  i){l  -  i)     =  1-414450  X   1-414-450  =  2450_„o  =  2. 

Example  (5). — 
(X  +  iy){x-iy)  =  r^  X  r.Q  =  7-^  =  x"  +  y\ 

Complex  numbers  of  the  form  x  -^  iy,  x  —  iy  are 
said  to  be  conjugate  to  each  other. 
Fig.  205.  They  are  represented  by  vectors  OP,  OP'  of  equal 

length  and  making  equal  angles  with  OX  on  opposite 
sides  of  it. 
Their  product  is  a  vector  in  the  direction  OX,  and  is  consequently  free  from  the 
unit  /. 
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245.  Laws  of  Multiplication. — We  can  now  show  that  the  product  of 
two  complex  numbers,  as  here  defined,  obeys  the  same  laws  of  multiplication 
as  the  products  of  ordinary  scalar  algebra  (v.  §  176). 

Considering  the  vectors  which  represent  them,  we  see  that — 
(i)  Complex  numbers  obey  ihe  commutative  law  of  multiplication. 
In  multiplying  two  complex  numbers  it  does  not  matter  which  we  take 
first,  for  in  multiplying  their  moduli  and  in  adding  their  arguments  we  may 
change  the  order  of  multiplication  or  addition  without  affecting  the  result. 

Thus  P<t>x''e  =  P''<P+9  =  '^Pe+'P  =  ''e''P<i> 

For  example  230°  x  345°  =  6^5°  =  345°  x  230° 

(2)  Complex  numbers  obey  the  distributive  law  of  multiplication. 
For  let  OB  =  OA  +  AB. 

Then  the  effect  of  multiplying  each  of  these  three  vectors  by  a  fourth 
vector  rQ  is  to  multiply  the  modulus  of  each  vector  by  the  same  quantity  r, 
and  to  turn  each  through  the  same  angle  6,  that  is,  to  enlarge  the  scale  of 
the  figure   OAB  in  the  ratio  r :  i,  and  to 
turn  it  through  an  angle  6  without  altering 

its  shape,  so  that  it  takes  up  the  position  B* 

OA'B'. 

It  follows  that  the  product  (represented 
by  OB')  obtained  on  the  left-hand  side  of 
the  equation  is  the  sum  of  the  products, 
represented  by  OA'  and  A'B',  obtained  on 
the  right.  /  X  B 

(3)  Complex  numbers  obey  the  associa-  ^ 
tive  law 

a  X  3c  =  alf  X  c  =  ac  X  6 

This  is  evident  from  the  definition  of 
multiplication.  Fig.  206. 

All  the  results  and  methods  of  ordinary 
scalar  algebra  follow  from  these  laws,  and 

hence  we  are  justified  in  using  the  same  algebraic  methods  in  dealing  with 
complex  numbers  as  we  are  accustomed  to  use  in  dealing  with  arithmetical 
numbers. 

Thus  the  product  of  two  or  more  complex  numbers  can  also  be  obtained 
algebraically  without  reference  to  the  vectors  which  represent  them. 

Example.— (I  +  fji^  +  3/)  =  i  X  4  +  i  x  3/  +  «  x  4  +  «  x  3/ 

=  4  -f  3/  -{-  4/  —  3  since  t'  =  —  i 

=  1  +  7/ 

Compare  with  Example  (3),  p.  412. 

246.  Division. — This  must  be  a  process  which  is  reversed  by  multipli- 
cation. Hence,  to  divide  by  a  complex  number  x  +  ly  =  r^,  we  must 
divide  the  modulus  by  r,  and  subtract  0  from  the  argument. 

If  Xi  +  (Ki  =  rig^  and  x^  +  iy^  =  r^^^ 

For  example,  in  Fig.  203*,  to  divide  0P'=  670°  by  240",  we  must  divide  its 
length  by  2,  and  move  it  back  in  a  counter-clockwise  direction  through  40°. 
thus  bringing  it  into  the  position  OP  =  3,^0.    , 
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Examples. — 

cr 5  -f  0-866/  _  cos  60°  +  i  sin  60°  _  igoo 
^^'  0-866  +  0-5/  ~  cos  30°  +  /  sin  30°  "~  i^ 

=  1600-30°  =  I300  =  COS  30°  -f  /  sin  30° 
=  0866  4-  0-5/ 

W  iH  =  '-^"  =  (i^)  =  o-28,„  =  0-28  +  0-04.- 

4+3«        5370        \    5  /  450-370 

(3)  7  =7"^—  I00-900  =  I-800  =  — * 

^^^  A  +  Zi  ~  W  ~  U/  00-370 

=  0*2  COS  (  —  37°)  -{-  io-2  sin  (  —  37°) 

=  0-2  COS  37°  —  /o-2  sin  37°  =  0*16  —  iii 

As  we  have  shown  that  algebraic  laws  apply  to  complex  numbers,  we  may  also 
carry  out  division  as  follows  : — 

Multiply  divisor  and  dividend  by  the  conjugate  number  of  the  dividend  so  as  to 
transform  the  dividend  into  an  ordinary  arithmetical  number. 

Examples. — 

!  +  /_(!  +  /)(4  -  Zt)  ^  4  ~  3^'+  4^'  +  3 
^^'4  +  3«'~(4  +  3^')(4-30  16+9 

=  ^— ^ —  =  0*28  +  0-04/    as  in  Ex.  (2),  above. 

(6)  — ; — -.  =  -, — .^7,^' ^  =  ^-— ^  =  o-i6  -  i'2»    as  in  Ex.  (4),  above. 

^'4  +  3«      (4  +  30(4-30         25  .  ^^" 

Examples.— CXXIX. 

Multiply  together  the  following  pairs  of  vectors,  expressing  the  product  as  a  vector 
and  illustrating  the  process  of  muliiplication  by  a  diagram  : — 

1.    Igoo  X  I450.  2.  2450  X  I450.  3.   2450  X  Isoo. 

4.   I450  X  I-450.  5.   I450  X  I3150.  6.  3300  X  2eoo. 

7.  {u,o)\  8.  (I  _  ,oo)^  9.  (i45o)^       10.  (24,0)'. 

Multiply  together  the  following  pairs  of  complex  numbers  by  expressing  each  as 
a  vector  and  proceeding  as  in  Examples  I — 10.  Draw  diagrams  to  illustrate  the 
process : — 

Also  multiply  algebraically^  as  in  §  245,  and  compare  the  result. 

11.  (I  +  0(2  +  50.  12.  (3  +  40(5  +  12/).  13.  (2  +  30(2  -  3/). 

14.  (I  +  i)\  15.  (I  -  if.  16.  (I  -  0(2  -  30. 

17.  (0707  +  O7o70(-O707-O7070.      18.  (1*827  +  o-8i30(-  0*868  +4-925/). 

Evaluate  and  illustrate  by  diagrams. 


19.  410?. 
2400 

03      5280° 
t 

20.  l^, 

2200 

24.  ji-. 

1 450 

21  61200 
3400 

85.  ji-. 

2400 

22.  ^22o"_ 

2 1000 

26.     '. 

27.4      . 

5-450 

Evaluate  the  following  by  expressing  each  complex  number  as  a  vector  and  pro. 
ceeding  as  in  Examples  (i) — (4),  above. 

Also  evaluate  algebraically  as  in  Examples  (5),  (6),  above,  and  compare  the  results. 

28.  L±4.  29.  -l±i-.  30.  -J^..  31.  -4-.. 

^-'  i+\/3'  2  +  3^  *+' 

32.  -^-.  33.  —A—.  34  ' 


I  —  r  '  5  +  i2«'  *  061  +  o-54«* 

'        .  36.  5 +  n'.         37.  i+i. 

o  866+0-5*  3  +  4*  3-4* 
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247.  Powers  of  Complex  Numbers. — For  simplicity,  consider  a  complex 
number  cos0  +  zsmO  =  i^,  of  which  the  modulus  is  unity,  represented  by 
OP,,  in  Fig.  207. 

Then      (cos  6  +  /sin  ey  =  i^  X  i^  =  igg  =  cos  20  +  /sin  20  =  OPg 
(cos0  +  /sin^)^  =  I20  X  i0  =  isd  =  COS35  +  /sin  30  =  OP3 
and  in  general 

(cos  6  +  /sin  0)"  =  in9  =  cos nd  +  /sin  nO 

where  n  is  any  positive  integer. 

Thus  the  n^^  power  of  the  vector  OPj  is  obtained  by  turning  the  unit 
vector  OA  through  the  angle  fiO  in  a  counter-clockwise  direction  from  Ox. 

EXAMPLE.~(I  +  /)'  =  (Vijso)'  =  (2V2)i350  =  —  2  +  2/ 

The  expression  (cos  6  +  t  sin  e)-n  must  denote  the  result  of  an  operation 
which  is  reversed  by  finding  its  n^f^  power,  z'.e.  it  denotes  the  result  of  turning 
the  unit  vector  OA  through  an  angle  nO  in  a  clockwise  direction. 

/.  (cos0  +  /sine)-"  =  cos  (—  n9)  +  /sin  (—  n6)  =  cos  nB  —  /sin  nO 
Next  consider  the  case  of  a  fractional  index,  such  as — 
(cos0  +  /sine)* 


Fig.  208. 


To  be  consistent  with  scalar  algebra  this  must  have  a  meaning  which 
obeys  the  laws  of  indices. 
We  must  have 

(cos e  +  /sin e)*  X  (cos 6  +  /sin 0)*  =  cos 0  +  /sin 6  =  i 

.*.  (cos  6  +  z  sin  6)^  denotes  a  vector  which  reaches  the  position  OPj 
when  squared. 

OQi  is  a  vector  which  satisfies  this  condition  when  AOQi  =  -• 

0  6  i 

Thus  cos  -  +  /  sin  -  is  a  value  of  (cos  0  +  /  sin  0)2 

2  2 

Note  that  the  same  position  OPj  would  also  be  reached  by  turning  OA 

Q 

through  the  angle  180°  +  -  twice  in  succession,  and  accordingly  another 
value  of  (cos  6  +  z  sin  eyh  is 

cos(i8o  +  ^j  +  /sinn8o°  +  -j  =  -cos  -  -  /  sin  -  =  OQ2 

Thus  a  complex  number,  like  an  ordinary  arithmetical  number,  has  two 
square  roots  of  opposite  signs. 

We  need  not  here  consider  the  case  of  higher  roots  in  detail,  but  it  will 
always  be  found  that 

cos  -e  +  i  sin  ^d  is  a  value  of  (cos  0  +  /  sin  0/ 
9  Q 
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Example.— Evaluate  J$  +  ji 

We  have  Js  +  7/  =  {7-616^,0)*  =  ±  ^7'6i6,,.,o 

=  ±27633.50  =  ±{2-30+  1-52/) 
The  square  root  of  a  complex  number  may  also  be  found  as  follows  : — 
Example  i. — Evaluate  ^^3  +  7* 

Let  fj3-{-7t  =  x-{-  iy 
Squaring  3  -}-  72  =  ^2  ^  2ixy  -|-  (/»'  =  x^  -  y^ -{-  2xyi 

.'.  by  §243  x""  -y-  =  3 

2xy  —  7 
Solving  these  equations  we  find  x  =  2'30i,/  =  1*52,  or  or  =  — 2"3oi,j/  =  —v%2. 
Thus  ^i  +  7/  =  db  (2-30  +  1-520. 
Example  (2).— Evaluate  ^1 

i  ~  Ifloo  isj^  —  '450     O''     '2250 

=  0707  +  0707/    or    -  0707  -  0707/ 

When  an  accuracy  of  two  significant  figures  is  sufficient,  as  in  much  electrical 
work,  the  square  root  of  a  complex  number  may  be  found  most  rapidly  by  drawing 
the  vector  on  squared  paper,  finding  the  square  root  of  its  modulus  with  the  slide  rule, 
and  bisecting  its  argument.     The  components  of  the  square  root  may  then  be  read  off. 


Examples.— CXXX. 


Evaluate 


^-  xlr           ^-  ?■ 

^'{i-^f 

Find  the  square  roots  of 
4.  43„o.                         5.  9,00. 
8.  9«,o.                         9.  gi. 

12.  -u                     13.  -4/. 

16.  20+  15/.             17.  IS  -  20/. 

6.  i44i8oO' 
10.  -9. 
14.  I  +  i. 
18.  5  -  12/. 

7.  -144. 
11.  4/. 
15.  I  -  /. 

19.  5-20 +  4-68/. 

20.  Evaluate  JrJkpi  where  r  =  88,  >&  = 

=  0-05  X  10-^, p  = 

2O0O7r. 

21.  Evaluate  tJ{r-{-/pi){s-^k/>i)  where  r=20,  ;>=5ooo,  /=o-oo3,  //  =  0'Oo8x  lo-*, 
J  =  10  —^ 

22.  Draw  vector  diagrams  to  represent  the  roots  of  the  equations  solved  in 
Examples  XXVI.,  6,  7,  8,  9,  12,  and  Examples  XXVIII.,  3,  4. 

248.  Exponential  Forms  of  Complex  Numbers.— We  have  seen 
(§  121)  from  the  form  of  the  series  for  cos  0  and  sin  9  that  the  complex 
number 

'a 

X  +  zy  =  r(cos  6  +  t  sin  6)  =  re 

B  being  expressed  in  radians. 

And  we  have  also  shown  that  the  arguments  of  complex  numbers  obey  the 
index  law  when  the  complex  numbers  are  multiplied  together. 
Thus,  if 

x^  +  iy^  —  ri(cos  Q-^  +  /  sin  ej  =  rj/^^ 

^2  +  0^2  =  ^2(cos  ^2  +  i  sin  Q^  -  r/^"^ 
Then 

This  proves  that  the  index  iQ  of  the  expression  ^  ,  which  was  defined  as 
a  series,  obeys  the  index  law  of  multiplication,  a  fact  which  follows  in  another 
way  from  §  228. 

We  can  now  determine  more  fully  the  relation  between  circular  and 
hyperbolic  functions. 
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Thus  sin  />  = -. = : —  =  -  -.  sinh  jc  =  i  sinh  x 

21  t 

e-x  +  gz 
=  cosh  X 


sin  ix 
cos  tx 

ei"'  -  e- 

-i-a? 

22 
e^^  +  e- 

-t?a) 

2 

sinh  ix 

g'«  -  e- 

2 

■ix 

cosh  zx 

e^^  +  g- 

-ix 

2  Sin  :r 

cos  X 

2 

Our  original  geometrical  definition  of  the  trigonometrical  ratios  of  an 
angle  has  no  meaning  when  applied  to  complex  numbers.  We  have  here 
extended  our  definition  by  means  of  the  exponential  values  of  the  sine  and 
cosine,  which  we  may  now  call  the  circular  functions,  so  as  to  cover  the 
case  of  complex  numbers. 

The  addition  formulas  for  circular  functions  of  complex  numbers  follow 
from  their  exponential  form. 
We  have 

gix  —  cos  ;ir  +  2  sin  ;r ;  ^V  =  cos  y  -V  i  sin  y 

e-^  =  cos  or  -  i  sin  x'^        e-^v  -  cos  y  —  i  sin  j/ 
By  multiplication 
ei^^+y)  =  cos  X  cosy  -  sin  x  smy  ■\-  z{s\n  x  cosy  +  cos  x  smy) 
e-Kx+y)  —  cos  X  cosy  —  sin  ;jr  sin  j  —  ^(sin  x  cosy  4-  cos  x  sin  j) 
Adding  e^^+v)  +  g-*(a'+J')  =  2(cos  x  cosy  -  sin  x  sin/) 

and  cos  (x  +y)  =  cos  x  cosy  -  sin  x  smy 

Subtracting    eK^+y)  —  e—K^+y)  =  2/(sin  a  cosy  +  cos  x  s'my) 
and  sin  (x  i-y)  =  sin  x  cosy  +  cos  x  s'my 

Example. — cos  (0*3  -}-  0*4/)  =  cos  0*3  cos  ©•4/  —  sin  0*3  sin  ©•4/ 

=  cos  0-3  cosh  0"4  —  i  sin  0*3  sinh  0-4 
=  0'9S5  X  i"oSi  -  0-295  X  0-41075/ 
=  I  032  —  0-121* 

Examples  CXXXI. 
Evaluate  the  following  and  draw  vector  diagrams  to  represent  them  : — 
1.  sin  2/.  2.  cos  3/.  3.  sinh  i'5/.  4.  cosh  2*3/. 

5.  tanh  3/.  6.  tan  2/.  7.  sinh  (0*2  —  0-2;';. 

8.  cosh  (3  +  4/).  9.  sin  (0-2  -  0-2/).  10.  cos  (3  +  4/). 

11.  sinh  (2450).  12.  cosh  (38oo).  13.  tanh  (23000). 

14.  The  current  which  reaches  the  receiving  instrument  in  a  telephone  line  is 
determined  by 

1= 1 

00  sinh  0  -{•  Zj.  cosh  6 
Evaluate  I  when  z^  =  60-450,  Zr  =  50,  0  =  1*5450,  E  =  100. 


15.  Show  that  sinh  (*  +  iy)  is  a  vector  of  modulus  Vcosh' *  —  cos'^  and 
argument  tan-^  (coth  x  tan  y)y  and  verify  for  Example  7.  

16.  Show  that  cosh  {x  +  iy)  is  a  vector  of  modulus  ^svati^  x  +  cos''  y  and 
argument  tan~^  (tanh  x  tan  ;>'),  and  verify  for  Example  8. 

249.  Effect  of  a  Complex  Operator  on  a  Simple  Periodic 
Function. — The  complex  number  e^v^  =  cos  pt  +  /  sin  j)t  is  represented 
by  a  vector  OA  of  unit  length,  making  an  angle//  with  OX. 

If  /  is  the  time,  this  vector  rotates  from  the  position  OX  with  constant 
angular  velocity/  as  /  increases  from  zero,  and  the  projections  M  and  N  of 
A  on  the  axes  execute  simple  periodic  motions  cos //and  sin//.  If  this 
vector  be  multiplied  by  a  complex  number  jr  +  /y  =  re*^^  the  result  is 

2  £ 


4i8 
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This  is  represented  by  a  vector  OA'  of  length  r  rotating  as  /  increases 
with  the  same  angular  velocity^  as  before,  but  in  advance  of  the  original 
vector  e^v^  by  a  constant  angle  6. 

At  the  same  time  the  projections  M'  and  N'  of  A'  execute  simple  periodic 
motions  r  cos  {pt  4-  0)  and  r  sin  {pt  +  0),  whose  amplitude  is  r  times  that 

of  the  motions  of  M  and  N,  and  whose 

6 
phase  is  —  of  a  revolution  in  advance  of 

that  of  M  and  N. 

Fixing  our  attention  on  the  simple 
periodic  functions  rather  than  on  the 
vectors  which  generate  them,  we  may  say 

that  the  complex  number  x  +  iy  •=  re^^ 
operates  on  the  simple  periodic  functions 
cos  //  and  sin  pt  so  as  to  multiply  the 
amplitude  by  r  and  give  a  "lead"  of  0, 
thus  producing  the  simple  periodic  func- 
tions r  cos  {^t  +  ^)  and  r  sin  {pt  +  Q). 

The  operation  may  be  expressed  as 
follows  : — 

{x  +  zy) .  cos  pi  =  r  cos  (J>t  +  e) 
{x  +  zy) .  sin  pt  —  r  sin  {J)t  +  Q) 
We  shall  insert  the  point .  between  the  complex  number  and  the  function 
on  which  it  operates  to  distinguish  the  operation  from  multiplication  by  a 
complex  number.    In  the  same  way  a  complex  operator  which  has  a  negative 
argument  -0  produces  a  "  lag  "  of  Q  in  the  resulting  periodic  function. 
Thus  {x  —  iy) .  cos  pi  =  r  cos  {pi  —  d) 

(x  —  zy)  .  sin  pi  —  r  sin  {pi  —  6) 
In  works  on  alternating  current  theory,  where  this   method   is  found 
especially  useful,  the  symbol/ is  frequently  iised  instead  of  z  in  a  complex 
operator  to  avoid  confusion  with  the  frequent  use  of  the  symbol  z  to  denote 
electric  current. 

Example  (i).— / .  sin  pi  =  e'^ .  sin  //  =  sin  f  ^/  -|-  -  j  =  cos  // 


i .  cos  pi  =  ^'^ .  cos  pi  =  cos 


Example  (2).- 


{p'+l) 


sin  pi 


-The  simple  periodic  motion  represented  in  Fig.  60,  p,  116,  is 
given  by  the  equation  j  =  sin  {o'SgSii). 
If  the  operator  23^0  acts  on  this, 
we  get 

2300  .sin  (0-6981/) 

=  2^'"=5« .  sin  (0-6981/) 
=  2  sin  (0-6981/  -f  0*5236) 
Example    (3). — To   show    by    a 
vector  diagram  the  velocity  and  ac- 

^ Q  t/i  "     celeration   at  any   time  in  a  simple 

^^^^.^'■'■^"^^  periodic  motion. 

^f-^^  _  Consider  the  motion  of  the  point  M 

generated  by   the   revolution    of  the 
crank  OP  of  length  a  with  constant 
angular  velocity  /  starting  from  the  position  OX  at  time  i=  o.      Then  at  time  / 
the  angle  XOP  =//  and  the  displacement  of  M  =  OM  =  a  cos  pi. 


M 


dx 


The  velocity  v  oi  M  = -^   —  -  ap  sm  pi  =  ap  cos 


{p'-^i) 


•pe  ^  .a  cos  pi  =  ip  .a  cos  pi 
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Thus  the  velocity  is  obtained  by  the  operation  of  the  complex  number  z)>  upon 

•E 
the  periodic  function  a  cos  //.  In  Fig.  2io  the  effect  of  the  operator  ip  =■  pe^ 
is  to  multiply  OP  by/  and  to  turn  it  through  a  right  angle  into  the  position  OP'. 
The  velocity  at  any  time  is  then  given  by  OM'  as  OP'  rotates  a  right  angle  in 
front  of  OP. 

The  acceleration  of  M  =  —  =  —af'  cos  pt  —  ap^  cos  [pt  -f  tt) 

.IT  .ff 

znpH^  .a  cos  pi  =  pe  ^.pe  ^.  a  cospi 
—  ip  .ip  .a  cos  pt  —  {ipY  •  a  cos// 

Thus  the  acceleration  is  obtained  by  operating  upon  a  cos  //  with  the  complex 
number  ip  twice  in  succession.  In  the  figure  the  effect  of  the  operator  {ipY  is  to 
multiply  OP'  by  /  and  to  turn  it  through  a  right  angle 
into  the  position  OP",  The  acceleration  at  any  time  is 
then  given  by  OM". 

Example  (4).— Find  the  efifect  of  the  vector  operator 
3  +  4/  on  the  simple  periodic  function  2  sin  4/. 

Let  OA  be  a  vector  of  length  2  rotating  at  4  radians 
per  second,  starting  from  OX  at  time  t  =  o,  then  its  pro- 
jection OA'  upon  OY  =  2  sin  4^  and  always  represents  the 
simple  periodic  function  in  question  as  OA  rotates. 

3  ~r  4'  ~  553°8'  —  5o*93  radian 
If  we  multiply  the  generating  vector  2^^  by  this,  we 
get  104^  +  0-93  =  C)B  in  the  figure,  and  the  projection  OB' 
of  this  on  OY  is  10  sin  (4/  +  0-93). 
Hence 

(3  4-  4?) .  2  sin  4/  =  10  sin  (4/  +  0*93) 
Similarly 

(3  -  4/) .  2  sin  4/  =  10  sin  (4/—  0*93)=  OC 

Fig.  211. 


250.  Differential  Operators. — The  symbolic  method  of  making  use 
of  the  operator  D,  explained  in  §  241,  may  now  be  interpreted  in  terms  of 
vector  algebra. 

We  have 

D  sin//  =  ^  cos  pt  =  p  sin  (//  +  -  j  =  ip  .^\npt 

D  cospt  =  -/  €\npt—p  cos  \pt-\-  ~j  =  ip .zospt 

The  effect  of  the  operator  D  is  the  same  in  both  cases  as  the  effect  of 
the  complex  operator  ip. 

It  follows  by  repeating  the  operation  that 

D2  sm  pt  =  {ipf.smpt  =  -/2  sm  pt 

D^  cos  pt  —  {ipy .  cos  pt  =  — /2  cos  pt 
So  also 
(D2  +  aD  +  d)  sin  pt  =  {(tpy  +  aip  +  b)  .  sin  pt 

=  ^/2  sin  //  +  ap  cos  pt  +  b  sin  // 
and  in  general 

F(D)lcos^/  "^'^y.^  "^^P'^""!  "y  ^^'^'^  ■  {cos// 
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The  operator  yr  must  denote  an  operation  which  is  reversed  by  D,  t'.g. 

by  tp.    Accordingly  the  generating  vector  must  be  divided  by  zp. '  This 
will  have  the  effect  of  retarding  it  by  a  right  angle  and  dividing  its  length 

by  A 
Thus 

I     .     ^^       I      .     .^        zp       ...      ip.^\\\pt  I  ,. 

■^smpt  =  -rr.smp^  =  Ti^o.  smpt  =  -^ -./—  =  --  cos// 

D      ^       zp        ^       (zpy        ^  -  p'"  P 

which  agrees  with 

Y:  sin  pt  =  I  sin  ptdt  =  -  t  cos// 
So  also 

±cos/.  =  ]^.  .o.pt  =  (-1, .  cos^.  =  ^t^  =  1  sin/. 

which  agrees  with 

^  cos//  =  /  cos  ptdt  =  ^  sin  // 

So  also,  as  in  §  241, 

I  ,.  I  .^       cos  pt 

D^+72  cos  ^/  =  (^^r+ya  •  cos//  =  ^2- _^ 


{b  -  p'^)  -  api      .         _  (J)  -  p'^)  sin  pt  -  zap  cos  // 
(^  -  ^2)2  4.  ^2^2  •  sin  //  -  ^^  _  ^2^.,  ^  ^2^2 


J(^  -  /2)2  +  ^2^2  sin  (1^/  -  a)  r      ^  ,    ,  V  N 

=  \b-p4-\-d^p^ ^'^'  Example  (2),  p.  42.) 

sin  (^/  —  a)                                      ap 
where  tan  a  = 


^{b  -p'^f  +  ^2/2'  ""^^^  ^-"  '^-  b^p^ 

Example  (i). — Find  the  particular  integral  of  the  equation 
d^v  ,     dy 

(D'  +  2D  -  3)7  =  3  cos  4/ 
>'  =  D«  +  2D-3-3cos4/  =  (4,),+'8,_3.3cos4/ 

=  _i6  +  8/ -3-3^°^  4^  =  87^-3  ^^^4^^ 

I 

=  ::::;t7 .  3  cos  4/ 

^  2o-6g'-»=»i-3  cos  4/  =  00485^-2''"* .  3  cos  4/ 
=  0-1455  cos  (4/  -  2743) 

Example  (2). — An  alternating  E.M.F.  1000  sin  (10'/)  is  impressed  upon  the 
condenser  in  the  circuit  considered  in  Example  §  239,  Case  2. 

Find  the  electrical  oscillations  which  are  induced  in  the  circuit. 

If  the  impressed  E.M.F.  be  considered  positive  when  charging  up  the  condenser  we 
must  substitute  v  —  1000  sin  (10'/)  for  v  in  the  equation  §  238. 


Complex  Numbers  421 

We  then  have 

(Pz>  dv 

LK^  +  RK^+  V  —  1000  sin  \oH 

1000  sin  10^^ 


I 


.  1000  sin  loV 
1000  sin  loV 


~(i  -  io«LK)+  lo'RK/' 

(I  -  io«LK)  -  lo'RKf 

"■  (I  -  io«LK)«+  io«R2K"^ 

We  have  in  the  given  circuit  L  =  o*oi,  R  =  200,  K  =  0-5  x  lo-*. 

.*.  substituting  v  —  -. —     \„   , .  1000  sin  \oH 

(0-995)  +  o'oi 
=  1000  sin  (lo^/ —  o'l) 
The  amplitude  is  practically  the  same  as  that  of  the  impressed  E.M.F.,  but  there 

is  a  lag  of  tan-^ =  5°  44'  =  O'l  radian. 

^  o'995      -'   ^^ 

Examples.— CXXXII. 

1.  Draw  a  vector  diagram  to  show  the  velocity  and  acceleration  at  any  time  in 
the  simple  periodic  motions  considered  in  Example  8,  p.' 11 8. 

2.  Plot  curves  to  show  the  simple  periodic  motions  produced  by  the  operation  of 
/and  —2/ on  the  simple  periodic  motion  shown  in  Example,  p.  117.  Write  down 
their  equations. 

3.  Plot  a  curve  to  show  the  effect  of  the  operator  2  +  3/  on  the  same  simple 
periodic  motion,  and  write  down  its  equation. 

Evaluate  and  illustrate  by  a  vector  diagram. 

4.  I450 .  200  sin  3000/.  5.  2_eoo .  3  cos  5/. 

6.  (I  +  0-3  sin  2.t.  7.  (1-827  -  0-813/) .  3  sin  (4/  +  5). 

8.  Work  Example  3,  p.  409,  by  the  method  of  this  paragraph. 

9.  Find  the  forced  oscillation  considered  in  Example  (2),  p.  408,  by  the  method  of 
Example  (2),  above. 

10.  Find  the  particular  integral  of  the  equation 

d^y      dy 

^  "^  ^  "  ^■'^  =  ^  ^^"  3-^  +  4  cos  2X 

11.  What  is  the  result  of  operating  on  the  periodic  function  A  sin  qt  with 
operator  e^^  where  «  =  0'I5  +  0*15/,  ;t:  =  100. 

12.  The  oscillations  of  a  cylinder  in  a  viscous  liquid  are  determined  by  the 
equation 

d^a  da 

Qj^  +  L^  4-  Ma  =.  E  cos  (//),  where  L  =  L'  +  i\J* 

Find  the  expression  for  a  in  terms  of  /,  giving  the  forced  oscillation. 

(Coster,  Phil.  Mag.^  June,  1919.) 

13.  An  alternating  voltage  V  sin  pt  is  impressed  upon  a  circuit  of  resistance  R 
and  coefficient  of  Self  Induction  L.  Find  an  expression  for  the  current  at  any  time  t 
after  the  free  oscillations  have  died  out. 
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Advanced  Stage. 


1901. 


Compute  30-56  -i- 4*105,  0-03056  X  0-4105,  4'io5i'23,  o*04io5-2-». 
The  answers  must  be  right  to  three  significant  figures. 
Why  do  we  multiply  log  a  by  ^  to  obtain  the  logarithm  of  a*  ? 


(20) 


If, 


5,  3  =  200,  c  —  600,  g 


—  o*  1 745  radian,  find  the  value  of  ae~^^  sin  {ct  +  g) 

(i)  when  /  =  0-00 1 
(ii)  when  /  =  o'Oi 
(iii)  when  /  =  O'l. 

Of  course  the  angle  is  in  radians.  (20) 

3.  The  keeper  of  a  restaurant  finds,  when  he  has  G  guests  in  a  day,  his  total  daily 
expenditure  is  E  pounds  (for  rent,  taxes,  wages,  wear  and  tear,  food  and  drink), 
and  his  total  daily  receipt  is  R  pounds.  The  following  numbers  are  averages 
obtained  by  examination  of  his  books  on  many  days  : — 


G 

E 

R 

210 

167 

15-8 

270 

19-4 

21-2 

320 

21-6 

26-4 

360 

23-4 

29-8 

Using  squared  paper,  find  E  and  R  and  the  day's  profits  if  he  has  340 
guests. 

What  number  of  guests  per  day  just  gives  him  no  profit  ? 

What  simple  algebraic  laws  seem  to  connect  E,  R,  P  the  profit,  and  G  ? 

Two  of  the  marks  will  be  given  for  a  correct  answer  to  the  following  : — 

If  he  finds  that  he  has  almost  too  many  guests  from,  say,  i  to  2  o'clock,  and 
from,  say,  6  to  7  o'clock,  and  almost  none  at  other  times  of  the  day,  what 
expedient  might  he  adopt  to  increase  his  profits  ?  (25) 

The  following  quantities  are  thought  to  follow  a  law  like  pv*  —  constant.     Try 
if  they  do  so  ;  find  the  most  probable  value  of  n  : — 


9 

I 

2 

3 

4 

5 

', 

205 

114 

80 

63 

52 
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5.  There  is  a  curve  whose  shape  may  be  drawn  from  the  following  values  of  *  and^ 


X  in  feet .    . 

3 

35 

4-2 

4-8 

y  in  inches  . 

lo-i 

12-2 

131 

11-9 

Imagine  this  curve  to  rotate  about  the  axis  of  x  describing  a  surface  of  revolu- 
tion.  What  is  the  volume  enclosed  by  this  surface  and  the  two  end  sections 
where  x=  ^  and  x  =  4'S?  (25) 

6.  U  X  =  a  sin  pt  +  b  cos  //  for  any  value  of  /  where  «j,  *,  and  p  are  mere  numbers ; 

show  that  this  is  the  same  as  x  =  A  sin  (//  4-  ^)  if  A  and  e  are  properly 
evaluated.  (25) 

7.  Let  a  closed  curve  rotate  round  a  straight  line  in  its  own  plane  and  generate 

a  ring  ;  state  and  prove  the  two  rules  for  finding  the  volume  and  surface  of  the 
ring.  (25) 

8.  Two  sides  of  a  triangle  are  measured  and  found  to  be  32*5  and  24*2  ins.  ;  the 

included  angle  being  57°,  find  the  area  of  the  triangle.  Prove  the  rule  used 
by  you.  If  the  true  lengths  of  the  sides  are  really  32  6  and  24*1,  what  is  the 
percentage  error  in  the  answer  ?  (20) 

9.  The  polar  co-ordinates  of  a  point  are  r  =  5  ft.,  9  =  52° ;  <^  =  70°,  find  the  jr, 

y^  and  x  'co-ordinates  ;  also  find  the  angles  made  by  r  with  the  axes  of  co- 
ordinates. (25) 

10.  Define  carefully  what  is  meant  by  the  Scalar  Product  of  two  vectors  and  by  the 

Vector  Product  of  two  vectors,  giving  one  useful  example  of  each.  (30) 

11.  There  is  a  piece  of  a  mechanism  whose  weight  is  200  lbs.     The  following  values 

of  s  in  feet  show  the  distance  of  its  centre  of  gravity  (as  measured  on  a  skeleton 
drawing)  from  some  point  in  its  straight  path  at  the  time  /  seconds  from  some 
era  of  reckoning.  Find  its  acceleration  at  the  time  /  =  2*05,  and  the  force  in 
pounds  which  is  giving  this  acceleration  to  it. 


s 

/ 

0-3090 

2-00 

0-4931 

2 -02 

0-6799 

2-04 

0*8701 

2-06 

1-0643 

2-08 

1-2631 

2-IO 

dy, 


(25) 


12.  What  is  meant  by  the  symbol  ^  ?     Explain  how  it  may  be  represented  by  the 
slope  of  a  curve.     State  its  value  in  the 


13.  Find 


y  =  <zjr»,  y  =  ae''*,  y  =  asin  [bx  -f  c), 
y  =  a  cos  {br  +  c),y  =  loge  {x  +  b), 

fp  .  dv,  \i pv*  =  c,  a.  constant 


(i)  when  J  =  0-8, 
(2)  when  s  =  I, 


(30) 


(«5J 
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14.  In  the  curve  y  =  cx',  find  c  if  }f  =  m  when  x  —  b.     Let  this  curve  rotate  about 

the  axis  of  x  ;  find  the  volume  enclosed  by  the  surface  of  revolution  between 
the  two  sections  at  jr  =  a  and  x  =  b.    Of  course  w,  by  and  a  are  given  distances. 

(25) 

15.  The  rate  (per  unit  increase  of  volume)  of  reception  of  heat  by  a  gas  is  ^,  p  is  its 

pressure,  and  v  its  volume  ;  7  is  a  known  constant. 
If /»•  =  Ct  s  and  c  being  constants,  find  h  if 


^=~y£^A 


Full  marks  will  be  given  only  when  the  answer  is  stated  in  its  simplest  form. 
If  h  is  always  o,  find  what  s  must  be.  (25) 

16.  At  the  following  draughts  in  sea  water  a  particular  vessel  has  the  following 
displacements  :  — 


Draught  >4  feet     .     .     . 

IS 

12 

9 

6-3 

Displacement  T  tons    . 

2098 

1512 

1018 

586 

Plot  log  T  and  log  h  on  squared  paper,  and  try  to  get  a  simple  rule  con- 
necting T  and  h.  If  one  ton  of  sea  water  measures  35  cub.  ft.,  find  the  rule 
connecting  V  and  h^  if  V  is  the  displacement  in  cubic  feet.  (25) 

17.  Preferably  to  be  answered  by  a  Candidate  who  has  already  answered  Question 

16.  Find  how  A  the  horizontal  sectional  area  of  the  vessel  at  the  water  line 
depends  upon  h.  At  any  draught  hy  what  change  of  displacement  V  or  T  is 
produced  by  one  inch  difference  in  A  ?  (20) 

18.  In  any  class  of  turbine  if  P  is  power  of  the  waterfall  and  H  the  height  of  the  fall, 

n  tne  rate  of  revolution,  and  R  is  the  average  radius  at  the  place  where  water 
enters  the  wheel,  then  it  is  known  that  for  any  particular  class  of  turbines  of 
all  sizes, 

R 00  po»,  H-o-7" 

In  the  list  of  a  particular  maker  I  take  a  turbine  at  random  for  a  fall  of 
6  feet,  100  horse-power,  50  revolutions  per  minute,  2*51  ft.  radius.  By  means 
of  this  I  find  I  can  calculate  n  and  R  for  all  the  other  tur'bines  of  the  list. 
Find  n  and  R  for  a  fall  of  20  ft.  and  75  horse-power.  (20) 


Advanced  Stage. 


1902. 
1 .  Compute  by  contracted  methods,  without  using  logarithms, 

23-07  X  01354,  2307-4-1-354 

Compute  2-307*^*^  and  23-o7~i**'  using  logarithms.  The  answers  to  consist  of 
four  significant  figures. 

Why  do  we  add  logarithms  to  obtain  the  logarithm  of  a  product  ? 

Suppose  we  have  a  scale  on  a  slide  rule  on  which,  as  usual,  the  distance  to 
any  mark  n  is  log  n  ;  and  there  is  another  scale  on  which  the  distance  to  any 
mark  nt  is  log  (log  m) ;  show  that  we  can  at  once  read  off  m*  and  also  the 
logarithm  of  any  number  to  any  base.  (20) 
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2.  Write  in  a  table  the  values  of  the  sine,  cosine,  and  tangent  of  the  following 
angles : — 

23»,  I23*»,  233O,  312%  383*  (20) 


3.  What  is  meant  by  the  symbol 


±1 
dx 


Explain  how  it  may  be  represented  by  the  slope  of  a  curve. 

dy 
\iy  —  2*4  —  i"2jr  +  o'2ji:'  find  -j-  and  plot  two  curves  from  jr  =  o  to  Jt  =  4, 


dy 
showing  how  y  and  -^  depend  upon  x 


(20) 


4.  Work  the  following  three  exercises  as  if  in  each  case  one  were   alone  given, 

taking  in  each  case  the  simplest  supposition  which  your  information  permits  : — 

(a)  The  total  yearly  expense  in  keeping  a  school  of  100  boys  is  ;^2,ioo; 

what  is  the  expense  when  the  number  of  boys  is  175  ? 
{b)  The  expense  is  ^2100  for  100  boys,  ;^3050  for  200  boys  ;  what  is  it  for 

175  boys? 
(r)  The  expenses  for  three  cases  are  known  as  follows : — 

;^2ioo  for  100  boys 
/■2650  for  150  boys 
j^3050  for  200  boys 

What  is  the  probable  expense  for  175  boys  ? 
If  you  use  a  squared  paper  method,  show  all  three  solutions  together.     (25) 

6.  "For  the  years  1896- 1900,  the  following  average  numbers  are  taken  from  the 
accounts  of  the  34  most  important  electric  companies  of  the  United  Kingdom. 

U  means  millions  of  units  of  electric  energy  sold  to  customers.  C  means  the 
total  cost  in  millions  of  pence,  and  includes  interest  (7  per  cent.)  on  capital, 
maintenance,  rent,  taxes,  salaries,  wages,  coal,  etc. 


u 

0-67 

I -co 

1-366 

1-46 

2-49 

c 

4-84 

625 

8'6o 

911 

14-25 

Is  there  any  simple  approximately  correct  law  connecting  U  and  C  ?  If  so, 
what  is  it  ?  Assume  that  from  the  beginning  there  was  the  idea  of,  at  some 
time,  reaching  a  maximum  output  of  13*9,  so  that  U  -+■  13*9  is  called  /,  a 
certain  kind  of  load  factor.  Let  C  -i-  U  be  called  c  the  total  cost  per  unit ;  is 
there  any  law  connecting  c  and  ft  You  need  not  plot  c  and/;  it  is  better  to 
use  the  law  already  found.  (30) 

e.  In  some  experiments  in  towing  a  canal  boat  the  following  observations  were 
made ;  P  being  the  pull  in  pounds  and  v  the  speed  of  the  boat  in  miles  per 
hour. 


r 

1-68 

a*43 

318 

360 

4-03 

P 

76 

160 

240 

320 

370 

Plot  log  V  and  Ic^  P  upon  squared  paper,  and  give  an  approximate  formuU 
connecting  P  and  v.  .  (90) 
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7.  What  is  the  idea  on  which  compound  interest  is  calculated  ?     Explain,  as  if  to  a 
beginner,  how  it  is  that 


<-4T 


where  P  is  the  money  lent  and  A  is  what  it  amounts  to  in  n  years  at  r  per  cent, 
per  annum.     If  A  is  130  and  P  is  100  and  n  is  7*5,  find  r. 

What  does  the  above  equation  become  when  we  imagine  interest  to  be 
added  on  to  principal  every  instant?  State  two  natural  phenomena  which 
follow  the  compound  interest  law.  (30) 

8.  Only  ong  of  the  following,  (a)  or  (3),  is  to  be  attempted  : — 

(a)  The  inside  diameter  of  a  hollow  sphere  of  cast-iron  is  the  fraction  0*57  of 

its  outside  diameter.     Find  these  diameters  if  the  weight  is  60  lbs.    Take 

1  cub.  in.  of  cast  iron  as  weighing  o'26  lb. 

If  the  outside  diameter  is  made  i  per  cent,  smaller,  the  inside  not 
being  altered,  what  is  the  percentage  diminution  in  weight  ? 

(b)  The  cross-section   of  a  ring  is  an  ellipse  whose  principal  diameters  are 

2  ins.  and  ij  ins.  ;  the  middle  of  this  section  is  at  3  ins.  from  the  axis 
of  the  ring.     What  is  the  volume  of  the  ring  ? 

Prove  the  rule  you  use  for  finding  the  volume  of  any  ring.  (20) 

9.  If/z^  is  constant,  and  if  />  =  i  when  »  =  i,  find  for  what  value  of  »,  p  is  o'2. 

Do  this  for  the  following  values  of  k  :   o'8,  0*9,    i*o,   l*i.      Tabulate  your 
answers.  '  (25) 

10.  Define  carefully  what  is  meant  by  the  Scalar  Product  and  by  the  Vector  Product 

of  two  vectors,  giving  one  useful  example  of  each.  (25) 

11.  There  is  a  point  P  whose  ^,  y^  and  z  co-ordinates  are  2,  i'5,  and  3.     Find  its  r, 

e,  <^  co-ordinates.     If  O  is  the  origin,  find  the  angles  made  by  OP  with  the 
axes  of  co-ordinates.  (20) 

12.  When  \s  xy  —  x     Y  a  maximum,  7  being  i  "4?    Plot  the  values  near  the  maximum 

value.     For   this  purpose  you   need  only  calculate  the  maximum  value  and 
two  others.  (25) 

13.  If  the  current  C  amperes  in  a  circuit  follows  the  law  C  =  10  sin  600/  j  if  /  is  in 

seconds  ;  and  if 

dC 


V=RC  +  ^. 

where  R  is  0*3  and  L  is  4  X  io~*,  what  is  V  ? 

Show  by  a  sketch  how  C  and  V  depend  upon  time,  and  particularly  how  one 
lags  behind  the  other,  and  also  stale  their  highest  and  lowest  values.        (30) 

14.  There  is  a  function  • 

y~S  logi*  Jr  +  6  sin  -i^^r  +  o-o84(^  -  3-5)« 

Find  a  much  simpler  function  of  x  which  does  not  difler  from  it  in  value  more 
than  2  per  cent,  between  *  =  3  and  x  =  6.  Remember  that  the  angle  ^x  is 
in  radians.  (25) 


Advanced  Stage. 

1903. 

1.  Compute  by  contracted  methods  to   four  significant  figures  only,  and  without 
using  logarithms  or  slide  rule 

8*I02  X  3S'I4,  254*3  -4- 0-09027 
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State  the  logarithms  of  37240,  37*24,  0*03724, 
Compute,  using  logarithms, 


V37-24         V3724 
372-4«-«        o*3724-«*» 

Explain  why  it  is  that  logarithms  are  multiplied  in  computing  the  powers  of 
numbers. 

In  using  your  four-figure  logarithm  table  have  you  observed  that  there  is 
more  chance  of  error  at  some  places  than  at  others  ?  How  is  this  ?  Can  you 
suggest  an  improvement  in  such  tables  ?  (30) 

2.  The  three  parts  (a),  {6),  and  {c)  must  be  all  answered  to  get  full  marks. 
(a)  If  e  =  o-8ir,  fi  =  0*3,  and  N  =  Mfr'*^  ; 


findN. 


if  (N  -  M)  V  =  33000  P  ; 
if  P  is  30  and  V  is  520  ; 


(3)  Find  the  value  of  lo^r"""'*  sin  (27r/3?  +  o'6),  where/is  225  and  /  is  0*003. 
Observe  that  the  angle  is  stated  in  radians. 


(30) 


^=^('+r^r. 

and  if 

A  =  3P  when  r  =  3 J 

find  n. 

3.  ^  =  a  +  bx:^  is  the  equation  to  a  curve  which  passes  through  these  three  points, 

*  =  o,jj/=  1-24;  :r  =  2-2,j/=5-o7;  x-y^.y^  12-64 

find  <z,  ^,  and  n. 

dy 
When  we  say  that  ~  is  shown  by  the  slope  of  the  curve,  what  exactly  do  we 


mean  ?    Find  -^,  when  ;r  =  2. 
dx 


(30) 


4.  The  following  are  the  areas  of  cross-section  of  a  body  at  right  angles  to  its 
straight  axis  : — 


A  in  sq.  ins.    ,     ,     . 

250 

292 

310 

273 

215 

180 

13s 

120 

X  inches  from  one  end 

0 

22 

41 

70 

84 

102 

130 

145 

What  is  the  whole  volume  from  *  =  otoj:=  145? 

At  ;r  =  50,  if  a  cross-sectional  slice  of  small  thickness  Ix  has  tht  volume  8», 

find  g.  (30^ 


6.  Find  accurately  to  three  significant  figures  a  value  of  x  to  satisfy  the  equation 
o-5**-»  —  12  logj^  -1-  2  sin  2x  =  0*921 
Kotice  in  sin  2x  that  the  angle  is  in  radians.  (42) 
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6.  The  population  of  a  country  was  4*35  X  io«  in  1820,  7-5  X  lo"  in  i860,  11-26  x  lo* 

in  1890.    Test  if  the  population  follows  the  compound  interest  law  of  increase. 
What  is  the  probable  population  in  1910  ?  (30) 

7.  The  following  table  records  the  growth  in  stature  of  a  girl  A  (born  January,  1890), 

and  a  boy  B  (born  May,  1894).     Plot  these  records.     Heights  were  measured 
at  intervals  of  four  months. 

Table  of  Heights  in  Inches. 


Year    . 

1900 

1 901 

1902 

1903 

Month 

Sept. 

Jan. 

May 

Sept. 

Jan. 

May 

Sept. 

Jan. 

A   .     . 

5475 

55-55 

56-6 

57-95 

59-2 

6o-2 

609 

61-3 

B    .     . 

48-25 

49-0 

4975 

50-6 

51-5 

52-3 

53-1 

53'9 

Find  in  inches  per  annum,  the  average  rates  of  growth  of  A,  and  B.  during 
the  whole  period  of  tabulation.  What  will  be  the  probable  heights  of  A.  and 
B.  at  the  end  of  another  four  months?  Plot  the  ra/^r  of  growth  of  A.  at  all 
times  throughout  the  period.  At  about  what  age  was  A.  growing  most  rapidly 
and  what  was  her  quickest  rate  of  growth  ?  (30) 

8.  The  New  Zealand  Pension  law  for  a  person  who  has  already  lived  from  the  age 
of  40  to  65  in  the  colony  is  : — 

If  the  private  income  I  is  not  more  than;^34  a  year,  the  pension  P  isj^i8  a 
year.  If^the  private  income  is  anything  from  34  to  52,  the  pension  is  such  that 
the  total  income  is  just  made  up  to  52.  If  the  private  income  is  52  or  more 
there  is  no  pension. 

Show  on  squared  paper,  for  any  income  I  the  value  of  P,  and  also  the  value 
of  the  total  income.  If  a  person's  private  income  is  say;^5o,  how  much  of  it 
has  he  an  inducement  to  give  away  before  he  applies  for  a  pension  ?  Show  on 
the  same  paper  the  total  income,  if  the  pension  were  regulated  according  to 
the  rule 


P  =  i8 


26 


(30) 


9.  The  following  table  gives  corresponding  values  of  two  quantities  x  and_y:- 


y 

IOI6 

12-26 

1470 

2o-8o 

24-54 

28-83 

X 

37-36 

31*34 

2643 

1908 

16-33 

14-04 

Try  whether  x  and  y  are  connected  by  a  law  of  the  form  yx'^  =  c,  and  if  so, 
determine  as  nearly  as  you  can  the  values  of  n  and  c. 

What  is  the  value  of  jc  when_y  =  17-53?  (30) 

10.  Both  parts  (a)  and  {i)  must  be  answered  to  get  full  marks. 

(a)  Prove  the  rules  used  in  finding  the  volume  and  area  of  a  ring.     The  mean 
radius  of  a  ring  is  2  feet.     The  cross-section  of  the  ring  is  an  ellipse 


Examination  Papers 


429 


whose  major  and  minor  diameters  are  o"8  and  0*5  ft.  :  what  is  its 
volume  ? 
{i)  The  length  of  a  plane  closed  curve  is  divided  into  24  elements,  each 
I  in.  long.  The  middles  of  successive  elements  are  at  the  distances  x 
from  a  line  in  the  plane,  as  follows  (in  inches) : — 10,  I0'5,  lO'gi,  11*24, 
11-49,  11-67,  12-57,  11-67,  11-49,  11*24,  10-91,  105,  10,  lo'S,  10-91, 
11-24,  11-49,  "'67,  12-57,  11-67,  "HQ*  "'24,  10-91,  10-5. 

If  the  curve  rotates  about  the  line  as  an  axis  describing  a  ring,  find 
approximately  the  area  of  the  ring.  *    (42) 

11.  Three  planes  of  reference,  mutually  perpendicular,  meet  at  O.     The  distances  of 


a  point  P  from  the  three  planes  are  x  =  I  "2, 
of  a  point  Q  are  x  =  o"8,  y  =  1-8,  2  =  1-5. 
Find  1st,  the  distances  OP  and  OQ  ; 

2nd,  the  distance  PQ  ; 

3rd,  the  angle  between  OP  and  OQ. 


^  =  2  7,  2  =  0-9.     The  distances 


(30) 


12.  Find  the  moment  of  inertia  of  a  hollow  right  circular  cylinder,  internal  radius  R„ 

external  R„  length  /,  about  the  axis  of  figure. 

Prove  the  rule  by  which,  when  we  know  the  moment  of  inertia  of  a  body 
about  an  axis  through  its  centre  of  mass  we  find  its  moment  of  inertia  about 
any  parallel  axis. 

What  is  the  moment  of  inertia  of  our  hollow  cylinder  about  an  axis  lying  in 
its  interior  surface  ?  (42) 

13.  If  the  current  C  amperes  in  a  circuit  follows  the  law 

C  =  10  sin  600/ 
where  /  is  in  seconds.     If 

where  R  =  0*3,  L  =  4  X  io~'*,  find  V. 

Show  by  a  sketch  how  C  and  V  vary  with  the  time  /,  and  particularly  how 
one  lags  behind  the  other,  and  also  state  their  highest  and  lowest  value,  (42) 

14.  The  entropy  <p  ranks  of  a  quantity  of  stufif  at  the  absolute  temperature  /  degrees 

is  known  to  vary  in  the  following  way  : — 


/ 

443 

403 

373 

343 

f 

1*584 

1-668 

1749 

1-850 

Plot  <p  horizontally  and  /  vertically. 

A  rectangle  wnose  dimension  horizontally  represents  o'l  rank,  and  whose 
vertical  dimension  represents  10  degrees,  has  an  area  which  represents  o-i  X  10 
or  I  unit  of  heat,  what  heat  does  each  square  inch  of  your  diagram  represent  ? 
The  total  heat  received  from  beginning  10  end  of  the  above  set  of  changes  is 
represented  by  the  total  area  between  the  curve,  the  two  end  verticals  and  the 
zero  line  of  temperature  ;  state  the  amount  of  it. 

You  need  not,  of  course,  plot  the  whole  of  <p ;  you  may  subtract,  say,  1-5 
from  each  of  the  values.  Also,  if  you  want  greater  accuracy  and  can  estimate 
areas  of  rectangles  not  actually  drawn,  you  need  not  plot  the  whole  value 
oft.  (42) 
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X904. 
Stage  2, 

Answer  Questions  No.  i,  No.  2,  and  No.  3,  and  five  others. 
1.  The  four  parts  (a),  (^),  (<r),  and  {d)  must  all  be  answered  to  get  full  marks. 

(a)  Compute  by  contracted  methods  to  four  significant  figures  only,  and  with- 
out using  logarithms, 

34*05  X  0'cx)9i23 ;  and  3*405  -»-  009123. 


{!>)  Compute,  using  logarithms,  Vo*2354  X  16*07;  (32'i5)°'i'® ;  (32'i5)-»ira 
{c)  Explain  why  we  add  logarithms  when  we  wish  to  multiply  numbers. 
{(i)  Write  down  the  value  of  sin  23°  and  cos  23°.     What  is  the  sum  of  the 
squares  of  these  ?  Explain  why  you  would  get  the  same  jmswer  whatever 
the  angle.  (20) 

2.  The  two  parts  (a)  and  (3)  must  both  be  answered  to  get  full  marks. 

(a)  Express  the  angle  0*3  radians  in  degrees ;  find  from  the  tables  its  sine. 
If  :r  is  in  radians  and  if 

sm.  =  .-,-  +  j^-^+ctc. 

calculate  the  sine  of  this  angle  to  four  significant  figures.  After  how 
many  terms  are  more  of  them  useless  in  this  case  when  we  only  need 
four  figures? 

[Note  that  [5^  means  1x2x3x4X5.] 

{b)  It  has  been  found  that  if  P  is  the  horse-power  wasted  in  air  friction  when 
a  disc  d  feet  diameter  is  revolving  at  n  revolutions  per  minute, 

P  =  cd^-^n^-^. 

If  P  is  o*  I  when  </  =  4  and  n  =  500,  find  the  constant  c. 
What  is  the  diameter  of  a  disc  which  wastes  10  horse-power  in  air 
friction  when  revolving  at  580  revolutions  per  minute  ?  (20) 

3.  The  four  parts  (a),  (^),  (r),  and  {d)  must  all  be  answered  to  get  full  marks. 

{a)  A  hollow  circular  cylinder  of  length  /,  inside  radius  r,  outside  radius  R, 

write  out  a  formula  for  its  volume  V. 

If  V  =  182  cubic  inches,  /  =  7*23  inches,  r  =  2*  11  inches,  find  R. 
{b)  The  sum  of  the  areas  of  two  squares  is  92*14  square  inches,  the  sum  of 

their  sides  is  13  inches  ;  find  these  sides. 
{c)  ABC  is  a  triangle,  C  being  a  right  angle.     AB  is  9*82  inches,  the  angle  A 

is  28°.     Find  the  sides  BC  and  AC,  using  the  tables. 
{d)  The  area  of  cross-section  *  of  a  prism  is  92 '30  square  inches  ;  what  is  the 

area  of  a  section  making  an  angle  of  25°  with  the  cross-section  ? 

♦  The  cross-section  is  the  smallest  section.  (20) 

4.  Find  accurately  to  three  significant  figures  the  value  of  x  which  satisfies  the 

equation 

^*  —  20  logioac  —  7*077  =  a 

Use  squared  paper.  (30) 

6.  At  corresponding  high  speeds  of  modern  ships  of  the  same  class  if  v  is  the  speed 
in  knots,  D  the  displacement  in  tons,  P  the  indicated  horse-power,  T  the  time 
spent  in  a  particular  passage,  and  C  the  coal  consumed. 


voc  D*,  P,oc  D^,  T  «  D    *,  C  «:  D. 
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A  cross-Atlantic  steamer  of  io,cxx)  tons  at  20  knots  crosses  in  6  days,  its 
power  being  20,000,  using  2520  tons  of  coal ;  what  must  be  the  displacement, 
the  speed,  the  power,  and  the  coal  for  a  vessel  which  makes  the  passage  in 
5  days  ?  (20) 

6,  There  is  a  district  in  which  the  surface  of  the  ground  may  be  regarded  as  a 

sloping  plane;  its  actual  area  is  3 '246  square  miles ;  it  is  shown  on  the  map 

as  an  area  of  2'875  square  miles  ;  at  what  angle  is  it  inclined  to  the  horizontal  ? 

Prove  the  truth  of  the  rule  which  you  use,  (20) 

7.  At  the  following  draughts  h  feet,  a  particular  vessel  has  the  following  tonnage 

T  in  the  salt-water  : — 


k 

15 

12 

9 

6-3 

T 

2100 

1510 

1020 

590 

Try  if  there  is  an  approximate  connection  of  the  form 
T  =  f/i" 

and  if  so  find  c  and  n. 

If  a  cubic  foot  of  salt  water  weighs  64  lbs.,  find  a  formula  connecting  D, 
the  displacement  in  cubic  feet,  and  h.  (30) 


8.  If 


y  =  2x  + 


l:5. 


state  what  value  of  x  will  make  y  less  than  any  other.   An  approximate  answer, 
using  squared  paper,  will  gain  as  many  marks  as  the  correct  answer.         (20) 

8.  The  following  tests  were  made  upon  a  condensing  steam-turbine-electric-generator. 
There  are  probably  some  errors  of  observation,  as  the  measurement  of  the 
steam  is  troublesome. 


Ou^ut  in 

Weight  W  lb.  of  steam 

Kilowatts  K. 

consumed  per  hour. 

II90 

23,120 

995 

20,040 

745 

16,630 

498 

12,560 

247 

8,320 

0 

4,065 

Find  if  there  is  a  simple  approximate  law  connecting  K  and  W,  and  state 
what  it  is  algebraically. 

W 

State  in  words  what  —  means.     Call  this  w.     Express  w  in  terms  of  K. 

Calciilate  w  for  K  =  looo  and  K  =  300.  (30) 

10.  At  the  time  /  seconds  a  body  has  moved  x  feet  along  its  path  from  some  fixed 
point  in  it.     These  positions  have  been  found  from  a  skeleton  drawing  of 
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a  mechanism.     Find   the  average  speed   in    each  interval.     Find   also   the 
acceleration  in  the  path  at  each  instant  approximately. 


/ 

o 

O'l 

0-2 

0-3 

0-4 

05 

06 

X 

o 

4 

8i7S 

12-558 

17-187 

22094 

27-306 

(20) 

11.  Assuming  the  earth  to  be  a  sphere,  if  its  circumference  is  360  X  60  nautical 

miles,  what  is  the  circumference 'of  the  parallel  of  latitude  50°?  What  is  the 
length  there  of  a  degree  of  longitude  ?  If  a  small  map  is  to  be  drawn  in  this 
latitude,  with  north  and  south  and  east  and  west  distances  to  the  same  scale, 
and  if  a  degree  of  latitude  (which  is  of  course  60  miles)  is  shown  as  10  inches, 
what  distance  will  represent  a  degree  of  longitude  ?  (20) 

12.  There  is  curve  ^  =  2  +  o'i5^'. 

Prove  that  for  any  value  of  x  the  slope  of  the  curve  or  --  is  o'xx.        (30) 

ax 


Stage  3. 
Answer  Questions  No.  i.  No.  2,  and  No.  3,  and  five  others. 

1.  The  three  parts  (a),  (/•),  and  (c)  must  all  be  answered  to  get  full  marks : — 

{a)  Compute  by  contracted   methods  to  four  significant   figures  only,    and 
without  using  logarithms, 

0*03405  X  0-9123,  and  34-05  -4-  0*09123. 

{6)  Compute,  using  logarithms, 

(2*354  X  1-607P";  and  (32-i5)-oiM 

(c)  Write  down  the  values  of 

sin  107** ;  cos  148°  ;  tan  250*. 

2.  There  are  two  formula  used  to  calculate  <f>:  , 

/ 


(30) 


4>  =  log, 


•273' 


which  is  only  approximate  ; 


<^  =  1-0565  log,— +9  X  10 


-g-503/) 


+  00902, 


which  is  correct. 

If  /  =  fl  +  273  when  #  =  53,  find  the  two  answers;  what  is  the  percentage 
error  in  using  the  approximate  formula  ?  (30) 

8.  The  three  parts  [a),  (^),  and  {c)  must  all  be  answered  to  get  full  marks : — 
(a)  Prove  that 

sin  (A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B. 

You  may  take  the  simplest  case,  where  A  +  B  is  less  than  a  right  angle. 
Illustrate  the  truth  of  this  arithmetically  when  A  =  35°  and  B  =  27^ 
odng  your  tables. 
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{b)  Prove  that  in  a  triangle  whose  sides  a,  b  contain  between  them  the  angle 
C  the  area  is 

\  ab  sin  C. 

There  is  a  quadrilateral  A  BCD  ;  A  and  C  being  opposite  corners.  If 
AB  is  16*23  feet,  AC  25*4  feet,  AD  1209  feet ;  if  the  angle  BAG  is 
41°,  and  the  angle  CAD  is  35°,  find  the  area  of  the  quadrilateral. 
(f)  If  P  is  the  present  ralue  of  an  annuity  A,  the  first  payment  being  due  i 
year  from  now,  the  last  at  the  end  of  the  «th  year  from  now,  the  rate  of 
interest  on  money  being  at  r  per  cent,  per  annum  j  then 


— «>f{.-(-^4r} 


If  the  present  value  of  an  annuity  of  £()^  y&£,^2.'j  and  r  is  35  per  cent, 
per  annum,  what  is  the  supposed  number  of  years'  duration  of  the 
annuity  ?  (30) 

4.  Find  accurately  to  three  significant  figures  the  value  of  *  which  satisfies  the 
equation 


**  -—logio:c  =  2-359. 


(30) 


5.  At  corresponding  high  speeds  of  modern  ships  of  the  same  class,  if  v  is  the  speed 
in  knots,  D  the  displacement  in  tons,  P'  the  indicated  horse-power,  T  the 
time  spent  in  a  particular  passage,  and  C  the  coal  consumed, 

1/  ex:  Di,  P  oG  D  V,  C  oc  PT, 

show  how  P,  T,  and  C  depend  upon  D  alone. 

A  cross- Atlantic  steamer  of  10,000  tons  at  20  knots  crosses  in  6  days,  its 
power  being  20,000,  using  2520  tons  of  coal ;  what  must  be  the  displacement, 
the  speed,  tiie  power,  and  the  coal  for  a  vessel  which  makes  the  passage  in 
5  days  ?  (30) 

e.  Three  planes  of  reference  mutually  perpendicular  meet  in  the  lines  OX,  OY, 
OZ.  The  line  OP  is  6*2  inches  long  ;  it  makes  an  angle  of  62°  with  OX  and 
43°  with  OY.  Call  the  projections  of  OP  upon  OX,  OY,  and  OZ  by  the 
names  x^  y^  and  i  and  calculate  their  amounts,  taking  the  positive  value  in  the 
case  of  ».     What  angle  does  OP  make  with  OZ  ? 

The  plane  containing  OZ  and  OP  makes  an  angle  ^  with  the  plane  contain- 
ing OZ  and  OX,  what  is  this  angle  ?  (30) 

7.  In  a  certain  vessel  it  happens  to  be  true,  within  certain  limits,  that 

V  =  I200/41* 

where  h  is  the  vertical  draught  in  feet  and  V  is  the  displacement  in  cubic  feet. 
If  A  is  the  area  in  square  feet  of  a  horizontal  section  on  the  water-level,  express 
A  in  terms  of  h. 

If  /  aAd  b  are  the  length  and  greatest  breadth  of  the  section  and  if  A  =  nib 
where  «  is  a  constant  fraction,  show  that  V  =  mlbh  where  »»  is  a  constant 
fraction.  (40) 

8.  The  following  tests  were  made  upon  a  condensing-steam-turbine-electric-generator. 

There  are  probably  some  errors  of  observation,  as  the  measurement  of  the 
steam  is  troublesome : 


Output  in  Kilowatts  K 

1190 

995 

745 

498 

247 

0 

Weight  W  lb.  of  steam 
consumed  per  hour  . 

23.120 

20,040 

16,630 

12,560 

8320 

4065 

2    F 
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Find  if  there  is  a  simple  approximate  law  connecting  K  and  W. 
The  electric  power  goes  some  distance  to  drive  a  factory,  and  it  is  found  by 
trial  that  when  Y  yards  of  stuflf  are  being  woven  per  hour 

K  =  48  +  0-45  Y. 

Express  W  in  terms  of  Y. 

State  the  meaning  of  W/Y  in  words,  and  find  its  values  when  Y  is  2000  and 
when  Y  is  500.     What  lesson  ought  to  be  drawn  from  this  ?  (30) 

9.  A  quantity  _j/  is  a  function  of  ^,  ^^at  do  we  mean  by  J^}    Illustrate  your 

meaning,  using  a  curve.     Illustrate  your  meaning  by   considering  a  body 

which  has  moved  through  the  space  s  in   the   time  /.     What  is  -^  in  the 

dx 
following  cases : — 


y  =  a  +  bx  ■{■  ex*  +  gx**,  ^  =  a  log  ;c,  }^  —  a^*,  ^  =  a  sin  {5x  +  c) 


(40) 


10.  Find  the  area  of  the  curve 


y  =  a  +  Bx!* 


from  the  ordinate  at  jr  =  o  to  the  ordinate  ai  x  —.  m.  If  «  is  2*5,  and  ./i  is  o, 
and  if  the  curve  passes  through  the  point  (;r  =  5,  ^  =  4),  find  6.  What  is  the 
area  of  the  curve  from  the  ordinate  at  ;r  =  o  to  the  ordinate  j:  =  5  ?  (40) 

II.  Divide  a  number  a  into  two  parts  so  that  twice  the  square  of  one  part  plus  three 
times  the  square  of  the  other  shall  be  a  minimum. 

How  do  you  know  that  you  have  found  a  minimum  value  ?  (30) 


12.  In  the  atmosphere,  if/  is  pressure  and  A  height  above  datum  level,  if 

w  =  c^iy 

where  c  and  y  are  constants,  and  if 

find  an  equation  connecting  /  and  A. 

What  is  the  above  ^  if  /  =  iwR  ?    Assume  /  =  /©  and  f  ^  f^  w  here  h  =  o. 
R  is  a  known  constant  for  air. 

Find  the  equation  connecting  A  and  /.  (50) 

13.  The  following  values  of  y  and  x  being  given,  tabulate  ^  and  _y  .  8jr  in  each 

interval,  and  A  or  the  sum  of  such  terms  as  y  .  Sx.     Of  cpurse  A  is  the 
approximate  area  of  the  curve  whose  ordinate  is  y. 


y 

0 

O'l 

0*2 

03 

0*4 

0-5 

0-6 

07 

0-8 

09 

X 

0 

0-1736 

0-3420 

0-5000 

0-6428 

0-7660 

08660 

0-9397 

0-98^8 

roooo 

(40) 
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1905. 

Stage  2. 

Answer  Questions  No.  i,  No.  2,  No.  3,  and  five  others. 

1.  The  four  parts  {a),  (^),  {c),  and  (d)  must  all  be  answered  to  get  full  marks. 

(a)  Compute  by  contracted  methods  to  four  significant  figures  only,  and  without 
using  logarithms, 

0-01239  X  S'024  and  0*5024  -h 0-01239, 

{6)  Compute,  using  logarithms, 

Vo'26o7  ;  26'O'j^'^*  ;  26-07"*'** 

(c)  Explain  why  we  subtract  logarithms  when  we  wish  to  divide  numbers. 

(</)  Write  down  the  values  of  the  sine,  cosine,  and  tangent  of  37°.  Explain, 
from  the  definitions,  why  sin  37°  -i-  cos  37°  =  tan  37°.  Try  by  division 
if  this  is  so.  (20) 

2.  The  four  parts  {a),  (6),  [c),  and  {d)  must  all  be  answered  to  get  full  marks, 

{a)  Using  the  tables,  find  the  number  of  which  o-2  is  the  Napierian  logarithm. 

X*         X* 
<•=  I  +  ;r  +  j^+r^+etc., 

calculate  ^  when  x  =  0*2,  to  three  decimal  places. 

After  how  many  terms  are  more  of  them  useless  in  this  case  where  we 
only  need  three  decimal  places  ? 

[Note  that  [^means  1x2x3x4x5.] 
{b)  Express 

0-5^;  +  14*09 
x^  -  3 '5^  -  10-26 

as  the  sum  of  two  simpler  fractions. 
(<•)  The  sum  of  two  numbers  is  12*54,  and  the  sum  of  their  squares  is  81-56 : 

find  the  numbers. 
{d)  ABC  is  a  triangle,  C  being  a  right  angle.     The  side  BC  is  12-4  feet,  and 

the  angle  A  is  65°  :  find  the  other  sides  and  angle,  using  the  Tables. 

(20) 

3.  X  and  /  are  the  distance  in  miles  and  the  time  in  hours  of  a  train  from  a  railway 

station.  Plot  on  squared  paper.  Describe  clearly  why  it  is  that  the  slope  of 
the  curve  shows  the  speed.  Where  is  the  speed  greatest,  and  where  is  it 
least? 


X 

0 

0-12 

o'S 

1*52 

2-50 

2-92 

3'OS 

3*05 

317 

3-50 

3-82 

t 

0 

0-05 

o-io 

o-is 

0*20 

0-2S 

0*30 

0-35 

0*40 

0*45 

0-50 

4.  Find  x  in  degrees  approximately  if 

3  sin  jr  +  2  cos  j;  =  3*4. 

For  what  value  of  x  is 

3  sin  j;  +  2  cos  * 

a  maximum  ?     You  may  use  squared  papei. 


(20) 


(28> 
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5.  The  net  yearly  profit  P  of  a  railway  may  be  represented  by 

V  =  bx-\-cy 

where  x  is  the  gross  yearly  receipt  from  passengers,  and  y  from  goods ;  b  and  t 
being  constant  numbers. 

When  X  =  52CXXX)  and  y  =  220000,  P  was  330000. 

And  at  a  later  period 

when  X  =  902000  and  y  =  700000,  P  was  603000. 

What  will  probably  be  the  value  of  P  when  x  =  1 000000  and  when  y  = 
800000  ?  (20) 

6.  In  steamships,  c  =  D^v  -¥- 1,  where  D  is  the  displacement  in  tons,  v  the  speed  in 

knots,  I  the  indicated  horse-power.  Now  c  is  not  the  same  for  a  ship  at  all 
speeds,  but  it  is  nearly  the  same  for  two  similar  ships  at  corresponding  speeds. 
Corresponding  speeds  are  as  the  sixth  root  of  the  displacements.  Find  c  from 
each  of  the  following  actual  measurements  made  on  a  ship  of  9764  tons. 
Tabulate  the  corresponding  speeds  for  a  ship  of  12000  tons,  and  calculate  and 
tabulate  the  horse-power  at  each  speed. 


Speed  in  knots      .... 

108 

H'33 

Indicated  horse-power    .     . 

1830 

4720 

(28) 

7.  State  Simpson's  rule.  An  area  is  divided  into  ten  equal  parts  by  eleven  equi- 
distant parallel  lines  o'2  inch  apart,  the  first  and  last  touching  the  bounding 
curve ;  the  lengths  of  these  lines  or  ordinates  or  breadths  are,  in  inches  : — 

o,  124,  2-37,  4-10,  5-28,  476,  460,  4-36,  245,  1-62,  o. 

Find  the  area  in  square  inches.  (20) 

8. 

X  =  a{<l>  —  sin  <^) 
y  =  a(i  —  sin  tp) 

Take  a  =  10.  Calculate  the  values  of  x  and  y  for  the  following  values 
of^  :— 

»       IT       » 

°'  6-  ?  3 

Plot  points  whose  co-ordinates  are  these  values  of  x  and  y,  on  squared 
paper,  and  draw  a  curve.  {28) 

d.  When  Q  cubic  feet  of  water  flows  per  second  through  a  sharp-edged  rectangular 
notch  L  feet  long,  the  height  of  nearly  still  water  above  the  sill  being  H  feet, 

Q  oc  (L  -  iH)H* 

Now,  a  bad  formula  is  sometimes  used  which  assumes 

Q  ocLH^. 

Show  that  for  a  given  L,  although  a  constant  may  be  used  to  give  a  correct 
answer  for  one  value  of  II,  it  must  give  incorrect  answers  for  other  values 
of  H.  (28) 

10.  A  vessel  is  shaped  like  the  frustum  of  a  cone  ;  the  circular  base  is  10  inches 
diameter  ;  the  top  is  5  inches  diameter  ;  the  vertical  height  is  8  inches.     What 
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is  the  height  of  the  imaginary  vertex  ?  If  jr  is  the  height  of  the  surface  of  a 
liquid  from  the  bottom,  plot  a  curve  showing  for  any  value  of  jr  the  area  of  the 
horizontal  section  there. 

Find  from  this  the  whole  volume  of  the  vessel  in  cubic  inches. 

[Candidates  will  notice  that  if  </  is  the  diameter  of  the  circular  area,  it  is  only 

(28) 


necessary  to  plot  d'.] 
11.  There  is  a  curve 


^=1-5  +0-054:* 


dv 
Prove  that  for  any  value  of  *,  the  slope  of  the  curve  or  ^   is  o'ljr. 


(28) 


12.  Find  accurately  to  three  significant  figures  one  value  of  x  for  which 
5  logi»*  +  Z  -270=0. 


(28) 


13.  The  total  cost  C  of  a  ship  per  hour  (including  interest  and  depreciation  on 
capital,  wages,  coal,  etc.)  is,  in  pounds. 


C  =  4  + 


1000 


where  s  is  the  speed  in  knots  (or  nautical  miles  per  hour). 
The  time  in  hoars  spent  in  a  passage  of,  say,  3000  miles  is 

3000 -+-X 

so  that  the  total  cost  of  the  passage  is  this  time  multiplied  by  C.     Express 
this  algebraically  in  terms  of  s. 

Find  what  this  amounts  to  for  various  speeds.     For  what  speed  is  it  a 
minimum  ?  (28) 

14.  The  model  of  a  ship,  when  being  drawn  at  the  following  speeds  v  (in  feet  per 
minute),  oflfered  the  following  resistances  R  (in  pounds)  to  motion  : — 


V 

233 

287 

347 

406 

466 

525 

588 

646 

R 

"108 

176 

293 

426 

6-33 

9-52 

1274 

1516 

It  is  to  be  remembered  that  there  are  small  errors  in  such  measurements. 
If  we  assume  a  law  like  R  =  av^t  find  n  for  the  smallest  and  highest  speeds. 
For  what  value  of  v  does  n  seem  at  its  greatest  ? 
[Suggestion,  plot  log  R  and  log  v  on  squared  paper.]  (28) 


Stagk  3. 

Answer  Questions  No.  I,  No.  2,  No.  3,  and  five  others. 

1.  The  four  parts  {a),  (^),  (r),  and  (</)  must  all  be  answered  to  get  full  marks  :  — 
{a)  Compute  by  contracted  methods  to  four  significant  figures  only, 


and 


0*01239  X  05024 
0*1239  +  50*24 


(^)  Compute,  using  logarithms. 


and 


(0*9415  X  2-304)»'W 
(0*9415  X  2-304)-'>i7'. 
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{c)  Why  do  we  multiply  the  logarithm  of  a  by  ^  to  find  the  logarithm  of  a*  ? 
(</)  Write  down  the  values  of 

sin  254°,  cos  124°,  tan  193°,  sin~i  (0-2250),  cos~^  (—0-8192), 
tan~i  (—4-0108). 

Only  one  value  to  be  given  in  each  of  the  last  three  cases.  (30) 

2.  The  three  parts,  (a;),  (3),  and  {c)  must  all  be  answered  to  get  full  marks  : — 
(a)  A  quantity  j  is  a  function  of  x  :  what  do  we  mean  by 

Illustrate  your  meaning,  using  a  curve. 

Illustrate  your  meaning  by  considering  the  speed  of  a  body  which  has 
passed  through  the  space  s  in  the  time  /. 
{d)  Show  that  if  A  is  the  area  of  a  curve  from  some  standard  ordinate  to  the 
ordinate  y  corresponding  to  the  co-ordinate  x,  then 

dA 

Hence  to  find  A  we  merely  find  that  function  of  x  of  which  y  is  the 
differential  coefficient. 
(r)  If  A  is  the  area  of  the  surface  of  water  in  a  pond  when  the  depth  on  a 
given  vertical  is  Xy  and  if  z/  is  the  volume  of  water,  then 


^-d'x' 


Prove  this. 


(30) 


8.  Define  the  scalar  product  and  the  vector  product   of  two  vectors.     Give  an 
illustration  of  each  of  these  from  any  part  of  physical  science.  ,  (30) 

4.  The  cost  C  of  a  ship  per  hour  (including  interest  and  depreciation  on  capital, 

wages,  coal,  etc.)  is  in  pounds 

C^4+  — 
^      1000 

where  s  is  its  speed  in  knots  relatively  to  the  water. 

Going  up  a  river  whose  current  runs  at  $  knots,  what  is  the  speed  which 
causes  least  total  cost  of  a  passage  ?  (42) 

5.  In  the  curve 

y  =:  a  +  bx^ 
Ify  =  I  -62  when  *  =  i 
and^  =  5-32  when  ;p  =  4 
find  a  and  i. 

Let  this  curve  rotate  about  the  axis  of  x. 

Find  the  volume  enclosed  by  the  surface  of  revolution  between  the  two 
sections  at  :r  =  i  and  x  =  4,  (42) 

8v 

6.  The  following  values  of  y  and  x  being  given,  tabulate  r^  and  y  .Sx  in  each 

interval.     If  ^ .  8*  be  called  5A,  tabulate  the  values  of  A  if  A  is  o  where 
X  —  o. 


X 

0 

o-i 

0'2 

03 

0-4 

o'S 

0-6 

07 

0-8 

0-9 

y 

^ 

1-428 

1-561 

I -69 1 

1-820 

1*947 

2-071 

2-193 

2-314 

2-431 

2-547 

(42) 
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To  facilitate  tabulation,  it  will  be  found  convenient  to  change  these  rows 
into  columns. 

7.  What  is  Simpson's  rule?  A  circle  is  drawn  of  8  inches  diameter.  The  diameter 
is  divided  into  eight  equal  parts,  and  ordinates  are  drawn  at  right  angles  to 
the  diameter.  Calculate  the  lengths  of  these  ordinates,  using  the  tables,  and 
tabulate  them.     Using  Simpson's  rule,  find  the  area  of  the  circle. 

This  answer  is  in  error  :  what  is  the  percentage  error  ?  (42) 


8.  Find  x  in  degrees  if 


3  sin  ;c  +  2  cos  X  =  3*4 


X  is  supposed  to  be  an  acute  anj;le.     How  many  answers  are  there? 
Find,  using  the  Calculus,  for  what  value  of  x  is 

3  sin  JT  +  2  cos  * 
a  maximum  ? 

9.  The  following  values  of/  and  d  being  given,  find 


dp 

de 


when  e  =  115. 


(42) 


9 

> 

100 

1470 

los 

2080 

no 

"5 

2454 

120 

28-83 

I2S 

3371 

130 

39-25 

]0.  If 


*  =  a  sin  //  +  ^  cos  // 


(42) 


for  any  value  of  /  where  a,  b,  and  /  are  mere  numbers,  show  that  this  is  the 
same  as 

j:  =  A  sin  (^/  +  ^ 

if  A  and  ?  ar«  properly  evaluated. 
If 


and  if 


V=RC  +  Lf 
C  =  100  sin  toot 


R  being  2  and  L  being  0*005,  ^^^  V- 
What  is  the  lag  of  C  in  degrees  behind  V  ? 


(42) 


11.  A  vessel  is  shaped  like  the  frustum  of  a  cone ;  the  circular  base  is  10  inches 

diameter  ;  the  top  is  5  inches  diameter  ;  the  vertical  height  is  8  inches.  If  x 
is  the  height  of  the  surface  of  a  liquid  from  the  bottom,  express  </  the  diameter 
there  in  terms  of  x ;  express  A  the  horizontal  area  there  in  terms  of  x ; 
express  V  the  volume  of  the  liquid  in  cubic  inches,  in  terms  of  x.  (42) 

12.  Water  leaves  a  circular  basin  very  slowly  by  a  hole  at  the  bottom,  every  particle 

describing  a  spiral  which  b  very  nearly  circular.     Let  v  be  the  speed  at  a  point 
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whose  distance  from  the  axis  is  r,  and  height  above  some  datum  level  k. 
Assume  no  *'  rotation  "  or  *'  spin,"  that  is 


i{>t)  = 


and  show  that  this  means 


v  = 


where  ^  is  some  constant. 

Now,  at  the  atmospheric  surface 

2.g 
where  C  is  a  constant. 

Find  from  this  the  shape  of  the  surface,  that  is  the  law  connecting  r  and  h. 

(42) 

13,  The  model  of  a  ship,  when  being  drawn  at  the  following  speeds  v  (in  feet  per 
minute),  oflfered  the  following  resistances  R  (in  pounds)  to  motion  : — 


V 

179 

220 

2S9 

301 

321 

341 

361 

R 

178 

276 

401 

569 

6 '39 

819 

11-39 

There  are  small  errors  in  such  measurements. 

Assume  a  law  R  oc  z/",  and  describe  how  n  changes.  What  is  its  greatest 
value  ?  Show  that  when  v  increases  by  a  small  percentage,  R  increases  by  n 
times  this  percentage.  (42) 

14.  Tlie  indicated  horse-powers  of  the  engines  of  similar  ships  similarly  loaded  may 
be  taken  to  be  proportional  to  Uie  i^th  power  of  the  displacements  at 
corresponding  speeds. 

Corresponding  speeds  are  as  the  sixth  roots  of  the  displacements.  The 
following  measurements  were  made  at  different  speeds  of  a  vessel  of  looo  tons 
(the  United  States  3.  Manning).  Find  the  horse-power  at  the  corresponding 
speeds  of  a  vessel  of  5000  tons  :  state  and  tabulate  these  speeds. 


Speed  in  knots 

6 

II 

16 

Indicated  horse-power  .     .     . 

100 

486 

2181 

(42) 
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1908. 

Stage  2. 

You  must  not  attempt  more  than  et'g^/  questions  in  all,  and  of  these  Nos.  i,  2, 
and  3  must  be  three  ;  that  is  to  say,  you  are  allowed  to  take  not  more  than  five 
questions  in  addition  to  Nos.  i,  2,  and  3. 

1.  The  four  parts  {a),  (3),  {c),  and  (</)  must  all  be  answered  to  get  full  marks  : — 

(a)  Without    using    logarithms,    compute    by    contracted    methods    to    four 

significant  figures 

9*325  X  0*02056   and   9*325  -^  0*02056. 

(i)  Using  logarithms,  compute 

(6*345  X  0-I075)'**  -^(0*00374  X  96-37)». 

(r)  Extract  the  cube  roots  of 

20760,  207  6,  0*02076,  0*002076. 

{J)  The  side  of  a  square  is  3  yards  i  foot  9^  inches  ;  find  the  area  of  the  square 
in  square  feet.  (22) 

2.  The  four  parts  {a),  (3),  (r),  and  (</)  must  all  be  answered  to  get  full  marks  : — 

{a)  The  difference  of  x  and  ^  is  3*14  ;  the  sum  of  x*  and  j/'  is  140;  find  x 
and  J. 

(b)  The  inside  of  a  hollow  copper  sphere  is  filled  with  water  whose  weight  is 

10  lbs.  ;  what  is  the  inside  radius?   If  the  weight  of  the  copper  is  30  lbs., 
what  is  its  thickness?     A  cubic  inch  of  copper  weighs  0*32  lb. 

(c)  ABD  is  a  right-angled  triangle,  B  being  the  right  angle.     BC  is  perpen- 

dicular to  the  side  ACD.     The  angle  A  is  56°,  BC  is  10  inches;  find 
the  lengths  of  AC  and  CD. 
{if)  What  are  the  factors  of  jr*  -  S'gix  +  18*37  ?  (22) 

3.  The  three  parts  (a),  {5),  and  (c)  must  all  be  answered  to  get  full  marks : — 

{a)  K  y  =  ax^-*'  +  6x'''^ ;  if  ^  =  6*3  when  ;r  =  i,  and  if^  =  133  when  *  =  2, 

find  a  and  i. 
(i)  20  lbs.  of  bronze  contains  87  per  cent,  of  copper,  13  per  cent,  of  tin.     With 

how  much  copper  must  it  be  melted  to  obtain  a  bronze  containing  10  per 

cent,  of  tin  ? 

(c)  U  -  —  €^^  and  if  ^  =  0*25,  ^  =  3,  find  x/y.    It  is  known  that  x  —y— 1000, 
find  X  and  y.  (22) 


4.  If  /  means  V  —  i,  write  down  the  values  of  /',  /*,  /\  7',  /•.     Find  sfi'j  +  30/, 

sft,  I  -7-  VT.     Each  of  the  answers  is  like  a  +  l>i  where  a  and  l>  are  numbers. 

(28) 

5.  X  is  distance  measured  along  a  straight  line  AB  from  the  point  A  ;  the  values  of 

y  are  offsets  or  distances  in  links  measured  at  right  angles  to  AB  to  the  border 
of  a  field.  Find  the  average  breadth  from  AB  to  the  border  of  the  field 
between  the  first  and  last  oflFset.     Notice  that  the  intervals  in  x  are  not  equal. 


X 

0 

1*50 

3*00 

5-00 

7-50 

9*00 

y 

o'53 

o*47 

0*40 

0*42 

0*46 

0-52 

(26) 

6.  There  is  a  root  of  jt'  —  lor*  +  40^:  —  35  =  o  which  lies  between  i  and  2  ;  find 
it,  correct  to  three  significant  figures.  (26) 
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7.  The  following  numbers  give  x  feet  the  distance  of  a  sliding  piece  measured  along 
its  path  from  a  certain  point  to  the  place  where  it  is  at  the  time  /  seconds  • 
what  (approximately)  is  its  acceleration  at  all  the  tabulated  times  except  the 
first  and  last  ?     Show  in  a  curve  how  the  acceleration  depends  upon  t. 


X 

rooo 

2736 

4-420 

6-000 

7-428 

8-660 

9-660 

10-397 

10-848 

I  rooo 

t 

o 

O'l 

0-2 

0-3 

04 

o'S 

0-6 

0-7 

0-8 

0-9 

(26) 

8.  The  following  numbers  give  v  the  speed  of  a  train  in  miles  per  hour  at  the  time 
/  hours  since  leaving  a  railway  station.  In  each  interval  of  time,  what  is  the 
distance  passed  over  by  the  train  ? 


V 

0 

2-4 

47 

7-2 

9-6 

120 

143 

t 

o-oo 

0-04 

o-o8 

0-12 

o-i6 

0-20 

0-24 

Continued. 

V 

16-9 

18-9 

20-7 

22-2 

23-4 

24-3 

24-9 

t 

0-28 

0-32 

0-36 

0-40 

0-44 

0-48 

0-52 

At  each  of  the  times  tabulated,  what  is  x  'the  distance  from  the  station  ? 
Tabulate  your  answers.  (26) 

9.  Find  the  area  of  the  parabola  y  ■=  a  ■\-  bx  -^  ex*  between  the  ordinate  at ;«:  =  a 
and  the  ordinate  at  j:  =  j8.     \i  a  =  —  h  and  fi  =  A,  what  is  the  answer  ? 

(22) 

10.  The  parabola  y  =  a  +  bx  ■{•  ex*  passes  through  three  points  whose  co-ordinates 

are  —  h^yx\  o,  y^  ;  A,  y,.     Insert  these  values,  and  find  a,  ^,  and  e  in  terms  of 
the  quantities,  ji,  jj,  j,  and  A.  (22) 

11.  The  following  quantities  measured  in  a  laboratory  are  thought  to  follow  the  law 

y  —  ab  -*.     Try  if  this  is  so,  and,  if  so,  find  the  most  probable  values  of  a  and 
b.     There  are  errors  of  observation. 


X 

O'l 

0-2 

0-4 

0-6 

i-o 

I'S 

20 

y 

350 

316 

120 

63 

12-86 

2'S7 

0-425 

(26) 

12.  I'he  equilibrium  position  for  a  certain  governor  is  that  a  ball  should  be  at  a. 
certain  distance  r  from  an  axis  about  which  it  revolves,  when  the  centrifugal 
force  is  equal  to 

200  +  80A 
A 
where  A  —  ^2*25  —  r'. 

Now  a  certain  mathematical  investigation  becomes  too  complex  if  this  law 
is  used,  whereas  it  is  known  that,  if  the  centrifugal  force  were  equal  to  ^r  —  a 
where  a  and  b  are  mere  numbers,  the  investigation  would  be  easy.  Find  if 
there  is  approximately  such  a  law  within  the  limits  r  =  0*5  and  r  =  0*7,  and 
what  is  the  maximum  error  in  making  such  an  assumption  ?  (26) 
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13.  One  of  the  three  premium  systems  used  in  workshops  is  this  : — 

If  H  is  the  number  of  hours  usually  allowed  for  a  job  ;  the  man  does  it  in 
less  time,  say,  h  hours.  The  usual  pay  in  the  shop  is  /  pence  per  hour  ;  the 
premium  paid  to  the  man  is 

p  -  (H  -  k)p 

^~' 

and  he  is  also  paid  hp. 

If  r  pence  per  hour  is  the  cost  of  tools  and  share  of  total  shop  charges,  the 
master  would  have  paid  H(/  +  r)  for  the  job.     He  now  pays  ^  \-  h(p  +  r). 

If  H  is  20  and  /  is  10  and  r  is  4,  find  the  total  payment  to  the  man  for  the 
job  and  by  the  hour,  and  also  the  saving  to  the  master  on  the  job  ;  tabulate 
your  answers  for  the  following  values  of  h  :  20,  15,  10.  (28) 


Stage  3. 

You  must  not  attempt  more  than  eighi  questions  in  all,  and  of  these  No.  i  must 
be  one  ;  that  is  to  say,  you  are  allowed  to  take  not  more  than  seven  questions  in 
addition  to  No.  i. 

1.  The  four  parts  {a),  (b),  (r),  and  {d)  must  all  be  answered  to  get  full  marks. 

(a)  Without  using  logarithms,  compute  by  contracted  methods  so  that  four 

significant  figures  shall  be  correct,  9*325  x  0*02056  and  9*325  -h  0*02056. 

(b)  Using  logarithms,  compute 

(5*603  X  o-o5723)-»-«'. 
{c)  Write  down  the  values  of 

sin  207°,  cos  123*',  tan  325°. 
(d)  Express 

{2x  +i-z^)l{x*  +  1-38^  -  24-6) 
as  the  sum  of  two  simpler  fractions.  (33) 

2.  Find,  with  three  significant  figures  accurate,  a  root  of 

5  J  +  X  logio^  -  4-82  =  o.  (33) 

3.  The  following  tests  were  made  on  a  steam  electric-generator ;  W  is  weight  of 

steam  in  pounds  used  per  hour  ;  K  is  the  output  in  kilowatts  : — 


K 

3942 

3105 

1907 

910 

W 

80,400 

68,100 

50,200 

35,100 

Find  if  there  is  a  simple  approximate  law  connecting  W  and  K.     State 
the  meaning  of  W/K  in  words  ;  call  it  w.     Express  w  in  terms  of  K. 

(33) 
4.  By  tabulation  give,  approximately,  a  table  of  values  of 

zZ  and  \y  .  dx 

K 

if  the  following  values  of  x  and  y  are  given  : — 


X 

0 

0*01 

0'02 

0-03 

0*04 

0*05 

0*06 

0*07 

o-o8 

0*09 

y 

1*2679 

I  -3640 

1*4663 

I-S774 

1*7002 

1-8391 

2*0000 

2*1918 

2*4281 

2*7321 

(33) 
6.  If  r  is  the  radius  of  a  heavenly  body  E,  /  the  distance  of  another  heavenly  body 
M,  of  mass  m,  from  E's  centre.  Then  m  f  {I  +  r)'  and  m  j  {I  —  r)'  are  the 
accelerations  towards  M  at  points  on  E  farthest  from  and  nearest  to  M.  The 
tide  producing  actions  at  these  points  are  their  differences  from  mlP  which  is  the 
acceleration  at  E's  centre  ;  prove  that  the  tide  producing  effect  of  M  is  inversely 
proportional  to  the  cube  of  the  distance  wh^R  /  is  large  compared  with  r.    (33) 
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8.  If 

M      cPy        ^dM.       -        .dS 

—  —  -ri,,  and  -y-  =  S,  and  -j-  =  w. 

c        dx^  dx  dx 

Let  w  be  a  constant.    Find  S.    Let  S  =  W,  a  constant,  when  x  =  I.     Find 
M  and  let  M  =  o  when  x  —  I. 
<■  is  a  given  constant.     Find 

dx' 
and  let  its  value  be  o  when  x  —  o.     Find  y  and  let  its  value  be  o  when  x  —  o. 

(33) 

7.  a 

dp 

dh="^ 

and  \izif  fx:  p  where  <•  is  a  constant.  Find/  in  terms  of  h.  If p  oc  w/,  express 
/  in  terms  of  A  introducing  constant.  (33) 

8.  The  total  cost  C  of  a  ship  per  hour  (including  interest,  depreciation,  wages,  coal, 

etc.)  is  in  pounds 

^  2200 

where  s  is  the  speed  of  the  ship  in  knots. 

Express  the  total  cost  of  a  passage  of  3000  miles  in  terms  of  s.  What 
value  of  s  will  make  this  total  cost  a  minimum  ?  At  speeds  10  per  cent,  less 
and  greater  than  this,  compare  the  total  cost  with  its  minimum  value.      (33) 

9.  The  curve  ^  =  a  +  dc*  passes  through  the  three  points  x  =  o,  y  =  26'62  ;  x  =  i^ 

y  =  3570 ;  X  =  2,  y  =  49'8i  ;  find  a,  d,  and  c.  What  is  the  area  of  the  curve 
from  the  ordinate  at  a:  =  o  to  the  ordinate  at  j:  =  2  ?  (42) 

10.  Describe  a  method  of  finding  whether  a  given  curve  follows,  approximately,  the 

law  y  =  a  -{•  dx"  or  y  =  b[x  +  a)"  or  _y  =  a  +  b/^.  Logarithmic  paper  must 
not  be  used  ;  the  work  can  be  done  on  ordinary  drawing  paper  using  Tee  and 
set  squares.  (42) 

11.  My  =  a  sin  ^/and  x  •=.  b  sin  (qt  —  c)  where  /  is  time  and  a,  q,  b,  c  are  constants ; 

if  ^  =  27r/T  where  T  is  the  periodic  time.  Find  the  average  value  of  xy  during 
the  time  T.  (42) 

12.  Q  being  the  rate  of  flow  of  water  per  second  over  a  sharp-edged  notch  of  length 

/,  the  height  of  the  surface  of  nearly  still  water  (some  distance  back)  above  the 
sill  being  h  ;  it  has  been  proved  that  the  empirical  formula  obtained  by  Dr. 
Francis  is  also  a  rational  formula  ;  it  is 

Qoc(/-J>^ )/;»/«. 
Now  an  incorrect  formula  is  sometimes  used 
Q  =  r/^3/'. 
Show  that  for  a  given  /,  although  a  constant  c  may  be  found  which  will  give 
a  correct  answer  for  one  value  of  hy  it  must  give  incorrect  answers  for  all  other 
values  of  ^^  (^33) 

13.  If  /  is  V  — /,  write  down  the  values  of  z',  /',  *'*,  ;'.     Find  Viy  +  30/,  V/, 

I  -r-  V/  each  in  the  shape  a  +  bi. 

If  a  +  bi  operating  upon  sin  qi  (where  /  is  the  variable  and  q  h  a.  constant) 
gives  a  sin  qt  +  b  cos  qt,  find  three  answers,  the  eflfects  of  operating  with 
V17  +30^  \^^.  and  I  -4-  V^upon  sin  qt.  (33) 

14.  Get  instructions  from  Ques.  13. 

The  voltage  applied  at  the  sending  end  of  a  long  telephone  line  being  v^  sin 
qty  the  current  entering  the  line  is 


/  S  +  il 


kq    .       ^ 
—  sm  qt 


ilq 

wher;,  per  unit  length  of  cable,  r  is  resistance,  /  is  inductance,  s  is  leakance, 
and  k  is  permittance,  or  capacity. 

If  r  =  6  ohms,  /  =  0*003  Henries,  ^  =  5  x  lO"'  farads,  /  =  3  X  10-'  Mho, 
and  if  ^  =  6000,  find  the  current.  (42) 

Note. — There  is  a  quicker  method  of  working  than  what  is  indicated  in 
Ques.  13,  using  Demoivre.     You  may  use  it  if  you  please. 
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1910. 

Stage  2. 

You  must  not  attempt  more  than  fight  questions  in  all,  including  Nos.  i,  2,  and 
3  ;  that  is  to  say,  although  i,  2,  and  3  are  not  compulsory,  you  are  not  allowed  to 
take  more  than  five  questions  in  addition  to  Nos.  I,  2,  and  3. 

1.  The  four  parts  (a),  (^),(^),  and  (</)  must  all  be  answered  to  get  full  marks  : — 

(a)  Without  using  logarithms,  compute  by  contracted  methods  to  four  sig- 
nificant figures 

5-306  X  0-07632-7- 73-15. 

{b)  Using  logarithms,  compute 

(2215  -T-4-i39)''«». 
{c)  The  value  of  gy  the  acceleration  \m  centimetres  per  second  per  second) 
due  to  gravity  in  latitude  /  is  (approximately) 

980-62  —  2-6  cos  2/. 
Calculate  this  for  the  latitude  52°. 
(d)  The  gunners'  rule  is  that  one  halfpenny  (the  diameter  of  a  halfpenny  is 
one  inch)  subtends  an  angle  of  one  minute  at  the  distance  of  100  yards. 
What  is  the  percentage  error  in  this  rule  ?  (26) 

2.  The  four  parts  (a),  (3),  (f),  and  {d)  must  all  be  answered  to  get  full  marks  : — 

(a)  A  hollow  cylinder  of  outside  diameter   D  and  radial  thickness  /  is   of 

length  /.  What  is  its  volume?  If  D  is  4  inches  and  /  =  0*5  inch,  if 
the  volume  is  20  cubic  inches,  find  /. 

(b)  Two  similar  ships  A  and  B  are  loaded  similarly.     B  is  twice  the  length  of 

A.  Th$  wetted  area  of  A  is  12,000  square  feet,  and  its  displacement 
1500  tons.     State  the  wetted  area  and  displacement  of  B. 

{c)  The  cross-section  of  a  stream  divided  by  the  wetted  perimeter  of  the 
channel  in  which  it  flows  is  called  its  hydraulic  mean  depth.  What 
are  the  hydraulic  mean  depths  when  water  flows  in  a  pipe  of  diameter 
d  (i)  when  the  water  fills  the  pipe,  (ii)  when  it  only  half  fills  the  pipe  ? 

(d)  What  is  the  number  of  which  0-6314  is  the  Naperian  logarithm  ?        (26) 

3.  The  three  parts  (a),  [b),  and  (<:)  must  all  be  answered  to  get  full  marks  : — 

{a)  If  xy'*  =  a  ;  if  ;c  is  5  when 7  is  10,  and  if  :«•  is  ll  when  j  is  8,  find  n  and  a. 
What  is  the  value  ofy  when  ;«:  is  7  ?  _ 

(b)  The  velocity  of  sound  in  air  is  66-3^//  feet  per  second  where  /  is  the 
absolute  temperature  Centigrade,  that  is  the  ordinary  temperature 
plus  273.  What  is  the  fractional  change  of  velocity  where  the  tem- 
perature alters  from  10°  C.  to  15°  C.  ? 

{c)  Assuming  the  earth  to  be  a  sphere  of  80CO  miles  diameter,  what  is  the 
circumference  of  the  parallel  of  latitude  52°?  The  earth  makes  one 
revolution  in  24  hours  (approximately) ;  what  is  the  speed  at  latitude 


52°  in  miles  per  hour  ? 


(26) 


4.  There  is  a  natural  reservoir  with  irregular  sides.  When  filled  with  water  to  the 
vertical  height  A  feet  above  the  lowest  point,  the  following  is  the  area  A  of 
the  water  surface  in  thousands  of  square  feet : — 


A 

0 

5 

10 

20 

30 

42 

50 

65 

75 

A 

° 

220 

322 

435 

505 

560 

586 

617 

624 

Find  the  average  value  of  A  between  A  =  10  and  A  =  65. 

What  is  A  when  /5  is  36?     Find  the  volume  of  water  which  would  raise 
the  surface  from  A  =  35J  to  ^  =  36J.  (22) 

6.  The  energy  stored  in  similar  fly-wheels  is  E  =  ad''n^,  where  d  is  the  diameter 
and  n  the  revolutions  per  minute  j  a  is  a  constant.     A  wheel  whose  diameter 
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is  5  feet,  revolving  at  loo  revolutions  per  miHute,  stores  18,500  ft.-lhs. :  find  a. 
"What  is  the  diameter  of  a  siKiilar  fly-wheel  which  will  increase  its  store  by 
10,000  ft.-lbs.  when  its  speed  increases  from  149  to  15 1  revolutions  per 
minute?  (22) 

6.  There  is  a  root  oi  x*  ■\-  ^x  —  11  =  0  between  i  and  2  :  find  it,  using  squared 

paper,  accurately  to  four  significant  figures.  (22) 

7.  A  steamer  is  moving  at  20  feet  per  second  towards  the  east ;  the  passengers 

notice  that  the  smoke  from  the  funnel  streams  off  apparently  towards  the 
south-west  with  a  speed  of  10  feet  per  second  ;  what  is  the  real  speed  of  the 
wind,  and  what  is  its  direction  ?  If  solved  by  actual  drawing,  the  work  must 
be  accurately  done.  (26) 

8.  If  J  =  20  +  V30  +  ■*■'»  take  various  values  of  ;p  from  10  to  50  and  calculate  y. 

Plot  on  squared  paper.  What  straight  line  agrees  with  the  curve  most  nearly 
between  these  values  ?     Express  it  in  the  shape  y  =  a  +  bx.  (26) 

9.  If  the  force  which  retards  the  falling  of  an  object  in  a  fluid  is  proportional  to  vs^ 

where  v  is  the  velocity  of  falling  and  s  is  the  area  of  the  surface  of  the  object, 
and  if  the  force  which  accelerates  falling  is  the  weight  of  the  object,  show  that 
as  objects  are  smaller  they  fall  more  and  more  slowly. 

Recollect  that  of  similar  objects  made  of  the  same  materials  the  weights 
are  as  the  cubes,  the  surfaces  are  as  the  squares  of  like  dimensions.  (26) 

10.  A  sliding  piece  is  at  the  distance  s  feet  from  a  point  in  its  path  at  the  time  / 
seconds.  Do  not  plot  s  and  /.  What  is  the  average  speed  in  each  interval  of 
time  ?  Assume  that  this  is  really  the  speed  in  the  middle  of  the  interval,  and 
now  plot  time  and  speed  on  squared  paper. 


s 

roooo 

I -1054 

1-2146 

1-3268 

1-4432 

1-5624 

1-6857 

i-8ii8 

t 

0 

o-i 

0'2 

o'3 

04 

0-5 

0-6 

07 

11 


12 


What  is  the  approximate  increase  in  speed  between  /  =  0*25  and  /  =  0*35  ? 
What  is  approximately  the  acceleration  when  t  =  0*3  ?  (22) 

The  sections  of  the  two  ends  of  a  barrel  are  each  12-35  square  feet ;  the  middle 
section  is  14-16  square  feet ;  the  axial  length  of  the  barrel  is  $  feet :  what  is 
its  volume  ?  (22) 

There  is  a  machine  consisting  of  two  parts  whose  weights  are  x  and  y.  The 
cost  of  the  machine  in  pounds  is  i2x  +  5/.  The  power  of  the  machine  is 
proportional  to  xy.  Find  x  and  y  if  the  cost  is  ^  100  and  if  we  desire  to 
have  the  greatest  power  possible.  Use  squared  paper  if  you  please.  (22) 
13.  According  to  a  certain  hypothesis  the  tensile  stress  in  a  rectangular  cross-section 
of  an  iron  hook  at  a  distance  j  from  a  certain  line  through  the  centre  of  the 
section  is  proportional  to 


I  - 


R 


When  R  =  10  and  c  =  i,  calculate  /  for  various  values  of  y  from  y  =  $ 
to y  =  —  5,  and  plot  on  squared  paper.  What  is  the  average  value  of/? 
For  what  value  of  ^  is  the  stress  zero  ?  (22) 


Stage  3. 

You  must  not  attempt  more  than  eight  questions  in  all,  including  No.  i  ;  that  is 
to  say,  although  i  is  not  compulsory,  you  are  not  allowed  to  take  more  than  seven 
questions  in  addition  to  No.  I. 
i.  The  three  parts  (a),  {b),  and  {c)  must  all  be  answered  to  get  full  marks  : — 

(a)  Without  using  logarithms,  compute  by  contracted  methods  so  that  four 
significant  figures  shall  be  correct^ 

5-306  X  0-07632  -*-  73-15. 


Examination  Papers 


447 


(6)  Using  logarithi 


compute 
(22-15 -J- 4- 


t39)" 


{c)  The  lengths  of  a  degree  of  latitude  and  longitude,   in  centimetres,    in 
latitude  /,  are — 

(I III '317 -5*688  cos /)io*  and 
(1111*164  cos  /  —  0*950  cos  3  /)  10*. 

The  length  of  a  sea  mile  (or  6082  feet)  is  185,380  cm.     What  are  the  lengths 
of  a  minute  of  latitude  and  of  a  minute  of  longitude  in  sea  miles  in  the  latitude  52°  ? 

(39) 
2.  A  telephonic  current  of  frequency  —  becomes  of  the  value 


27r 

C  =  Co«f~**  sin  (// 
in  the  distance  of  x  miles,  where 


gx) 


VfvV^^i' 


gives  the  Talue  of  h  if  the  minus  sign  be  taken,  and  the  value  of  g  if  the  plus 
sign  be  taken.  When  ^  is  very  large,  what  are  the  values  of  h  and  g  approxi- 
mately ?  \i  h  —  0*05  X  10"^,  r  =  88,  and  /  =  5000,  take  two  cases  (i)  when 
/  =  o,  and  (ii)  when  /  =  0*3,  and  in  each  case  find  the  distance  x  in  which 
the  amplitude  C  is  halved.  (39) 

Find  the  value  of  cosh  o'l  (i  +  i),  where  /  means  V  —  i.  (33) 

To  find  the  volume  of  part  of  a  wedge,  the  frustum  of  a  pyramid  or  of  a  cone, 
of  part  of  a  railway  cutting  or  embankment,  etc,  we  use  the  **  Prismoidal 
Formula,"  which  is  "  The  sum  of  the  areas  of  the  end  sections  and  four  times 
the  mid  section,  all  divided  by  6,  is  the  average  section ;  this  multiplied  by 
the  total  length  is  the  whole  volume."  Under  what  ciruumstances  is  this  ruLe 
perfectly  correct  ?    Prove  its  correctness.  (33) 

y  +  2 ^f  and  if  y  is  as  tabulated,  find  z  approximately.     Show  both  y 
and  z  as  functions  of  x  in  curves — 


5.  If» 


x 

4*o 

41 

4*2 

4'3 

4*4 

4'S 

y 

3-162 

3-548 

3-981 

4*467 

5*OI2 

5-623 

(33) 

6.  A  body  capable  of  damped  vibration  is  acted  on  by  simply  varying  force  which 

has  a  frequency/    If  x  is  the  displacement  of  the  body  at  any  instant  /",  and 
if  the  motion  is  defined  by 

^  +  ^^  +  «'x  =  fl  sm  iT^/t, 

we  wish  to  study  the  forced  vibration. 

Take  <z  =  i,  ^  =  1*5,  «'  =  4,  find  x,  first  when/=  0*2547  and  second 
whcn/=  0*3820.  (39) 

5v 

7.  The  following  values  of  x  and  y  being  given,   tabulate  —  in  each   interval, 

dy 
also  5 A  =y^x  and  A  =  fydx.     Show  in  curves  how  the  values  ©^  >'f  ^»  ^^^ 

A  depend  on  x. 
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X 

oo 

o-i 

0-2 

0-3 

0-4 

o-S 

0-6 

0-7 

0-8 

y 

6-428 

7-071 

7-660 

8-192 

8-660 

9-063 

9-397 

9-659 

9-848 

(33) 

8.  There  is  a  table  giving  values  of/  in  terms  of  jt,  and  another  giving  values  of  u 
in  terms  oi y.     What  is  u  when  x  =  8-3  ? 


X 

y 

y 

u 

7 

14-914 

15 

0-8169 

8 

16-128 

16 

0-7118 

9 

17-076 

17 

0-5543 

(33) 

9.  \{  pv  —  \ooty  and  /  =  3000  when  /  =  300,  find  v.  \{  p  —  3010  and  /  =  302, 
find  the  new  v.  If  the  second  set  of  values  be  called  3000  +  5/,  300  +  5/, 
and  V  +  5^',  what  is  ^v  ?     Now  use  the  formula 


»-  =  (I) '^+ (!'>'• 


and  calculate  Iv  in  the  new  way.    Why  is  there  an  error  in  the  answer?   (33) 
10.   The  value  of  j,  a  periodic  function  of/,  is  here  given  for  12  equidistant  values 
of/  covering  the  whole  period.     Express  jj/  in  a  Fourier  Series. 


13-602, 
10-130, 


18-468, 
5-612, 


20-671, 

1-877. 


20-182, 
0-486, 


[7-820, 
2-500, 


14-346, 
7-506. 


It  ought  not  to  be  necessary  to  say  that  18-468  is  the  second  value.    {39) 

11.  To  solve  x^  —  2QX  4-9  =  0  graphically,  it  is  evident  that  we  desire  the  value  of 

X  which  will  cause  x^  to  be  equal  to  20;t:  —  9  ;  plot  therefore  the  curve  _>/  =  jt^, 
and  plot  the  straight  line  2  =  20x  —  9.  Where  they  intersect  we  have  the 
value  of  X  desired.  When  the  trial  is  made  it  will  be  found  that  there  are 
three  answers  :  what  are  they  ?  (33) 

12.  On  the  indicator  diagram  of  a  gas  engine  the  following  are  some  readings  of  p 

pressure  and  v  volume.  The  rate  of  reception  of  heat  (if  the  gases  are  sup- 
posed to  be  receiving  heat  from  an  outside  source  and  not  from  their  own 
chemical  action)  is 


dv 


/  + 


K^/^-^^l) 


where  k  and  K  the  important  specific  heats  are  such  that 

Y.-k         ^300 


V 

2-0 

2-1 

2-2 

2-3 

2-4 

2-5 

2-6 

2-7 

2-8 

2-9 

3-0 

3' I 

'  p 

84-5 

IIO 

176 

215 

231 

234 

226 

213 

202 

192 

183 

175 
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V 

3-2 

3-3 

3-4 

3-5 

3-6 

p 

167 

159 

152 

146 

140 

Find  —  at  three  places;  where  v  -  2*05,  3*55,  and  at  the  place  of  highest 

Pressure.  (39) 

3.   When  a  shaft  fails  under  the  combined  action  of  a  l»ending  moment  M  and  a 
twisiing    moment    T,    according    to    what    is    called    the    internal    friction 

hypothesis,  

M  +  aVlA^  +  T» 

ought  to  be  constant  where  a  is  a  constant.  Test  if  this  is  so,  using  the 
following  nun.bers  which  have  been  published.  Considerable  errors  in  the 
observations  must  be  expected. 


M 

0 

0 

0 

1200 

1 160 

1240 

2800 

2840 

2760 

T 

4320 

4360 

4308 

4338 

4326 

4368 

3836 

3846 

3804 

M 

4400 

4320 

46CO 

5020 

5180 

53^0 

T 

2416 

2438 

2060 

0 

0 

0 

{39) 

»9i3. 
Lower  Examination. 

You  must  not  attempt  more  than  /•/^/^/ questions  in  all,  including  Nos.  i,  2,  and  3  ; 
that  is  to  say,  although  Nos.  I,  2,  and  3  are  not  compulsory,  you  are  not  allowed  to 
take  more  than  five  questions  in  addition  to  Nos.  i,  2,  and  3. 

1.  The  four  parts  (a),  {d),  {c),  and  {cl)  must  all  be  answered  to  get  full  marks : — 
(fl)  Without  using  logarithms,  compute  by  contracted  methods 

67  09  X  0-2534-5-  102-5. 
(3)  Using  logarithms,  compute  the  cube  root  of 

2-315  ^0-1573. 
{c)  State  the  values  of  the  sine,  cosine,  and  tangent  of 


{d)  The  Napierian  logarithm  of  a  number  is  3-1542,  what  is  the  number  ? 

(24) 
The  three  parts  {a\  (^),  and  {c)  must  all  be  answered  to  get  full  marks : — 

{a)  A  copper  plate,  3  feet  in  diameter,  has  a  square  hole  in  it  whose  side  is 
10  inches  ;  it  weighs  30  lbs.  :  what  is  its  thickness  if  i  cubic  inch  of 
copper  weighs  0*32  lb.  ? 
{i)  The  end  areas  of  a  prismoid  are  62*8  and  20-5  square  feet ;  the  perpendicular 
distance  between  them  is  15  feet;  the  midsectional  area  is  36*7  square 
feet  :  what  is  the  average  section,  and  what  is  the  volume  ? 


45° 
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{c)  An  equilateral  triangle,  whose  side  is  4  inches,  revolves  about  a  line  in  its 
own  plane,  thus  generating  a  ring.  The  centre  of  the  triangle  is  6  inches 
from  the  line.     What  is  the  area  of  the  surface  of  the  ring  ?  (24) 

3.  The  two  parts  {a)  and  {^)  must  both  be  answered  to  get  full  marks  : — 

{a)  An  arc  of  3  feet  subtends  an  angle  of  43°  at  the  centre  of  the  circle,  what  is 

the  radius  of  the  circle  ? 
(d)  If  2  =  ax^'* y''' ;  if  2  is  81  when  x  =  3*4  and>'  =  i*2,  find  a.  (24) 

4.  What  are  the  fact9rs  of  ;t' —  2-5jr  —  4-44?  ^  (24) 

5.  In  a  thick  cylinder  subjected  to  fluid  pressure,  at  any  point  whose  distance  from 

the  axis  is  r,  the  radial  compressive  stress/  and  the  hoop  tensile  stress/are  s'ich 
that 


where  a  and  b  are  constants.  If/  is  5  tons  per  square  inch  at  the  inside,  where 
r  =  4,  and  if  /  is  o  at  the  outside,  where  r  —  lo,  find  a  and  d.  Find  /  foi 
r  =  4,  6*5,  and  10,  and  show/" for  various  values  of  r  on  a  curve.  (24) 

6.  In  a  price-list  of  a  certain  type  of  machine  I  find  the  following  : — 


Diameter  of  cylinder 

8 

io*5 

12 

Price 

44 

60 

84 

What  is  the  probable  price  of  a  machine  whose  cylinder  diameter  is  9  5  ?     (20) 
7.  To  find  the  cross-section  of  a  river  90  feet  in  breadth  the  following  depths,  y  feet, 
were  taken  across  the  river;  x  feet  is  the  distance  from  one  bank  : — 

X 

0 

10 

20 

30 

40 

SO 

60 

70 

80 

90 

y 

3-00 

4-5 

5-6 

6 

57 

4-8 

47 

4'S 

4 

3 

What  is  the  area  of  the  cross-section  ?  The  average  velocity  of  the  water 
normal  to  the  cross-section  is  3*4  feet  per  second.  Find  the  flow  of  the  river  in 
cubic  feet  per  second.  (24) 

B.  If  the  JT,  y^  z  and  the  r,  Q,  ^  co-ordinates  of  a  point  are  related  in  this  way  : — 
r'  =  x'  •{•  y^  -f  2^,         X  =  r  sin  Q  cos  ^, 
^  =  r  sin  0  sin  ^,  z—r  cos  Q 

If  X  =  4,  jj/  =  2,  2  =  5,  find  r,  6,  and  <p.  {24) 


9.  If^  =i' 


(•  +  i^)%>f 


^  -t-  /'is  1*2  and  if  n  is  8,  find  r. 


J.O.  It  is  thought  that  the  following  observed  values  of  x  and  y  follow  the  law 
y  =■  A.  ^*.  There  are  errors  of  observation.  Test  if  such  a  law  is  probably 
true,  and,  if  so,  find  the  values  of  A  and  b  : — 


X 

10 

I'S 

2-b 

25 

3-0 

3-5 

4-0 

4-5 

^ 

13-28 

1 5 '04 

17-53 

19-80 

23*11 

26-00 

30-50 

34-40 

(24) 


point. 

Show 

that 

if>^  = 

■.ax\ 

dy 

'  dx- 

lax. 

There  is  a  curve 

;  y  - 

5- 

3^  + 

x\  find 

dy 

dx' 
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11.  State  exactly  what  we  mean  by  ~ .     Illustrate  your  meaning  by  the  speed  of  a 

(28) 

12.  There  is  a  curve  ;  >'  =  5  -  3jc  +  x^  find  ~.     What  is  its  value  at  the  point  P 

on  the  curve  whose  x  =  21  The  tangent  at  this  point  being  jj/  =  a  +  ^;r'what 
is  the  value  oi  b}  Calculate  a  from  the  knowledge  that  the  tangent  passes 
through  the  point  P.  (28) 

13.  The  plan  of  part  of  a  roof  which  is  a  plane  is  600  square  feet  in  area  ;  the  real 

area  is  800  square  feet ;  what  is  its  inclination  to  the  horizontal  ?  Prove  your 
method  of  calculation  to  be  correct.  (24) 


Higher  Examination. 

You  must  not  attempt  more  than  as^hi  questions  in  all,  including  No.  21  ;  that  is 
to  say,  although  No.  21  is  not  compulsory,  you  are  not  allowed  to  take  more  than 
seven  questions  in  addition  to  No.  21. 

1.  The  three  parts  («),  (3),  and  (c)  must  all  be  answered  to  get  full  marks : — 

(fl)  Without  using  logarithms,  compute  by  contracted  methods  so  that  four 
significant  figures  shall  be  correct — 

0*6709  X  25-34  -T-  0-1025. 

(^)  Using  logarithms,  compute  cosh  x  which  is  J  [e*  +  ^~*),  where  x  is  0-3154. 

(f)  If  i  means  kJ  —  i  express  3  —  4/  in  the  form  r  (cos  9  •\-  i  sin  0).  Express 
—  5  +  6/  also  in  this  form.  Divide  the  first  of  these  by  the  second,  and 
write  the  answer  in  the  form  a  +  bi.  (44) 

2.  Express  sin  at  cos  bt  as  the  sum  of  two  terms  and  integrate  with  regard  to  /.     If 

<j  is  Tp  and  b  is  3a,  what  is  the  value  of  the  integral  between  the  limits  o 

and  T  ?  (42) 

3.  In  a  geometrical  progression  where  r  is  the  ratio  of  any  term  to  the  previous  one, 

prove  the  rules  for  finding  the  last  term  and  the  sum  of  n  terms.     The  sum  of 
a  geometric  series  of  6  terms  is  1020,  ris  2-4,  find  the  first  and  last  terms.  (42) 

4.  The  lengths  of  the  intercepts  of  a  plane  on  the  axes  are   OA  =  4,   OB  —  7, 

OC—d.     Find  the  length  of  OP^  the  perpendicular  from  the  origin  on  the 
plane.     Find  the  angles  which  OP  makes  with  the  axes.  (42) 

5.  The  curves  =  a^*  passes  through  the  points  j:  =  \,y  =  3*5  and  x  =  10,^  =  12-6  : 

find  a  and  b.     This  curve  rotates  about  the  axis  of  x  describing  a  surface  of 
revolution.     Find  the  volume  between  the  cross-sections  at  jr  =  i  and  x  =  10. 

(44) 

6.  If  /o  is  the  moment  of  inertia  of  an  area  about  a  straight  line  in  the  same  plane 

passing  through  its  centre,  and  /  is  its  moment  of  inertia  about  a  parallel  line 
in  the  plane,  there  is  a  rule  which  enables  us  to  calculate  /  if  we  know  /^ ; 

prove  the  rule.     If  for  a  circle  /,  is  -r*,  what  is  /  about  a  tangent  to  the 

4 
circle  ?  (42) 

7.  1  he  following  values  of  x  and  y  were  observed  in  a  laboratory  and  theory  sug- 

gested that  there  might  be  a  law 

y  =  ax^  +  ^  X  lo*. 

There  are  errors  of  observation.     Using  squared  paper,  try  if  there  is  such 
a  law  and,  if  so,  find  the  most  probable  values  of  a  and  b. 
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X 

O'l 

0'2 

0-3 

0-4 

0-5 

o6 

y 

I -61               2-26 

3-20 

4-47 

6-21 

8-07 

(44) 


8. 


d^x   ^       Jx  .      ,  .      ^ 


expresses  iht  forced  vibration  of  a  system.     Imagine  the  natural  vibrations  to 
have  been  damped  out.     Take  «'  =  49>/  =  3»  f  =  5  >  fin<i  x.  (44) 

0.   Show  by  a  graphic  construction  that 

fli  sin  («/  +  <f J  +  ^2  sin  {«/  +  <?,)  =  a  sin  («/  +  «?). 
If  dti,  a.^,  <r„  (f,  are  given,  show  on  your  figure  the  values  of  a  and  e.  (42) 

10.  If,  in  partial  differentiation,  x  and  /  being  independent  variables. 

dx^  '"  dt  ' 
if  V  =:  v^  sin  ^/,  where  x  —  o,  and  if  z/  =  O  when  x  =  00 ,  find  v.      For  what 
value  of  X  is  the  amplitude  of  v  half  z^^  ?  (42) 

11.  Expressing  the  Scalar  Product  of  two  vectors  a  and  b  as  ab  and  their  vector  pro- 

duct as  Vab,  what  is  the  meaning  of  aVbc?     Show  that 

aVbc  =  bVca  =  cVab.  (44) 

12.  The  following  table  of  values  of  x  and  y  is  given.     Find 

d_y 


dx 


hen  X 


with  as  great  accuracy  as  possible.      To  get  the  most  correct  answer  the  whole 
table  is  necessary. 


X 

0 

■ 

2 

3 

4 

5 

6 

y 

6-98970 

7-40363 

778151 

8-12913    8-45098 

875061 

9-03090 

(44) 

13.  The  curve  y  —  \qx^  is  cut  by  the  straight  line  y  —  2x  —  10.  Find  the  co- 
ordinates of  that  one  of  the  points  of  cutting  for  which  j/  is  positive.  Find  the 
angle  between  the  curve  and  the  straight  line  at  that  point.  (44) 


ANSWERS   TO   THE   EXAMPLES 


Examples.— -I.     (Page  2.) 


1.  2,  3,  2,  3,    12,  31,  3. 

3-   tV>   ij   !2*5>   fi'lJ    -hi   A* 


2    8,  512,  27,  81,  10,000,000. 

4.  01,  0-3162,  I,  3*162,   10,  3i'62,  100 


Examples. — II.     (Page  2.) 


1. 

7. 

-I.         8.  a 

3.  f              4.  2-25.              5.  3-5. 
0.  05.         10.  1-5.              11.   -0-5. 

Examples.— III.     (Page  5.) 

1. 
2. 

2-3010;  1-3010  ; 
3-8942  ;  2-8942  ; 

0-3010;  4-3010. 
;  £-8942;  0-8942;  1-8942;  2-8942;  3-8942. 

3.  6-3336;  4-3336;  7-3336. 

4.  0-4972;  1-4720;  1-6695;  0-8956;  1-0538; 
6.  1433;  200;  30;  3-657;  0-1887;  0-002316; 
e.  0-8372;  1-2726;  i'5304;  2-1815. 


1-0689;  2-1954;  3-3755. 
0-05  82a 


Examples.— IV.    (Page  7.) 


1.  918-1. 

5.  581-5. 

8.  8076. 
13.  15-84. 
17.  0-3307. 
21.  13-59. 
25.  57530. 
29.  54-8. 
33.  108 10. 
87.  001176. 
41.  I  035. 
45.  16-88. 
49.  3220. 
53.  37390. 


2.  2-090. 

6.  269100. 
10.  0-002468. 
14.  0-5944. 
18.  0-4872. 
22.  6-310. 
28.  0-01902. 
30.  1-005. 
34.  1 135. 
38.  0-5338. 
42.  0-8228. 
46,  0-7025. 
50.  4-000. 


3.  40430. 

7.  0-003856. 

11.  1 1880. 

15.  15-35. 

19.  4-658. 

23.  2-929. 

27.  I -01 7. 

31.  1-838  X  10^ 

35.  0*1370. 

39.  1-079. 

43.  0-2133. 

47.  0-5504. 

51.  837-1. 


4. 

8. 
12. 
16. 
20. 
24. 
23. 


34*i8. 

410-7. 

601300. 

3*307. 

I '473. 

1*359. 

6056. 
32.  0-01645. 
36.  0-7945. 
40.  13-75. 
44.  0-9833. 
48.  31780. 
52.  3542. 


Examples. — V.     (Page  10.) 

1.  2-65;  3*58;  -4'7;  5*24;  -14-65;  23-56. 

5.  7-872  ft.  6.  81-7  ft.  per  sec.  7.  18-5. 


9.   57-6  ft.  per  sec. 
11.  308-S^ 


10.   -1170°;  -97-5°  and 


4    74-s«».  »66-2«^, 
8.  0*000071 ;  1 5aa> 
-5682O;  -473-5^ 


227-5^ 


454  Ansjvers  to  the  Examples 

Examples.— VI.     (Page  ii.) 

3.  (3-6o6.  se-s");    (5-38,  21-8°);    (3-16,   18-4°)  J    (3'6o6,  1137°);    iS'^Z,  2"°)  J 

(5.   i43'i°). 

4.  (0-966,  0-259);   (1732,  I);  (0-877,   rSo);  (-0-684,   i'S8);  (-1-53.    -i'29)t 

(I.   -1732). 

Examples.— VIT.     (Page  12.) 
2.  See  tables,  p.  470.  3.  23°,  62-9°,  53-1%  31-8°,  2i-8°,  35°,  60°,  787°. 

Examples.— VIII.  (Page  14.) 
2.  0*643  ;  —0-766  ;   —0-839.  3.    —0-643  ;   —0-766  ;  0-839. 

4.    —0-766;  0-643;   —  I'I92.  5.  0-8;  0-75 

e.   -0-8  ;  -0-75.  7.    -08  ;  0-75.  8.  0-8  ;  -075. 

Examples. — IX.     (Page  18.) 

1.-8.  The   numerical    values   are   given  in  the  tables,   p.  470  ;  the  signs  may  he 

verified  from  the  figures. 

9.  0-4493;  0-8934;  0-5029.  10.  0-7278;  -0-6858;  -1-0612. 

11.  —0-6613;   —0-7501  ;  o-8Si6.  12.   —0-7524;  06587;   —  i'i423. 
13.  0-8554;  -0-5388;  -o-,9903.  14.  12-4°:  59-7°;  673°;  52-4°. 

15.  —0-5774;  0-574;  0-284;  -0-961  ;  —  I  ;  0966. 

16.  -0-4162  ;  0-1357.  17.   -0-1392. 

18.   — 0-9191.  19.  0-909;   -0-416;   -2-184;  0-141  ;  —0-990;   -0-142. 

Examples. — X.     (Page  23.) 

6.  0954;  0-314.  7.  0-968;  3-871.                   8.  0894;  0-447. 

9.  0-8454;  0-6318.  10.  o-88o2  ;  1-855  l^-  09920;  0-1256;  7897. 

12.  0-6  ;  0-8.  13.  0-937  ;  0-374.  14.  U  ;  -/g. 
15.  fi;|e.  16.  i^;i?;?f.  17.  i?;f?. 

21.  sm  6  =  -^3,  tan  e  =      ""  ^^  , 

Examples.— XI.     (Page  26.) 

1.  ^  =  272  ;  c  =  3-21  ;  B  =  58°.  2.  B  =  34O  ;  a  =  5-635  ;  c  =  679. 

3.  A  =  41°  ;  a  =  177  ;  b  =  2-04  4.  r  =  4-34  .    A  =  38-4°  ;  B  =  51-6°. 

5.  fl  =  158  ;  A  =  70-8° ;  B  =  ig-z"".  -6.  3  =  926  ;  A  =  1905° ;  B  =  70-950. 

Examples.— XII.     (Page  30.) 

1.  a  =  3-161  ;  b  =  3-863  ;  C  =  1170.  2.  C  =  49°  ;  «  =  3-03  ;  c  =  2"j0. 

3.  a  =  7736  yds.  J  c  =  7073  yds.  ;  C  =  62°.     4.  C  =  53°  ;  ^  =  3-123  ;  c  =  3-727. 
5.  C  =  37-92°.  e.  A  =  110-25°  >  C  =  30-75-='. 

7.  B  =  24-25°ori5575°j  C  =  132-75°  on -250. 

8.  C=  126-94°  or  i-o6^;  B  =  27-06°  or  15294° 
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9.   B  =  56-15°  or  12385°  ;  C  =  84-85°  or  17-15°. 

10.  B  =  i6-i°  ;  C  =  142-9°  ;  ^  =  5-84. 

11.  A  =  38-6°  or  141-4°  ;  C  =  Ii0'4°  or  7-6°  ;  c  =  482  or  0-672. 

12.  d  =  146-7  ft.  ;  ^  =  283-7  ft. 

13.  6  =  44-95°  or  135-05°;  C  =  103-05°  or  12-95°;  c  =  S'SH  or  rzj, 

14.  0  =  56-7°  or  123-3°;  B  =  82-3°  or  15-7°;  ^  =  3S69  or  1-054. 

15.  B  =  31°  ;  c  =  237-2  yds.  ;  a  =  423-7  yds. 

16.  A  =  38-2°  ;  C  =  86-8°  ;  r  =  57-5.  17.  i  =  3-70  ;  A  =  405°. 

15.  B  =  59-1°  or  120-9°  ;  C  =  88-9°  or  27-1°.  19.  A  =  54°  ;  B  =  85°. 

Examples.— XIII.     (Page  32.) 

1.  <■  =  3-65.  2.  r  =  3*421  ;  A  =  35-95°;  B  =  102-05° 

3.  A  =  5° ;  r  =  s-72.  4.  r  =  2-903.  5.  c  =  3  877. 

6.  r  =  4-18.  -**  7.  3  =  5-307.  8.  a  =  3009. 

9.  a  =  2-84.  10.  c  =  5-265.  11.  a  =  264  yds. 

12.  a  =  583  yds.  13.  B  =  49-4° ;  A  =  7r6°. 

14.  C  =  105-4'^ ;  A  =  451°  ;  B  =  29-5°.  15.  A  =  33-6°. 

16.  c  =  67  yds.  17.  A  =  29^  ;  B  =  46-6°  ;  C  ==  104-4°. 

18.  A  =  8i-S°  ;  B  =  44*2°  J  C  =  54°.  19.  c  =  38  73  ft 


Examples.— XIV.     (Page  34.) 

1.  7074000  sq.  ft.  2.  5078000  sq.  ft.  3.  92*51  sq.  ft, 

4.  91050  sq.  yds.  5,   87340  sq.  ft.  6.   1 504  sq.  yds. 

7.   17-4.  8.  4718. 

9.  B  =  104-5  ;  ^''ea  =  2-783  sq,  ft.  10.   C  =  113-6°  ;  area  =  13  28. 

11.  C  =  51-3°;  A  =  i8-2°;  B  =  110-5°;  area  =  I'ljo. 

12.  A  =  44-4°  ;  area  =  14*7. 


Examples.— XV.     (Page  36.) 

1.  344  ft.              2.  1390  ft.              3.  335  ft.  4.  30  ft.            5.   586  ft. 

8.  89-6  ft.                7.  381-7  It.             8.   5863  ft.  9.   3962  yds.  ;  4023  yds. 
10.  27  6°. 

Examples.— XVI.     (Page  38.) 

1.  1680  yds.;  1248  yds.;  175-8  ft.        2.  340-9  ft.  3,  5473  ft* 

4.   1944  ft.                                               5.  3753  ft-  6.5189  ft, 

7.  5599ft.                                              8.   1321ft.  9.   144  yds.;  194-3  y<:s, 

10.   122  5  miles;  1 13  miles.                     11.   141*4  yds.  12.  3-005  milei>, 

13.  0922  sq.  inch. 

Examples.— XVII.     (Page  43.) 

6.  0-75.                            7.  0-981.  8.  imi  -,\7,. 

9.  ^fij.                              10.  \l}.  11.  0673;  0909. 

12.   *oj.                                 13.   3-6  sin  (2/ +  0-983).  14.  3*6  sin  (2/ -  0*588). 

15.  53  sin  (27r«/  +  0-557.    16.  37  sin  Ty  -  0-330  j  17.  17°.              18.  0-25. 
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Examples.— XVIII.  (Page  44.) 

8    -0-679.                       4.  0-S74.  5.   U;  ^,;  2^y 

6-  ^^  =  0777.             7.  ^j  =  0-533.  8.  -0-446  ;  0-895. 

10.  0994  ;  O'ln  ;  8944.  !!•  0*999 ;  -  0-019. 
12.  23  cos*  {fivni)  +  a  cos  2Trnt  -  b.  ^^'  0'8. 

15.  0-4.  16-  0-274  ;  0-962. 

Examples,— XX.  (Page  47.) 

11.  -  -  cos  \2pt  +  *  Y  12.    I  {  cos  /  -  cos  (4Tr«/  -».  g) ) 


Examples.— XXI 

.     (Page 

51.) 

1. 

81  lbs. 

2 

.  7*3  ins. 

3. 

,  3*34  ohm*. 

4. 

I  -225  dynes 

i. 

5 

.  22050;  0*417, 

6. 

17. 

7. 

2-43  lbs. 

•      8. 

H.  P.  =0-00091 

•Vw" 

9. 

1*04  ins. 

10. 

14  X  lO*. 

11. 

356  cub.  ft. 

12. 

2*5  ins. 

of  water. 

13. 

0-9982. 

14. 

6-756. 

15. 

1712. 

16. 

1-946. 

17. 

-0-274. 

18. 

I -060. 

19. 

-0-097;   2 

■57- 

20. 

373*1  lbs.  ;  5553  lbs. 

21. 

2-54. 

22. 

3-47. 

23. 

55-158. 

24. 

3215;  2232;  1723. 

25. 

457;  289; 

;  20-9. 

26. 

1972;  4-356; 

1-55- 

27. 

96-5 ;  937  \ 

;  700 

;  385 ; 

200. 

28.  97 ; 

94-3 

;  72;  41 

•4;  22-5. 

29. 

2-16;  2;  I 

■85;  I 

•66. 

30.  96-4 

;  93 

•4  ;  68-7 

;  369;  i8-6. 

31. 

199-2. 

32. 

31-13. 

33. 

8847-3. 

34. 

8-3. 

35. 

0-00000750. 

86. 

0233. 

37. 

0;  0-104  ;  ( 

3-199 ; 

0-285. 

88. 

1-644. 

39. 

0-2345- 

40. 

00208. 

Examples.— XXII.     (Page  55.) 

1.  £Z1  I4f-  2.  /1722.  3.  £2\  8i. 

4.  i-i  per  cent.  5.  16-48  yrs.  6.  i  6  per  cent. 


7.2715.(1-96).  8.  Aloss,;{;5294.  9    A 


(-S) 


10.  }^  per  cent  11.  D  =       ^^^      .  12.  x  =  "'^^ 


n     *^  1200  +  «r  ( 1 200  +  «r)  1 200 

13.  ;^77a.  14.  /:209o.          15.  /93-i.  16.  ;^io96.           17.  £s^<^ 

Examples.— XXIII.  (Page  58,) 

1.   136  yds.  2.  6484  sq.  yds.  3.  4*4  sq.  ft 

4.  5*37  sq.  ft.  6.  20  cub.  ins.  6.  194  cub.  ft. 

7.  5-17  ins.  8.  50266  sq.  ft.  9.  772  cu.  ins. 

10.  0*029  in.  11.  Cross-section  =  00353  sq.  in.  ;  diameter  =  0*212  in. 

12.  4*936  lbs.  13.  I  in.  14.  0-19  in. 

15.  1588  lbs.  16.  0*26  lb.  17.  555  lbs. 

18.  4*35  ins*  19.  1224.  20.  3010  Iba. 
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21.  20I0.  22.  245  lbs.  ;  3  ins.  23.  1*59  mm. 

24.  1-004  in. ;  2-56  lbs.    25.  198- 1  lbs.  26,  8 '8  ins. 

27.  lo- 1  ins. ;  6-67  ins.     28.  207-3  sq.  ins.  29.  7633. 

30    3-67  ins.  31.  62400  cub.  ft. 


Examples. —XXIV.  (Page  61.) 

8,  0-9998.             4.  0-994.             5-  1*006.  e.  0*988.             7.  0*9991. 

8-  o'9933'             ®-  I'oi-             1^-  io'099.  11.  i5'937-         12.  27019. 

13.  14967.            14.  60092.         15.  8*9959.  16.  0-0102,         17.  0*00198. 

18.  0-9911.            19,  0-3  per  cent,  deficit.  20.  0-35  per  cent. 

21,  43  sees.           22.  15-7  cub.  ins,  23.  2  per  cent. 

24.  (a)  the  ratio  is  diminished  by  15  per  cent,  j  (3)  it  is  diminished  by  2$  per  cent. 

nearly, 

25,  4  per  cent. ;  i  per  cent,  j  —  i  per  cent.  23.  2  per  cent,  deficit. 


Examples,— XXV.     (Page  64.) 
1.  1*356  X  10'.  2.  445000  dynes.  3.  5240.  4.  981  cm.  per  sec.  per  sec. 

Examples.— XXVI.    (Page  66.) 


1.  i;  0*5.  2.  -3*12;  -0*21.  3.  1*566;  —0*766. 

4.  I  ;  -  2|.  5.   -  1-15  ;  065,  6.  0*3  ±  0*8431. 

7  '  ±  ^'^^^'  8    -  13  1  29*03/  Q    2-5  ±  4-945/ 

'•         6       *  46  •  •  2-6         • 

10.  -  0-55  X  10* ;  -  029  X  lo».      11.   -  0*4  X  10'  equal.     12.   ~'  9  ~  o    ^t ^ 


EXAMPLES.-XXVII.     (Page  67.) 

1.-2;  -I.  2.   -3;  I.  3.   -i;-i.  4    -3;  -2. 

5.  2 ;  -  5.  e.  6  ;  f  7.  2*5  ;  -  3.  8.  2  ;  04. 

9.  ^;-f  10,  2;  4.  11.   ±i^.  12,   ±m;    ±im. 

13.  The  roots  are  real  and  uneq-jal,  equal  or  imaginary  according  as  L  is  less  than 

equal  to  or  greater  than  ^R'K. 

14.  {a)  -  ijio*,   -  8^10*;  {d)  -  (I  ±  Oio«j  (0  -  2  X  io«. 

15.  ±  -L.  16.  K«=  ^'  17.  -  1-29  ±  1575'. 

/s/mA  ^  gh 


Examples.— XXVIII.    (Page  69.) 


4.   -2;   "  3  ±  4-8^^  5.   i;  -i;  2J3. 


1.  i;  2;  -4. 
4 


Examples.— XXIX.    (Page  69.) 

1.  2*255.  S.  1*77.  8.  0*750.  4.  0*0702. 

6,  47*5.  e.  2-5.  7.  182,  8.  o?  0-527. 
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E3CAMPLES.— XXX.     (Page  72.) 

1.  3'6  ;  38.  2.  m  =  i'2  ;  £  =  22.  3.  —  i9'5.  4^  7  =  9  -  3jr, 

5.  4;=  8;>'  =  5;  »  =  II. 

6.  x  =  —  1*848,  or  o'648  ;  y  =  —  3*544,  or  3*944. 
1.x—  2*396,  or  0*046  ;  jK  =  6'iS8,  or  —  o"862. 

8.  f=^.  ».  2;  5.  10.  5*44.  11.  82-4. 

12.  tf  =  21  ;  *  =  36  ;  f  =  1*2.  13.  J/  =  4*2jc^". 

14.  jK  =  2*8:«-i'».  15.  42*66. 

16.  P  =  125  +  i*3V«.  17.  n  =  1*25  ;  C  =  7550. 

18.  «  =  137  ;  C  =  550.  19.  0*55.  20.   -  1*483. 

21.  ^  =  36  ;  a  =  3*102  X  10-".  22.  23*62. 

23.  /V^-T  =  c;f  f,i-r  24.  262-5. 

25.  ^  =  K  \ogJj  -  R  log,|  ;  </»  =  ^  log.^  +  R  log,^ 

26.  a  =  3*8  ;  ^  =  0*15.  27.  a  =  56*5  ;  3  =  —  0*23. 

28.  0*308.  29.  a  =  0*0455  ;  ^  =  -  0*01856.       30.  903  x  10^. 

31.  A  =  6*101  ;  B  =  1520  ;  C  =  123000.  32.  00947. 

83.  0*08265.  34.  a  =  1*552  ;  b  =  0*0105  ;  c  =  003 19. 


Examples.— XXXI.     (Page  75.) 

12  10^  -  22.a:  -  6  2x-  +  2lx  +  13 

^-  JT^  -  4*                    ^-   (a;^  -  9)(ar  -  2)-  ^-   (j:  +  i){x  +  2)(jc  -  5)' 

A       -  17-^ +  254: +  348  5x»  +  13-=^  +  16 

*-  (2jr  +  9)(3x  -  i){^  +  7)*  ^'  (jf2  +  2*  +  5)(-^  -  3)' 

-;r'+i5^-4l  ^    54:^  -  13^  4-  lo 

"•  (^  _  4^  +  9)(;p  -2)  '•  (*  -  2)''(:r  -  I)* 

Q    i3^_+_74£+i32  J,    S.r'  +  22;c  +  19 

**•     (x4-S)V  +  2)*  ^'  ^x-\-2,)\x^i)' 

2X-  S  I 

^^-  {X  +  2)(2.;c  -  I)*  ^^'   (X  -  1){X  +  2){X  -  3). 


Examples.— XXXII.     (Page  77.) 


d;-2~j:+2                      '  JP  +  3      j:  +  5  •^+i^;i:  +  6 

^1,1                        5           5  ,.         4              0         I        ■        I           _2_. 
:«:  +  3"^a:  +  2'                    *   9(-^  -  5)       9(-^  +  4)*         '  x  -  I  "^  x  +  2      x  +  S 

7    _i_+_? 4_  o    _1_4. L-_+_£_. 

'•*-3J?+2       2J«:+l'  *x+I^(;t:  +  l)«J:-2 

9          4         .        7                 2  10    _JL- _  4.  __L__            ' 

•   I5(^  -  2)  "^  5(j;  +  3)  ■"  3(:r  +  I)  •  *  9(J^  -  4)  "^  45(2^  +  0  ~  5{^  +  3)  * 
11          5         ■         I                 4        ., 
^-^  6(:r  -  I)  ^  2(:t  +  I)       3(-«^  +  2) 
12.          I          .           I 


7o(x  -  4)      3o(j;  +  I)      3o(jr  -  2)      7c(x  4-  3) 
flg    _JL_ L_  ^ S__  1^  __9 iL   . 


7(^  -  4)       6(x  -  3)       4Mx  -t-  3)'  SU  -f  4)       *  +  3  ^  S(*  -  0' 


15. 
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I  4 


49(-^  -  3)       49(-^  +  4)       49(2J^+i) 


'*'•     (X   -    I)    +    (..    -     I)'    -r    (^    _    4)    +    ;,    4.   3 

17        2-^+3       .        3  TO    _1_       _3fL±_L_ 

'^ '     ;r«  +  3x  +  4       2a:  -  I'  "  ^°'  x  -  2       x-  +  x  +  ^ 

19.  _L'£j:l^3_  .  _il_  .  __7 20.  _L_  f-L J__\ 

64(4;'  +  *  +  2)      64(jr  -  2)       8(.r  -  2)'  3  -  a\^0  +  a      «  +  /^^ 

Examples.— XXXI 11.     (Page  81.) 

1.  0-4609  ;  0-4664  ;  27-47°  ;  27 '2°.  2.  09483  ;  0-9473  ;  7i-8*>;  71-48°. 

3.  0-5358  ;  0-5314  ;  5775°  i  57'2°.  4.  0-6644  ;  0-6556  ;  3311°  ;  33-43° 
5.  0-00785  ;  0-0253  J  0-04275.  6.  0*5978  ;  0-6056  ;  34*38°. 

7.  68-47°;  137-5°.  8.   1-110162. 

9.   1-030810.  10.   -0-7146  ;  135-78°. 

Ex  iMPLES.— XXXIV.     (Page  82.) 

1.  6214*2 ;  6290-1.  2.  00024713  ;  0*00246214.  3.  5-076  ;  14-907. 

4.  0-9871  ;  0-8873.  ^-  82-9;  188-3.  e.   18420;  2-0108. 
7.  2-7386;  2-8723. 

Exam p:^s.— XXXV.     (Page  85.) 

1.  /118-87  ;  /■i8o-S7.  2.  135  yds.  ;  275  yds. 

3.  7400  lbs.  steam  per  hour  ;  54c  Ji.P.    4.  21364;  20895;  I987I' 

5.  32-8  ;  40.  6,  4-5  ins. ;  2450  lbs. 

7.  2880;  121-2°.  8.  6 -17  cub.ft.;  5 -45  cub.  ft.;  4-83  cub. ft. 

9.  186  ;  198.  10.  4  -  3  ;  4  -  25. 

11.  49-77  ;  44-26  ;  42-58  ;  23-35.  12.  665000;  870. 
13.  117  ;  161  ;  213.  14.  ;^ioi,  about. 
15.  1450.  16.  29/.  10^. 

Examples.— XXXVI.     (Page  9a  ) 

9.  _y  =  ^x  +  7}.  10.  .y  =  2.r  -  7.  11.  jr  =  -  5x  +  3. 

12.  3>/  +  4r  +  I  =  o.  13.  ^  =  -  o-6j:  +  22  14.   5;/  +  8^-  -}-  i  =  o. 

15.  11J/  +  *- 39  =  o-  16.  >/ =  -  3;r  +  8.  17.  ^  =  o-ijr  -  2-3. 

Examples.— XXXIX.     (Page  102.) 

5.  2-60 ;  3-45.  *  14.  ;^io9  5x.  5</. ;  jCiM  19s.  (^\d. ;  5J  years. 

16.  8-2  ft.  per  second.  18.  0-71. 
19.  86  amps  ;  126  amps.  20.  0-14. 
21.  20-1  ins. ;  12*2  ins.  ;  1 10  lbs. 


Examples.- XLIII.     (Page  118.) 

6.  *  =  sin  (1-2043/)  ;  values  of  /  are  taken  as  abscissae. 

7.  x  =  sin  (-  1-2043/). 

8.  J-  =  6  sin  (0-5236/  +  0-7854)  ins.  ;  x  =  6  sin  (0-7854  —  0-5236/). 

9.  ^  =  9  (I-0472X  4-  0-2269).  10.  /  =  1-8  cos  (240*/  —  0-733). 
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Examples.— XLV.     (Page  121.) 
14.  ^  =  3  sin  (47r/  +  07S54)  +  2  sin  (47r/  +  2-356). 


Examples  — XLVI.     (Page  126.) 


1.   13  ;  -2-1.  2.  0-31  ;  052.  3.  2.                     4.   1  ;  2  ;  5. 

5.   -1-3.  e.  3;  -2j  -1.  7.  1-2;  41.        8.  0649. 

8.   -0763.  10.  2506.  11.  21.               12.   1-31. 

13.  0-384.  14.  013.  15.  031  ;  086;  1429. 

16.  4-49.  17.  3637. 


Examples.— XLVII.     (Page  12S.) 

1.  y  =  2j«r-3.  2.  ;/  =  i'4jr  +  7-6.  3.  ^  =  -  o*o8jc  +  11-5. 

4.  L  =  606-5  -  0-6950.      5.   H  =  606-5  +  o'sose.        6.  V  =  100  +  0-367/. 
7.  /=  10  +  0-00534W.     8.  V  =  100  +  0-0180.  9.  s  =  1-00664—0-0005570. 

10.  S  =  0-033266  —  0-0000092/.  11.  S  =  73  +  0-73/. 

12.  S  =  54-2  +  0-5/.  13.  A  =  295  +  ir8«.  £37  T^- 

14.  P  =  2-75H  +  10-04  J  C  =  ^-^  +  2-75.  15.  ;f:95  :  P  =  3*32'/  +  2-23. 

16.  z'  =  o-844«.  17.  W  =  60  +  23751.  18.  W  =  43+i6I. 

19.  W  =  62  +  13I.  20.  133  amps.  ;  A  =  0-0423P  +  48-5. 

21.  Torque  =  7*3  X  current. 

W 

22.  P  =  0-12W  +  2-4  ;  elTiciency  =  — „;-t-^. 

3-3W  +  55 

Examples.— XL  VIII.     (Page  135.) 

1.^  =  21+  o*2jr*.  2.  jf  =  103  +  5^:*.  3.  >  =  20  -  3jry. 

4.  xy  =  I'Sx  —  i'2y.  5.  _y  =  47  —  0*074:'.  Q.  y  =^  5-6  +  o-3.ry. 

7.  ^  =  jry  —  1-5.  8.  .ry  =  I2-6j:  —  15-9J.  9.  xy  =  0-67.*:  +  Y'lyy. 

10.  y  -  6-32  4-  o  326J:'.  11.  ^  =  31  +  o-oo65;ry.  12.  H.P.  =  I  -26V»+ 125 

13.  V  =  -.  14.  R  =  6  +  0009V'.  15.  P  =  2-8S'  4-  3*1. 
16.  P  =  5-iS«  +  2-2.              17.  a:  =  0-7  +  ^~,  18.  V  =  45  +  13. 

A  A 

19.  V  =  47-5  4- 5^.  20.  V  =  42+^^.  21.  D  =  ^^^ 

22.  D  =      '^     ;  1-26.  23.  v  =      ?'°^^^  ,.  24.  E  =  286/  +  0001/'. 

144  -  r  *  14-  0-0350 


Examples. — XLIX.    (Page  141.) 

1.^=5  +  o-6jr  -  o-ijr*.  2.  0  =   132  +  08754:  +  o-oii254:». 

8.  E  =21483  -  o  295/  -  0-02415/'.         4.  7  =  io-*(i82,ooo  4-  0*175/  +  o'035/') 

Examples.— L.     (Page  143.) 

1.  >' =  2*  4- 0-05.  2.  >- =  3-2jr  +  9.  3.  ^  =  2j:  4-  18-3. 

4.  y^  A'Vc->t  12-7. 
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1.  7  =  x=' 

4.  ^  =  z'Sx^. 

7.  y  =  3oar~". 
10.  H  =  113. 
13.  «=r37. 


6-4 


16.  F  = 

19.  V  =  1400/^1 ». 
22.  P  =  o'Sz/'". 
25.  C  =  75OA0-". 


Examples. — LI.     (Page  148.) 


2.  J 

6.y 

8.y 

11.  n 

14.  « 


:  1-3^. 

:0-9. 
:I-4I. 


17.  D  =  0-9811^. 

20.  I  =  4-1700  ST. 
23.  E  =  o-02Bi8. 
26.  /i  =  o-oooi4V0  5*. 


3.    ^    =    0-044  74:^  "^^a 

6.  ^  =  2-5jH^3  5<  lo-w. 

9.  jK=  ro5Ji:-o'»*. 
12.  «  =  1-3. 
15.  /  =  237/0"29. 

18.  D  =  I4-8N"*. 
21.  W  =  2350^3 », 
24.  C  =  42oAo-^. 
27.  /*  =  O-I5L-0-77*. 


Examples.— LII.     (Page  156.) 


1.^  = 

4.>/  = 

7.^  = 

10.  fi  = 

13.  A  = 

15.  d  = 

17.  log 

18.  j  = 

19.  /i 


0-185. 
=  29-9,  K  =    - 

e  =  2*07548 


2.  y  =  O-34/0** 
5.  ^  =  325^. 
8.  >/  =  loefooz*. 
11.  ^  =  0'172. 

•0-000039. 


3.  y  =  2-jog-^. 
6.  jf  =  275o<?~*. 

9.  J/  =  3<>0  0252^ 

.12.  /i  =  535oor-o«». 
14.  W  =  ioo^-«*oooo32A, 
16.  e  =  20-65e^'oo6o«. 
00006135/  4-  0-000001745/'. 


Qo^ooit .  log  s  =  178  +  0-17 0044 


(looj* 


=  oo28r-«««. 


20.  fi  =  o-043<f" 


I.  2-33. 

5.  1041  lbs. 

0.  0-333. 

13.  22  5  ft.-lbs. 

17.  IO-8  sq.  ins. 


20.  1S20,  2305,  2740,  3150,  3310 


Examples.— LIII;    (Page  166.) 

3.  2765.  4.   1005  lbs. 

7.   152  ft.  8.  3-14  ins. 

11.  0-5.  12.  20-11. 

15.  3475-  10-  8150. 
19.  674  sq.  ft. 

21.   10-7.  23.   i6-oi. 


2.  24- 9. 

6.  9*3  ft.  per  sec. 

10.  0637. 

14.  1 1 -8. 

18.  18  8 


1.  25. 

5.  -12-5. 
9.  0-1795- 


2.   15  ft.  per  sec, 
6.   1-187. 
10.  0010. 


Examples.— LIV.    (Page  171.) 

3.  32-2  ft.  per  sec.  per  sec.    4.   —60. 
7.  0-222.  8.  o  0000049. 

11.  0-925.  12.   -0-799. 


Examples.- 

1.  3*S-  2.  0-0435. 

9.   II  ft.  per  sec.  per  sec.  ;  136*7  lbs. 
21.  1*00383;  1-OC283. 


-LV.     (Page  181.) 

5.  2005  ft.  per  sec       7.  3-2 
10.  59  ft.  per  sec.  per  sec. 
25.  About  ;{;290.  23. 


8.  0-15. 

3-8i. 


Examples.— LVI.     (Page  190.) 


I.  3. 

2.  05. 

3. 

-2. 

4.   -0-75. 

5.  3. 

6.  4. 

7.   -3. 

8. 

-0-6, 

9.   -0-13. 

10.  0-253. 
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11.  a.  12.   -3.  13.  0-5.  14.   -1-2.  15.   -3. 

16.2.  17.000366V..        18.1.         20.  2-6;  o.         21.^4-         22.  2-8j. 


Examples.— LVII.     (Page  194.) 


1. 

2jr. 

2. 

4-1^. 

3. 

2 

4. 

j:=* 

»-^? 

6. 

i-22x^-^. 

7. 

8. 

I  •25«0"2B. 

9. 

I 

2V«- 

10.  8-33 

11. 

o'3j-»"7. 

12. 

1152 

13. 

^ 
?' 

14. 

2a/. 

Examples.— LVIII.     (Page  195.) 

1.    64? -2.  2.    -5-  l2Ar. 

3.  24J?*  -  15J;*  +  28jr«  -  3jr»  +  4jr  -  I.  4.   2l;i:«  -  84^'  +  30^^  -  s. 

5.  gx^  -4X  +  $x*  -  6x».  6.  5  +  12/. 

7.  ^  +  2^/.  8.  33* +-^ 

9.  r57^<'-2i  -  4-6^i-3  +  ,3.8x^8  _  i.      10.   -^  -  ^  +  3-75-r-*- 

11.  3-9^'  +  25-2X-4 «  -  -5^  4-  '3'^. 

12.  2'S;ri"8  -  i-36jr0»8  +  874:1 »  -  o'Oi34:-0  887. 

13.  V3^-^  +  !^e  +  7-=«^'  +  -.•  14.  i-5«o»+  1*6 1  . 

^^•^■"i"r^2--  18.^-|+iV 

19.  6x  -  3  -  -^ 4  +    %.  20.  s.*  -  9j'  +  Is-l 


3^:5       5jro 


21.  42/-  -  I  -  ^,  -  — ^.  22.  -  2-364Z.-3-364  -  ^  -  ,  5z^. 


23.  I  -  ^+  if.  24.  o  24r-0  8  +  r6jr-oa  _  46^ «  -  22-5t-*» 


510  00         t 


^.  J  -^-         27.  -  3o8-5/-i«».        28.  sx\  6x,  6,  o,  <x 


25.  -^.        28.  - 

42.  55  ft.  per  sec. ;  12  ft.  per  sec.  per  sec.  43.    -  ^^  f.s.  ;  tj^^  f.s.5. 

44.  32-2  f.s.  J  64-4  f.s. ;  96-6  f.s. ;  128 -8  f.s. ;  32*2  f.s.s. 

45.  Velocity  =  32*2/  —  200  ft.  per  sec.  ;  acceleration  =  32*2  ft.  per  sec.  per  sec. 

46.  Velocity  =  2ci  +  6  ;  acceleration  =  2c. 

47.  Momentum  =  500  +  1680/ ;  kinetic  energy  =  625  +  4200/  +  7056/*, 

r 

48.  -  ^.  50.  J  =  I  +  4io-«  e  +  9-IO-'  ef. 

51.  X  =  o'0947  +  o'ooo994d  —  0*00000036^'. 
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54.  -TL^l  —  --  h  4^,r-_^M;  -^;  -|^. 


55.  ^  =  1  +  i6x'.  56.  7  =  2(:r  +  i)'. 


Examples. — LIX.     (Page  200.) 
a  33-S^i-3^  4.   -  i3-02^i*.  5.  ^^.  e.   -  46^»«. 

7.  i-3<^'3".                    8.  r3^i-3u  +  6,                       9.  le-ijr^-s- io-4^»-2*. 

10.  -  ^a^-»«  +  23r^".  11.  r3j0'3  -  io-92j3'2  -  lo'zr-*, 

13.  I -571  X  4-8r.  14.  1-666  x  27,2^.                             15.  1-047  X  t^K 

16.  0-839  X  2-5'.  17.  ^;  9<f3a:;  cc^c'^,                           19.  o. 

20.  o.  21.  0  =  ^1  +  ^2;  D  =  aiflj.  24.  V,. 
25.  ^  =  2  +  3^. 

Examples.— LX.     (Page  205.) 
1.  3  cos  3*.  2.-2  sin  zx.  3.  \  cos  \x. 

4.   -  J  sin  |.  5.  3  sin  (-  yc).  6.  -  cos  (-  \x). 

7.  94  sin  (-  2-35jc).  8.  4  cos  (2x  -  4).  9.  9  sin  (2  +  3jr). 

10.   15-5  cos  (2-5  4- 3'i-^)-         11-   -6sin  (I  -  3jr).  12.    -  30  cos  (2  -  cjr). 

13.  o-ci  sin  {\  -  \x).  14.  0-3517  cos  (o-35ix  +  0-273). 

15.  3-89  sin  (371  -  iS2j:).  18.  an  cos  («/  +  «). 

17.  A/  cos  {pt  +  a).  18.    -  Kp  sin  (/>/  +  a). 
19.  Kc  cos  (f/  +  o)  +  V.C  cos  (<:/  ~  o).          20.  A  cos  (^  +  e). 

21.  3  09  cos  (1-03/  +  2-51).  22.    27r/^COS  (27r//  +  ^). 

28.  COS  jr,  —  sin  x,  —  cos  x,  sin  x,  cos  x,  and  so  on  ; 

—  sin  X,  —  cos  X,  sin  x,  cos  x,  —  sin  x  .  ,  . 

29.  -  aq"  sin  (^r/  4-^).  30.   -  12  sin  (2x  +  4). 
31.  -  21-1  cos  (2-6x  -  4*1).                      33.  o.  34.  a 

35.  -2^  =  ap  cos  pt  —  bp  sin  //  =  —  p»Ja*  +  b^  sin  (//  —  «),  where  tan  a  = 

36.  Velocity  =  2jr«<z  cos  (2x«/  +^)  ;  acceleration  =  —  ^-n^n^a  sin  (2ir«/  4-^). 
38.  Kinetic  energy  =  JMa'^'  cos'  qt ;  momentum  =  Ma^  cos  f/; 

force  =  —  Ma^*  sin  ^/. 
89.  io-*AH^  cos  qt  volts. 

42.  a  cos  /  +  2b  cos  2/  +  Zc  cos  3/  ;  -  /z  sin  /  -  41J  sin  2/  -  9^  sin  3/. 

43.  Velocity  =  r^  cos  qt ^  sin  2qt ; 

acceleration  =  ~  rq^  sin  qt j-  cos  2f/  ; ^  ;  —  r^-  +  -y  ; j, 

44.  Velocity  =  2'»r/a  cos  {i-^Jt-Vg)  +  3V^  cos  {^-nft  -f  /4)  ; 

acceleration  =  -  4^'/''»  sin  (2Tr//  +  ^)  -  9xy'<^  sin  (371/?  +  h). 


Examples.— LXI.     (Page  208.) 

1.1.  «^  »•!•  --f^:!- 


6  -'s-.  e.  -i?:?-.  7. 5:^343.  8. 


4^4  Answers  to  the  Examples 


»J.  10.-.  n.^.  16.^7^ 


17.  ^^  +  575 .  io-« .  /  -  3150  .  io-«. 


Examples.— LXII.     (Page  209.) 

1.  Sx*  -  \^'  +  cos  X,  2.   I  ix^*  -4  +  2  sin  2x. 

3.  -I7j:-a'  -  \e-¥  +  3  cos  (3^  +  2).        4.    -2-3 5^-2-36* +  3  5x25-2  sin  (^jr- 1). 

6.  -  i-2*-i««  +  o-6x-^'*'  -  15  cos  (3jr  4.  4)  _  12  sin  (2j:  -  i). 

6.  -2'3^«  _  ^/-4  +  5/-*  -  12  sin  (I  -  3/). 

7.  2-6jt«»  +  2IX-"  +  6^»  +  6^-»'  +  2  cos  {2x  +  I). 

8.  ii-6«J-7  4-^°f +  2-53<;ii«. 

9.  2r4«''»  +  63  cos  ( I  —  3k)  —  21  5  sin  (2  -  4*3«)  — i. 

10.  3/«  -  I  -  i  -  1-3^3  +  2-6r-»«. 

11.  s«*  -  6^^"  +  ^!  -  6^""  -  iV^  +  3'6^'*". 

12.  2c^  -  6  cos  (2/  +  i)  -  12  sin  (3/  ~  2)  -  4  cos  (i  --  4/)  -  2  sin  (I  -  /), 


Examples. — LXIII.    (Page  211.) 

1.   -^-2*  (sin  j:  +  2  cos  x).  2.  ^^  {cos  {x  -  i)  -  z  sin  (jr  -  i)}. 

3.    -^»*{2cos(3-2.r)  +  5sin(3-2;r)}.      4.  ^f  +  2  cos  2^  log,  U  +  i). 

jr  +  I 

5,  3  cos  yx  cos  S^r  —  5  sin  34;  sin  5^;.  6.  28  cos  4jr  cos  6x  —  42  sin  44:  sin  6x. 

7.  70  sin  3jc  cos  7x  +  30  cos  3^  sin  7x         8.   —  75  cos  6x  sin  54;  —  90  sin  6jr  cos  5*. 

9.-3  sin  (2j:  +  i)  sin  (3^;  +  2)  +  2  cos  {ix  +  i)  cos  (3jr  +  2). 

10.  —  3  sin  (3;r  +  i)  cos  (4JC  —  5)  —  4  cos  {yc  +  i)  sin  (4JC  —  5). 

11.  2  sin  {zx  +  i)  cos  {2jr  +  3)  4-  2  cos  [zx  +  i)  sin  (2x  -f  3). 

12.  a  sin  (oj:  +  b)  cos  (dur  +  </)  +  a  cos  [ax  +  ^)  sin  (ojt  +  d). 

13.  —  ^  cos  {ax  +  3)  sin  [bx  ■{■  c)  —  a  sin  (ajc  +  b)  cos  (^x  +  ^). 

14.  —  c  sin  (a;c  +  b)  sin  (rj;  +  f/)  +  a  cos  (ax  +  ^)  cos  [ex  +  fl^. 

15.  j:*  cos  ;c  +  2,^  sin  ;r.  16.  2:i:i  3i  cos  (20-  +  i)  +  V^ix^^  sin  {2jr  +  i). 
17.  xV«  (2jr  +  3).          18.  ^-'  ^6'  [bx  +  «).  19.  o.  20.  a  21.  a 


Examples.— LXIV.     (Page  213.) 


1. 

2  COS  IX      3  sm 
X*                   x" 

if, 

> 

2. 

_sin(l-3jr)       3 

cos(l-3x)^ 

8. 

r^       3^u 

2X^X          ^X 

4. 

2X^»        l-S^' 
^    1-      ^      • 

5. 

COS  X          sin  X 

6. 

sin  X  +  cos  X 

1^ 

log  j:      jt  (log  x)* 

7. 

sin  4f 
cos*  X  ' 

8. 

- 

COST 

sin'  X 

9. 

I 

sin'  X 

0 

I 

11. 

I 
cesh» 

X 

' 

14. 

2  2  cos  (2X  -  3)  - 

3  sin  (2x  -  3) 

X  (log  J:;«  ' 

^    -—      .       ^ 
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^y  -  I)  +  2  sin  (2jf  +  3)  sin  (3^:  -  i)  ^ 
cos'  {2x  +  3) 

,0    ^^o,sin  {2x  +  3)  -  cos  (2X  +  Z)        ,„    6^  2j^ 

COS'(24r  +  3)  •        '■''    log,  (;c  _   I)  ""  (;p  _  I){l0g.(x  -  l)}« 


15    3  COS  (2J^  +  3)  COS  (3jr  -  I)  +  2  sin  (2jf  +  3)  sin  (3^:  -  i) 

cos'  {2X  +  3) 


I Q    1 1  — Jf  ,  g       2  cos  2^ sm  zr 

•  (jf>  5)' '  '  log  {X  -  3)    (or  -  3)  (log  (^r::r^ 

gO'6^s>n(2^-0  +  cos(2A:-i)  ^ 

cos'  (2j:  —  i) 
„,     cos  (3l:g  +  7)  +  3M^  -  4)  sin  (3i;<:  +  7) .  log  {x  -  4) 
ix  -  4)  cos'  (3i;r  +  7) 


Examples.— LXV.    (Page  216.) 

1.   -4(2-.)'.  2.^^,                         3. 

4.  ^.  6.        ~^     -.                     6. 

(2  -  3^)'  2V4  -  3^ 

7.         '      ,.  8.  — ^^+J— ,            9. 

(S  -  2:r)l  V2Jc^  +4^-1 

10.  —^^-3        .  11.  -^g^-+i_.          12. 

2^^  -  3-=^  +  5  2^^^^  +  ^Jf  +  ^ 

13.  -^^.  14.   -^^.                        15 


~3 


(2  +  3^)''' 

s/2X+  I 

2 
2X+  l' 

2j:  —  2 

3-4^ 


I  ~  jf*  '  JT*  —  2j:  4-  5' 


le.  -^"^,    .  17.   -^^-V.-  19-  3sm';rcosx. 

20.  3Ar«C0S*».  21.  |.  22.  ^(log.  jr)«. 

23.  3;r'^*'*.  24.  3«?2*.  25.  $  sin*  x  cos  jr. 

26.  -  tan  X.  ,  27.  2  cos  2x.f'^^.  28.   -  ^  sin  (O- 

29.  I.  30.   -6  cos'  (24r  -  i)  sin  {2x  —  l). 

31.  3  cos  (3-y  +  2)  32. 


sin  (3J;  +  2)  sin  .r  cos  x 

«>•     "?  sin  * 
33.  2  sin  x  cos*  x  -  3  cos'  *  sin»  x.  34.  ^^^r^- 

85.  m  sin*""'  x  cos"*'  jt  —  «  sin"**'  x  cos""'  jr.  38.  -. 

^®*  vlt'T^-'  *°'  ^'^^"^^'  *^'  (^  +  2)(2^  -h  lY 

42    fL±J 441      /(Lt-^)(^rL")/_J ?___l_  +  _i_.\ 

•  (j:-4)(2.r-3)*  •  ^\/  (I  +3;r)(i -4^)\i+^      1-2^      1+3*      1-4*/ 

45.  ^~ ,.  46.  ±        '  -       ' 


(I  -Ar')*(l  +0:^)5*  '        Vl--^'  Vl-*' 

Examples.— LXVI.     (Page  219.) 
1.  1571  cub.  ins.  2.  0*00175  cos  d  ;  0-00175  ;  0-0000306. 

3.  5a  =  ^i^^5A,5a  =  ^-:iA^^iA5.. 

a  a  _  _    • 

4,  31-56.  5.  150V/5  ;  A  =  iSooV-*  .  sq.  ft. 
6-  5 '43  ;  3*49  J  S'AV                      7.  3-85  ft.  8.  12  miles  per  hour. 

2  i\ 
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Examples. — LXIX.     (Page  230.) 

1.  I.  2.  3.  3.  07071.  4.  3-58 ;  6-42.  5.  0-466. 

6.  2;  5.  7.  -  I ;  3.  8.0716.  9.$='^ 

10.  Width  =  2  ft.  ;  depth  =  I  ft.  11.  Height  =  3*175  cms.  ;  volume  =  67*1  cc, 

12.  I  ;  2.  13.  3-4  ins.  15.  866  knots. 

16.  Breadth  =  0*577  ft.  17.  Breadth  =  6  ins. 

18.   16  in  series  ;  current  =  07  amperes.  19.   1*5  ohms. 

20.  5*55  amperes.  23.  31®.  24.  3.^.  4^. 

Examples.— LXX.    (Page  235.) 

1.  3  minimum,  §  maximum.  2.  4  minimum,  —  i  maximum. 

3.  2  maximum,  7,  o  minima.  4.   i  maximum,  —  I,  4  minima. 

Examples.— LXXI.     (Page  236.) 


1.  x>. 

.-      '?■ 

5.  ^*. 

6.  1^'.                     7.  f^«. 

«■  ?■• 

9.  sin  X. 

10.  sin  (34:  4- I). 

11.  isin(3jr  +  1). 

12.  I  sin  (3x  +  I).                   13.  j  sin  {ix  +  r). 

14.  cos  X. 

15.   —  cos  X. 

16.   -cos(2jr-3). 

17.     -^COS(2X-3). 

18.    -  5.  cos  (2^  -  3).             19.    _lcos(3;r  + 

0. 

20.       '     . 
x  +  S 

21.  \os,{^  +  S)'                     22.  log.x. 

23.  A  log.  (X  -f  i). 

24.        1    . 

2^+5 

25.  }  log,(2^  +  5) 

'• 

Examples.— LXX  1 1. 

(Page  238.) 

4 

2.  ^-1-.               8.  -1. 

II                                          X 

^-  -^.- 

5.  ix5. 

rr      ti-Li-O'l                  ft 

0.  3^. 

10.  X. 

7.  lax*^          8.   -Q., 3^0 13- 

11.  ex. 

-f       -•-?• 

14.  log,  «. 

''■  -p- 

16.  ^«». 

17                ' 

18.  2V^^. 

^^'       oi4z/»'<' 

'•       oo64/.o<>«* 

--^• 

21.  5  log,  t'. 

22.  /r. 

*+  I 

23.  l^._ 

^-■-.%- 

25.  |.-*'. 

26.  -  viy-^^y. 

27.  -'-^A. 

28.   -  cos  (x  -  3). 

29.  sin  {x  - 

-2). 

30,   —  2  sin  (1 

[  —  x).     31.    —  2  cos  u. 

32.  3  sin  jf. 

33.  1  sin  (3;«r  +  2).        34.   -  a  cos  {zx  -  i). 

35.   -  0482  cos  (27/  -  1*5708). 

36.  -  0*52  cos  (2*50  +  6). 

37.   -0-76 

sin  (I  -  3fl). 

ss. -j^™ 

(2t/?  4-  ^). 

89.  -sin( 
f 

[rgf  4-  /). 
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40.  "^^^  ;  2W.        41.  i^.  42.   ~  -^  cos  (*/  +  ex). 

43.  ^-i^Y,  ,.  44.  ^-^  +  f^'.  45.  '^  +  ^'. 

(I  -  7)  vy-^  32  43 

(I  -7)z;^-^       1-7  0-37  '^       i>*     »  :>/-' 

48.  |x.  49.  ;»J  4.  ;r»  -  ;«r  +  C.       50.    -  cos  2:«r  +  4Jr  +  C. 

51.  e^'  4.  5x  +  C.  52.  log,  (I  +  at)  +  o-3.r*  -  \  cos  (3;c  +  i)  +  2-6ar  +  C. 

53.   ;«^  -  ;«:2  4.  4.?.  54.    /*_  /'  +  /'_  /. 

55.  /»  +  2^  -  5/.  56.  o-33;r^  +  I'Sx'  -  V'j^'^'^  -  2x. 

^'^- . ^* " i^ "■ ' '°^'' + .^ ~ 5^-  ^®'  °'^^5^'' "" y  "^ '3  •  '^ "^ "' 

59.    g?<*'  +1  cos  (f  +  dii)  +  -  sin  (a  +  a/)  +.'2-3i^'3"  -  r*««. 
60. 


^ cos  (3  -  3r/)  +  i^5  ^^-2fi«  _  l-3f  j^^^^  _  < ^J  ^J^  ^1    ^  /a'^*  _  x*\ 

62.  ^^  =  3«'  -  6«  4-  6^3u^  jyjj^  =  *l!  _  „»  4- 1  ^u, 

63.  ^  =  ^4r«  4-  S-*  +  C  ;  ^  =  ^x'  +  5  :r»  4-  C;r  4-  D. 

64. /z^=C.  65.  ^  =  |^(J/u:«-^). 

w  x^ 

68.  ;/  =      j^   (6/'.r'  -  4/a^  4-  -r*).  67.  ;/  =  —  +  C  where  C  is  any  constant, 

68.  tan  x.  69.    -  cot  x.  70.  -  cosh  [ax  +  ^) ;  -  sinh  [ax  +  b), 

71.  ;>/  =  ^»  +  3;c  -  2.  72.  f  -  3  cos  2/. 

Examples  LXXIII.     (Page  242.) 

Note. — The  accuracy  attained  in  graphic  integration  varies  with  the  character  of 
the  daia  and  the  scale  used. 

1.   17-45.  2.  241S,  860.  3.  8,  80,  360,  1050,  2550.  4,  337. 

5.  142*9.  6.   1528.*  7.  660-4.  8.  426. 

Examples  LXXIV.     (Page  246.) 
1.  10,800  ft.-lbs.  2.   221.  3.   199. 

4.235.  5.   337  ft. -lbs.  6.   123  ft.  per  sec. 

7.  280  ft.  ;  100  ft.  8.  24-2  ft.  per  sec  ;  iS-25  ft.  per  sec. 

9.  194-5  1^5^';  265  lbs.  10.  200406.  11.  27-0238. 

Examples  LXXV      (Page  253.) 

1.  48*4-  2.  2303.  3.  I.                               4.  5-16. 

5.  0-7854  6.  3-1416.  7.  303.  8.  9. 

9.  0-3927.  10.  0-0737.  11.  I  571.  12.  0667. 

13.  0-848.  14.  20J20.  15.  12.300.  16.  a 


3.  24. 


ExAMPiES.— LXXVI.     (Pa-e  257.) 


Examples. — LXXVir.     (Page  263.) 
1.  6-09;  4-40.  7.   100  ft. 

®'  {^)  97  ft-  per  sec.  ;  [b,   20  ft.  per  sec.  ;  (r)  21-4  ft.  per  sec. 
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10.  13-9  ft.  ;  78  ft. ;  140  ft.  16.  79'5  lbs.  18.  79-5  lbs. 

19.  3cx)olbs.  20.  20,000  in. -lbs.  21.  1*45  X  io~»  in. 


Examples.— LXXVIII.     (Page  272.) 

1.  21-33.               2.  156.               3.  -75.               4.  3.  5.  -3. 

e.  5^.                    7.  7-98.              8.  6'583.                9.  0-48.  10.  J. 

11.  13-22.              12.  396.             13.  405.                14.  o-Si.  15.  1-718. 

16.  4-671.              17.  0468.          18.  0-4295.            19.  3-1945.  20.  5154. 

21.  1-656.              22.  12-778.       23.  1-298.              24.  0-4323.  25.  -3-1945. 

26.  -0-4323.        27.  1-62.           28.  0-6847.          29.  0-0000221.  30.  17071. 

31.  -0-134.          32.  0-6628.       33.  -1-8192.        34.  0-5.  35.  0-2929. 

36.  ^.                    37.  0-5858.        38.  0-402.             39.  o.  40.  05402. 

41.  1-382.             42.  o.                43.  I.                    44.  00784.  45.  0-3817. 

46.  o.                    47.  o.                48.  20- 794.            49.  51-0.  50.  60825. 

51.  0-6931.           52,  01256.        53.  /j.                  54.  -0*223.  55.  0-0835. 
56.  0-5110.           57.  0-599.         58.  452-5. 

60.  7812-5  ;  mean  value  =  1562-5.                                61.  |.  62.  4-5. 

63.  -J.                64.  9-6.             65.  1.                    67.  2682.  68.  05. 
69.  0375.              70.  1612  ft.-lbs.                           .    71.  7730  ft.-lbs. 

72.  1 1880  ft.-lbs.    73.  2-67  ft.        74.  Velocity  =  01  (/+  /^  -  /») ;  0-0625  ;  o'l. 
76.  Bending  moment  =  loooir  +  ioo;r'. 

77.t  =  o.25..o-.(f  +  5^-^^) 
7a^=o.25.io-.(f^  +  f-^^  +  ^-^);i-4S.io- 

79.  797  log.  7I  -  ('.  -  ^) '  (^»  +  797)  log.  J-|  -  (i  -  ^-|)(/,  +  797). 


Examples.— LXXIX.     (Page  278.) 

2.  1-15.  3.  0-5.  4.  0-945. 

e.  1-175.  7.  1-175.  8.  1-718. 

2 

10.  16' I  ft.  per  sec.  ;  96-6  ft.  per  sec.  11.  -  • 

AV 
13.  =^  .  14.  o.  15.  o. 

2 


1. 

"•33. 

5. 

0-632. 

9. 

2A^ 

12. 

0. 

16. 

54*9. 

10. 

1-27  lbs. 

24. 

1-41. 

28. 

0-707. 

81. 

. /IIh 

17.  85  lbs.  per  sq.  inch.  18.  884  lbs.  per  sq.  foot. 

20.  —  •  21.  o,  o,  2-545.        22.  100,70 

25.  3-53.  26.  2-12.  27.  0-707. 

29.   ~.  30.  70-7. 
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Examples.— LXXX.    (Page  286.) 


I.  5-3,  i8«'  E.  of  N.  2.  3-4,  26°  N.  of  W.  3.  5'6,  31°  S.  of  W 

5.  3-4,  39°  S.  of  E. 


Examples  LXXXI.  (Page  287.) 

1.  S-I2100O.  2.  8-097eB«.  3.  13-96°.  4.  lO'Seo". 

5.  0-2337°.  6.  o.  7.  10-25818°.  8.  4*87Si»''- 

9.  5270°.  10.  7945,  35-6°  N.  of  E.  11.  32721924''-  12.  4'577»*'. 

L3.  51-7°  with  AB  ;  83-9  uniu.  14.  MoOuo". 


Examples.— LXXXIII.     (Page  292.) 

1.  0-2337°.  2.  13-96°.  3.   io'58o'.  4.   I-I95m7*i  2*82s28b'. 

5.  4-0814-6°,  6 -89io4-6°.     0-  259249°.  7.  21-30850. 

8.  125-2  ft.  per  sec.  at  an  angle  of  46°  with  B  A. 


Examples.— LXXXV.    (Page  295.) 

1.  (0-376,  318-5*').                                  2.  (12-5,  40**). 

Examples.— LXXXVI.    (Page  298.) 

1.  4-33. 

2.  -4-33.                            3.  -4-33 

4.  4-33. 

5.  2-5. 

6.  2-5.                                 7.  -2-5. 

8.  -2-5. 

9.  14-09, 

10.  0.                               11.  529. 

12.  -8- 1 1. 

13.  -9-36. 

14.  -7-1.                             15.  a 

16.  12-47. 

'.7.  29-343. 

18.  148,  -  148,  -  148,  148  19.   -1061 ;  - 

-466 

;  o;-ii8-6. 

20.  33506  ft. -lbs.     21.  0-824  H.P.                     22.  7-23  H.P. 

;  0. 

23.  3-17. 

24.  12-96. 

EXAMPLES.-LXXXVII.     (Page  300.) 

1.  19*35 ;  8-2 

2.  8-2  ;  19-35. 

3. 

22-62. 

4.  0;  19. 

5.   —13*1 ;  61-6. 

e. 

-61-6;  13-1. 

7.  -19-65; 

-13-77.                   8.  12-66;  -3479. 

9. 

34-79;  -12-66. 

10.  —26-3;  12-25.                      11.  2-922211°. 

12. 

3*05296-26°. 

13.  4-55i3»u°. 

14.  5-692]4-2°. 

15. 

6883101.". 

EXAMPLES.— LXXXVIII.     (Page  301.) 

1.  27-9  lbs.,  21-06  lbs.  2.   -31-7  lbs.,  14-8  lbs. 

^'   -33*45  lbs.,  -10-23  lbs.  4.  23-85  lbs.,  -25-6  lbs. 

5.  42-434-45°  lbs.  6;  2IO-942-3*'  lbs.  7.  448  lbs. 

8.   10-6  miles  an  hour.  9.  0*5  ft.  per  sec. 

10.   1739  ft.  per  sec. ;  466  ft.  per  sec.  11.  523  lbs. 
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Examples.— LXXXIX.     (Page  303.) 
1.  o  +  6  ^  6*46  ;  c{a  +  6)  =  247. 

Examples.— XC.    (Page  304.) 

11.  575109°  lbs.  12.  8735».4°.  lb.  sooaog". 

14.  Length,  390  links  ;  angle  80°  ;  distance  from  F  =  380.  15.  560  links  ;  90*= 

Examples.— XCII.     (Page  310.) 
1.  (a)  7970 ;  (3)  5657  ;  ic)  697-6.      2.  (a)  17,540  ;  {d)  15  740  ;  [c)  12,280  ;  (rf)  628-2. 

3.  10845.  4.  63-77.         5.  19272.  e.  1 : 0-77. 


Examples.— XCIII.    (Page  313.) 

1.  6-237.  2.  34-25.  a-4.  32-2.  6^.  7-2X 

9.  0-0652  volt.       10.  2003  dynes. 


Examples. — XCV.    (Page  320.) 

1.  236;  228;  2-29.  2.  1-13;  1-40;  2-40.  3.   -  i-o6;  1-84;  2*14. 

4.  1-705  ;  1-53  ;  3-28  5.  2-42  ;  0-695  ;  1-97.  6.  0-530  j  0883  ;  1-71. 

7.  0-719;  1-06;  1-53.  8.  106;  106;  2-6o.  9.  0-758;  0970;  1-58. 

10.  0-533 »  o'682  ;  -  0-500.  11.  o ;  -  1  ;  o. 

12.  —  1-40  ;  225  ;  1-41. 


Examples.— XCVI.    (Page  321.) 
I.  10-247;  60-8°;  265°.       2,  11-88;  70-3°;  26-5°.         3.  4-9;  114°;  26'5<». 
4.  9-64  ;  58-8°  ;  14-1°.  5.  10-77  ;  42° ;  337°.  6.  1-73  ;  54-7° ;  450 

7.  374 ;  74-5  ;  -  337°.         8-  T^i  I  67-1°  ;  33-7°.  9.  25-475  ;  54°  ;  29*. 

10.  8775;  70°;  -  14°  11.  13;  108°  J  -  14°. 


Examples.— XCVII.     (Page  324.) 

1.  /=  0-912,  m  =  0-342,  n  =  0-228  ;  a  =  24-2°,  fi  =  70°,  7  =  76*8**. 

2.  54-2°  with  Oj/2  ;  18-9°  with  Ozx  ;  29°  with  Oxy  ;  3-61. 


3.  0-384;  0-512;  0-768. 

4.  8-60  ins.;  69*5°;  62-3°j35-5« 

5.  /  =  0-652  ;  m  =  0-528  ;  ft  -  0*545. 

6.  0  =  40-7°;  i8  =  77-5°;  7  =  52**. 

7.  «  =  74-6°  ;i8  =  63-8°;  7=31**. 

8.  3-83.                 9.  1-85;  1*99;  1-27. 

10.  I  812;  1*375;  2*685. 

11.  66-2».              12.  36-3°. 

13.  4S-3'». 

14.  40*3^              15.  49°. 
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Examples.— XCVIII.    (Page  325.) 


1,  4*12;  0-485;  0728;  0-485.  2.  5-38;  0-744;  0-372;  0SS8. 

3.  2-45;  0-817;  0-408;  -0-408.  4.  4*36;  0-688;  0-229;  0-688. 

5.  3  ;  0667  ;  0-333  ;  0667.        „  e.  73°  ;  2-97  ;  1-17  ;  2-4I. 

7.  3-97;  217;  3-41.  8.  11-51;  5-57;  7-47. 


Examples.— XCIX.    (Page  327.) 

1.  6i<»;  43-25°;    61°;    41-9°;    68-15°;    57*45°;    35*2°  J    65-9«>j    65-9*';   46-5 
7675°;  46-5°. 

2.  3-605;  4-54;  2-237;  3-i6i.  3.  3-742;  53°.  4.  4123.  5.  5. 
6.  3742.                                             7.  46-7° ;  29-0°.        8.  29-0° ;  3-605. 

9.  3-54  on  Ojfz  ;  4-55  on  Ozx ;  4-10  on  Oxy. 


Examples.— C.     (Page  329.) 

1.  21°.        2.  35°.  3.  36° ;  0620.  4.  25<».  6.  32-3°. 

e.  627°.     7.  333°;  2-o8;  98-3°;  16-25°;  76-1°.  8.  72.  9.  21  7". 

LI.  69-3°. 

Examples— CI.    (Page  333.)  1 
8.  1-537:  31°;  50°;  59°;  40°.         4.  2-45;  722°;  607°;  35-2°;  54-8°;  60-7°. 


Examples. —CII.    (Page  334.) 
2.   In  Oxyxss  1-36,  >  =  2-19  ;  in  Oj^z  y  =  6,  «=  -3;  in  Ozx  m  -  171  ;  jr  =  2-i4. 

Examples.— cm.    (Page  335.) 
1.  12-3°.  2.  21° 

Examples.— CIV.    (Page  337.) 

1.  23,570  cub.  ft.         2.  1656  lbs.  3.  28,250,000;  17,200,00a 

4.  2-12  X  io»  u.  lbs.  5.  4,900,000  gallons. 

6.  38,500  cub.  ft.  ;  430  tons.  7.  38,100  cub.  ft. 


Examples.~CV.     (Page  342.) 

2.  88  a 
6.  245-] 

10.    "-'l|^n(6-a)_   ,}.  11.    6-28. 


1.  37*7  cub.  ins.  2.  88  cub.  ins.  3.   109-1.  4.   100*5. 

5.  498;  67.  6.  245-1  cub.  ins.  8.  151.  8.  ii-6. 


irm- 
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Examples.— C VI.     (Page  344.) 

1.  470  eub.  int.  2.  6230  cub.  ins.  3.  13*3  cub.  irx 

4.  15-4.  5.  163  cub.  ft.  e.  31 10  lbs. 

Examples.— CVII.    (Page  350.) 

1.  1^  in.  from  base.  2.  ^  =  o*6  ;  JJ  =  0*375.  S.  x  =  2-657  ;  7=  1*607. 

4.  x=f;3/  =  f  5.  I  =  1-518;  J' =0*565.        e.  I  =  15-43  ;  J  =  0-4. 

St'^i  +  zJ.)  '-^  3(^1 +>^8) 

8.  0*628.  9.  1*875. 

10.  On  the  middle  radius  at  distance  |  -  from  the  centre. 

11.  x=  1875;  J=  1*25. 

Examples.— C VI II.    (Page  353.) 
1.  ^=3*23.  2.  3-425.  3.  32-15.  4.  4*039;  8*36. 

5.  2*95  ;  2*88.  6.   1*7  ins.  from  bounding  radii.      7.  j:  =  o;  y  =  —  . 

8.  On  the  line  joining  mid  points  of  BC  and  AD,  and  distant  0*192  ft.  from  AD. 


Examples.— CIX.     (Page  355.) 

1.2*62;  513.  2.  40-9;  289.  3.  44*3;  28-9. 

4.  On  the  middle  radius  at  distance  2-55  ins.  from  the  centre.      5.  o-ii  in. 


Examples.— ex.    (Page  359.) 
1.  4*5  from  vertex.  2.  4-821  from  vertex.  4.  5-64  in.        6.  3*44  in. 

e.x  =  2  249.  T.~x=  io|.  8.  ^  =  6-82. 

Examples.— CXI.     (Page  361.) 

1.x  —  5-28.  2,  ;r  =  4-56  ;  1-875  in.  from  centre.  4.   133  ft. 

5.  91  ft,  from  water  level. 

Examples.— CXII.    (Page  363.) 

1.  3175  lbs.  2.  200  cub.  ins.  4.  359  sq.  ins.  ;  116-5  cub.  ins. 

5.  107 '8  lbs.  6.  3*43  lbs. 


Examples.— CXIII.    (Page  366.) 
s. 
3.  0*326,  taking  engineering  unit  of  mass;  ij'SS  ft. -lbs.  4.  0-994, 


1.  S5*2  fl.-Ibs.  ;  4*59  ins.  2.  m"^— . 
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Examples.— CXI V.    (Page  368.) 
1.  2-12  ins.         2.  ^a.        3.  5-55.        4.  19-6.        5.  48-33.        6.  6130  ft.-lbs.  ; 
6150  ft.-lbs.  7.  0-0203. 

Examples.— CXV.     (Page  371.) 
1.  702.  2.  330.  3.  2*55  ft.  ;  4  per  cert. 

4.  O'Tja.  5.  o'288a.  6.  o*S5r. 

Examples.— CXVI.     (Page  374.) 
1.  anx'-^y"  ;  amx''y^~^.  2.  aby^'^  ;  abx^'^  ;  ^/?/^^+'=*  ;  ac^"^-^. 

3.  ab  cos  {bx  •\-  cy)  \  ac  cos  {Jfx  +  ry) ;   —  <»^  sin  [bx  -h  cy)  ',  —  ac  sin  (^jr  -f  ry). 

dx  ^     dy 

6  _  cos  (^— j  cos  [^jr'^-y  — r  ^>"  \'t)  ^'"  (,-r  "*"  7 

_        RT.R.R./  «*>'.* 

^-  "V  v'  >'  R-  ®    7'   r*~r 

Examples.— CXVII.    (Page  377.) 

1.  38-08  lbs.  per  sq.  ft.  2.   -4-41°.  3-  «  07o5  cub.  ft. 

4.  8x  =  r  cos  fl  cos  ^55  —  r  sin  ^  sin  ^5(^. 

Examples.— CXVIII.     (Page  379.) 

1.  5r*-9xy-6;c>/;     -6x«y  -  3^' +  4^' J     20^  -  iSo:/' -  6;/ ;     -6.r»+i2/, 

2.  6  cos\i^+~3>'T-  2y^  ;  9  cos  (2jr  4-  3/)  "  ^^^  '■>  -  ^2  sin  (2r  4-  3^)  -  2/<«' : 

-27  sin  \2x  4-  3>)  -  2j:'<^  ;  - 18  sin  {2.x  4-  3j)  -  2-^/^'  ""  2-'"'- 

EXAMPLES.-CXIX.     (Page  382.) 
1.  f  4-'-^.  2.  39-09.  3.  ;^lan-^-^'' 

4.  li^ ilg?f^3^_.  5.  i  tan-i^-^^    6.  ilog:"^- 

2V29    ^20:4-34-^29  2  '^ 

7 ' 8.  -  i;«r  -  ^  log  (2;c  -  3).  9.  -3^-3  log  ^^^ 

x  —  I 

EXAMPLES.— CXX.     (Page  385.) 

1.   -  log  cos  X.  2.  log  sin  x.  3.  log  tan  ^^  4-  ^  j. 

4         _T  2x  4-  I 
4.  log  (x^  4-  X  4-  5).  5.  3  log  (x^  4-  *  -f  5)  4-  ;^tan      y---. 

6.  i  log  (X'  +  X  +  5)  -  ;;|=tan-i  ?^i?  .  7.  ^-^. 


Tra 


8.  J  sin«  *.  9.  \  tan*  x.  10.   — . 

/J  tan-i^^       13.  3  log  (^'  4-  4^  -  7)  -  -^ 

52  2^^ 


12.  a  log.  I  +  ^tan--^5.       13.  3  log  (.^  +  4.  -  7)  -  ^  ^-^"■^~^% 

14.  ±-  sin-i^.  15.  -  sj's^^.  le.  sin-i^^  -  3^^^"^. 

v'2  Vs 


474  Answers  to  the  Examples 


17.   -j=  tan-i(v  2  sin  x).  18.  §.  19.  log  cosh  x.  20.  63-33. 

22.  log  ix-i  +  ^'x'  -2x-  8).  23.  sin-i^'. 

Examples.— CXXI.    (Page  387,) 

1-  °'5"-  2.  log,^.  3.  log,  {X  +  i)(.r  +  6)«. 

4.  log  (jf  -  I)  +  log  (j:  +  2)  -  2  log  (;«;  +  3). 

5.  log  {X  -  S){X  +  2)  -  2  log  {2X  +  I).  e.    log  (^  +  I)  +  2  log  {x-2) ^- 

7.  2  log  (;r  -  I)  +  log  {x-4)  +  4  log  (^  +  3)  -  ^^  . 

8.  1-5  log  {2x  -  I)  +  log  (;c'  +  3X  +  4). 

0.  3  log  (*  -  2)  -  a  log  (^2  +  ;r  +  3)  +  -JL  tan-i  ?^^ . 

VII  Vii 


10.^ 
16 


sees. 


Examples.— CXXII.     (Page  389.) 
1.  JT  sin  :r  +  cos  jr.  2.   -(-'{i  +  x).  3.  -log;r--. 

Examples.— CXX III.     (Page  393.) 
l.y  =  0-25^.  2.  jv  =  el'.  3.  0-69  sees. 

4.  ;^i  12-49;  /:ii2'6i6;  £112-678;  ^112-75.  6.  »  =  2o^ooo«. 
e.  T  =  25^05«-'.        7.  ^  =  ^o^"KK,  where  g,  is  the  initial  charge ;  inis  .  io-» 
8.  /  =■  />"  T ,  where  t\  is  the  current  when  /  =  o. 

Examples.— CXXI V.    (Page  394.) 
2-  >'  =  A<?*  -  3.  3.  ;/  =  A^  -  3.  4    V  =  A^**  -  I. 

5.  ^  =  A.«-  +15.  e.  ,•  =  ^-(i  _  ^-l)  ;  14  amps. 

7    C  =  -^£L=. 

Examples.— CXXV.     (Page  399.) 
1.  8-6  sees. 

Examples.— CXXVI.    (Page  405.) 
1.  y=A,r-*  +  A,^-*',        2.  ^  =  A,^  +  Aj/r**.  3.  ^^  =  A,^»' +  A,/«. 

4.  ;/  =  (A  4-  Bx)^",  b.y  =  Ar-*'  sin  {x  +  B).  6.  ^^  =  A  sin  (4^:  +  Bj. 

7.  X  =  a  sin  -=^  ;  0-39  sec.  8.  x  =  A^-^-^  sin  (15*75/  +  B). 
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Examples.— ex  XVII.     (Page  409.) 

1.  ^  =  A^-^'  sin  (0-8/  +  B)  +  4.  2.  ^  =  -|^2*  _  |  +  a,^»«  +  A,/^, 

3.  X  =  A^  ^*  cos  (0866/  +  B)  +  o-o66  sin  (3/  +  1-438). 

4.  y  =  0-0005  +  7*25  .  io-5«r-8-87B.io*«_^7.25  .  io-5^-ii2«.io«<  coulombs. 
g  =  0-0005  -o*ooo707^io*«  sin  (loV  +  B)  coulombs. 

Examples.— CXXVIII.    (Page  411.) 
1.  I1800.  2.  9i8oo.  3.  2ouo.  4.  32-00  =  3-00O'  5.  1*41450. 

"•    1*413150  =  I'4I-*50'  7.    Sse-aO'  8.    I450.  9.    I-ijo.  10.    Ixj^o. 

11.     I22»0.  12.     224O.  13.     2-240=23360.  14.     5iooo.  15.     3,-0. 

16.    1  +  1-732/.  17.    2*12  +2-12/.  18.    2-12  —  2*12/. 

19.  2-12  -  2-12/,  20.  -0-68  -  1-88/.  21.  -3-94 +  0-69/. 


Examples.— CXXIX.     (Page  414.) 

e.  6/. 


1. 

Ijojo.                2.    2j,oo  — 

2/.            3.  2,050. 

4. 

I. 

5.  I.          e 

7. 

-I.                 &    -I. 

9.  /. 

10. 

4/. 

11.  -3  +  7^-. 

12. 

-33  +  56/.        13. 

13.         14.  2/. 

15. 

—  2/. 

16.  -1-5/. 

17. 

-/.                     18. 

-5'59  +  i^'29^'- 

19. 

2400. 

20.  o-5;oo. 

21. 

28,0.            22.  4i2oo. 

23.  5,«oo. 

24. 

1-450 

25.   2_4oo. 

26. 

15,0.           27.  o-2i3,o.           28.  /. 

29. 

0-683 

- 

0-183/. 

30. 

0-154-  0-231/. 

31.  05  -  c 

•5^'-' 

32 

.  0-5  +  0-5/. 

33. 

0*07 1  +  0-030/. 

34.  092  - 

0-81/. 

35 

.  0-5  +  0-866;. 

86. 

2-52  +  0-64;*. 

37.  o-o8  + 

0-44/. 

Examples.— CXXX.     (Page  416.) 

1.  -0-25/.           2.  -I.              3.  — 0-25  +  0-25/.  4.  2i50.           5.  330^^ 

e.  12/.                   7.  12/.                 8.  3450.         9.  3450.  10.  3/.             11.  2^^. 

12.  i_450.             13.  2_„o.          14.  1-098  +  0-455/.  15.  1-098-0-455/. 

16.  474  +  1-58/.                          17.  4-47  -  2-23/.  18.  3  -2/. 

19.  2-47  +  0-95/.                          20.  0-1175  +  01175/.  21.  0-46  +  0-89/. 


Examples.— C XXXI.     (Page  417.) 

1.  3-63/.           2.  10-07.            3.  0-997/.            4.  —0-666.  5.  — o'i42/. 

6.  0-964/.         7.  0-196  —  0-203/.           8.  -697  -7*75/.  9.  0-203  -  0-196/. 

10.  -  27-0  -  3-85/.                  11.  0302  +  2-152/.  12.  —  2-01  +  no*; 
13.  0-158  +  0-113/.                   14.  0-516-0-379/. 

Examples.  — CXXXII.    (Page  421.) 

2.  f  =  5  sin  (12-566/  +  2-6) ;  J  =  10  sin  (12-566/  —  0-54). 

3.  J  =  18  sin  (12-566/  +  2-01).  4.  200  sin  (3000/  +  0-7854). 

5.  6  cos  (5/  -  1-047).                6.  4-24  sin  (2/  +  0-7854).  7.  6  sin  (4/  +  4-58). 
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10.  y  =  -.0-0256  cos  Zx  —  0-128  sin  3^  —  0*385  cos  2x  +  o'o;;  sin  2x. 

11.  A^"sin  (<ir/+  15). 

^^-  '^  =  7(M^a5fT^'°'  ^^^  ~  '^^'  ''^'''  0'  =  0  +  ^;  tan <^  -     ^> 


Examination  Papers. 
1901.    (Page  422.) 

1.  7*44;  0-01255;  S'68;  1546.  2.  1-69;  -0-299;  -1-43.  io-». 

3.  See  p.  127.  4.  «  =  0-87. 

5.  10,360  cub.  ins.  ;  6  cub.  ft.  8.  329-8  sq.  ins.  ;  o'l  per  cent. 

®-  •*  =  I'3S  ;  .y  =  370  ;  z  =  3-08;  a  =  74-4'> ;  i8  =  47-2*» ;  y  =  52°. 

11.  See  p.  174  ;  57-5  lbs.  13.  sCz/O-^;  C  log.  v, 

^3 •  1^-  ^  =  7— i^J  '  =  r 

16.  T  =  40/5i'« ;  V  =  i4oo>5i-*«.  17.  A  =  2044/;° ''s ;  5V  =  lyo-^A^' 

18.  «  =  260  ;  R  =  0-882. 


1902.  (Page  424.) 

1.  3-123;  1704;  1-722;  0-0198.  3.   -1-2 +  0-4*.  4.  3675;  2810;  2870 

5.  U  =  0-I9C  -  0-22  ;  c  =  5*265  +  0*08337.  6.  P  =  3i2/i*77, 

7.  3}  per  cent.  8.  8-15  ins.  ;  4*65  ins. ;  3*68  per  cent.  ;  44'5  cub.  ins. 

0.  7*477;  5-98;  S'o;  4*319. 

11.  r  =  3-904  ;  e  =  39*8°  ;  <t>  =  36*8°  ;  a  =  59-1°  ;  )8  =  67-4°  ;  y  =  39*8°. 

12.  See  p.  234.  13.  V  =  3  sin  (600/)  +  2*4  cos  (600/)  ;  +  10 ;  +  3-84. 
14.  See  p.  142. 

1903.  (Page  426.) 

1.  284-65;  2817;  4*5710;  I '5710;  2^^5710;  3*339;  1*930;  1768000;  11*03. 

2.  (^1)3595;  W  -9'8o8;  {c)   32.   3.  1*24;  0*604;  2*348;  3-579. 

4.  33600  cub.  ins. ;  305  sq.  ins.     5.  1*221.        6.  Yes;  14*8  X  lo*, 

7.  4*35  ins.  per  annum  ;  loj.  8.  Anything  up  to  /^i6. 

9.  yx^-^  =  480  ;  22-4.  10.  3*94  cub.  ft.  ;  1687  sq.  ins. 

11.  OP  =  3-09,  OQ  =  2*47,  PQ  =  1*15  ;   angle  POQ  =  20*1°. 

12.  See  Chapter  XXVI.  14.  106*2. 
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1904. 
(Stage  2,)     (Page  430.) 

1.  0-3106  ;  37-32  ;  1-558  ;  1-694  ;  0-5900. 

2.  17-2  ;  0-2960;  1-7465  X  10-";  8-41. 

3-  3'S3i ;  8'4S4  ;  4*546 ;  867  ;  4-61  ;  lorS.  4.  2-13. 

5.  D  =  29860 ;  C  =  7526  ;  V  =  24  ;  P  =  71680.  6.  27-60» 

7.  T  =  40/4i«  .  D  _  1400//I «.  8.  0-866. 
9.  W=i6K  +  430o;«;=13|o_^jg.  20-3  ;  30-3. 

11.  13880  ;  38568 ;  6-428. 


(Stage  3.)     (Page  432.) 

1.  0-03106  ;  373-2  ;  1-521  ;  0-5900 ;  0-9563  ;  -0-8480  ;  2-7475.' 

2.  0-1774  ;  0-1777  ;  0-2  per  cent.  3.  223-3  ;  "  yrv 
6.  2-91  ;  4-535  ;  3-067  J  60-3° ;  STZ"**  7.  A  =  iSoo/i"'. 
8.  W  =  5070  +  7-2Y. 

10.  am  +  ^-q-y  ;  0-07 18  ;  572.  11.  |a  ;  J* 

13.  A  =  0-32850  when  x  =  i. 

1905. 

(Stage  2.)     (Page  435.) 

1.  (a)  0-06225  ;  40-55.     {5)  0-5105  ;  3983;  0-025 11. 

2.  (tf)  I-22I  ;  1-221  ;  4  terms.  (i)  ^t\-^  "  ^^rp^' 

{c)  5-06  ;  7-48.  ('^  25°  ;  1369  ft.  ;  5-78  ft. 

3.  At  I  and  3-05  miles  respectively.     4.  36-8° ;  75*7°  ;  56-3°. 

5.  670,000.  6.  2  696  ;  1-387  ;  ii-i8  ;  14-83 ;  2173  ;  5604. 

7.  6*248  sq.  ins.  10.   16  ins. ;  366-5  cub.  ins. 

12.  2-35.  13.  i^  +  3^' ;  12-6  knots. 

14.  2-3  ;  2*8  ;  500  ft.  per  minute. 


(Stage  3.)     (Page  437) 

1.  (a)  0006225;  0-002466;  {6)  3*857;  08753;  (^  -0-9613;  -0-5592;  0-2308; 
13°;  145°;  104°. 
4.  15-7  knots  relative  to  the  water.  5.   1-0914  ;  0*5286  ;  1 12-3. 

7.  50*26  sq.  ins.  9.  o*8oi  (see  p.  181). 

10.  360*6  sin  (600/  +  0-983) ;  56-3*>. 

11.  ^  =  10  -  f;.  ;  ir{25  -  ¥-^  +  i^b's^}  i  '{25^  -  !f^  +  ^,^^}' 

12.  A  =  C 5.  13.  2-2  for  first  four  observations  ;  4-3  for  last  three. 

2^ 

14.  654  ;  3180  ;  14270  ;  7*85  ;  14*4  ;  20*9. 
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1908. 

(Stage  2.)     (Page  441.) 

1.  {a)  0-1917  ;  453*5  ;  i^)  8-212  ;  {c)  27-49  ;  5 '923  =  0-2749  ;  0-1276  ;  (d)  116-5. 

2.  {a)  9-78  ;  664  ;  ((^)  4-04  inches;  0-4]  inches  ;  (c)  6-74  Inches  ;  14-83  inches) 
(d)  (^-5-69)(^-3-23). 

3.  (a)  -33-6;  39-9;  (^)  6  lbs. ;  {c)  2-ii6;  1896;  896. 

4.  V.   Question  13,  Stage  3.  5.  0*45.  6.   riS. 


9. 


.(,  .  „)  +  ^(^\-°n--i^;  2/.(.  +  ^i-). 


yz-yi .  ,  _ .vi+Zj  -  2^) 


-  ;  f  = 


2/4        '  2/^ 


10.  a  =^, ; 

11.  2-6  ;  30-2.  12.  F  =  26or  —  20  ;  Error  05. 
13.  5(20  + >4);   5(^+i).  ,80 -9^. 


(Stages.)     (Page  443.) 
1.  (i>)  49-85;  (c)   -0-4540;  -0-5446;   -0-7002;  {</) 


X  -  4-32      X  +  5-70 
2.  0-977.  3.  W  =  I5-3K  +  20,800  ;  w  =  15-3  +  -^ —  • 

6.  S  =  wx  4-  V/  -  w//;  M  =  71/^'  +  (W  -  wl)x  +  (^  -  W/\ 

fl^jr      6^  2«r  ^  \^  2  Jc  '  '^      2^  6c  \  ^  y2<r 

7.  /  =  f^-^^U  +  AJ-" ,  where  k  and  A  are  constant ;  /  =  C-—^^  +  j)^' 

8.  15*2  knots.  8.  a  =  10-24;  d  =  16-38  ;  c  =  1-554  ;  area  =  73*05. 


11.  —  cos  c. 

2 


13.  {V  p.  225)  -  I  ;  -/ ;  4-  r  ;  /;  5-07  4"  2-95/ ;  0-707  4-  0-707/;  0-707  -  0-707/ J 
5-87  sin  i^t  +  0-528) ;  {v.  Ex.  i,  p.  42)  sin  (^/  4-  0-7854)  ;  sin  (^/  -  0-7854). 

14.  0-00129^,    sin    (^/ 4- 0-1108).       Multiply    numerator    and    denominator    by 
%lr  —  ilq  and  proceed  as  in  Ex.  13. 


19 10. 

(Stage  2.)     (Page  445.) 

1.  (a)  0-005536 ;  •(^)  4-232  ;    (r)  981-25  ;    {d)  4-5  %. 

d 

2.  (a)  x/(D-/)/;  3-64.     [b)  48,000  sq.  ft.  ;  12,000  tons,     {c)  -.     (d)   rSSo. 

4 

3.  {a)  3*53;  9'i  ;  17,000.     (<5)  0*0089.     W   15,460  miles;  644  m.p.h. 

4.  520  X  10'  sq.  ft.  ;    535  X  10^  sq.  ft.  ;    535  10^  cub.  ft. 

5.  a  =  0-0005  ;   (d)  7-76  ft.        6.   1-510.        7.   14-73  f.s.  ;  towards  29°  S.  of  E. 
8.  7  =  22  4-  0-94:^.  10.  0-042  ;   0-42.  11.  67-78. 

12.  4}r',   10.  13.  2-5;   -I. 
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(Stages.)     (Page  446.) 
1.  (a)  0-005536;  (3)  0-2363;  {c)  0-996;  0-526. 
2./v//t7;  ^a/^;   6-6;   36-4.  3.  i  +  O'oii. 

6    Forced  vibrations  are;r=o-357  sin  (i'6/- 1*029),  and  :r=o-25o  sin  (2*4/-  i'ii6) 
8.  065.  9.  0033. 

10.  ^  =  ii'i  —  0-87  cos  /  +  0-34  cos  2/  +  9-95  sin  /  +  0*94  sin  2/. 

11.  -4-68;  0455;  4*22.  12.  1748;    -115-3;    "SS. 


Lower  Examination,     1 9 1 3. 

1.  {a)  0-1659.     {b)  2-4506.     (r)  0-5736;  0-8192;   -0-7002.     {d)  23-43. 

2.  (a)  0-1021  inch.     <^b)  3835  sq.  ft.;  575*25  cu.  ft.     (r)  452-4  sq.  inches. 

3.  (a)  3*996  ft.  (3)  10-46.  4.  (^- 37)(^+i-2). 

5.  a  =  0-9524;  b  —  95*24  ;  6-9048  ;  3-207  ;  1-9048. 

6.  52.  7.  430  sq.  ft. ;  1462  cu.  ft.  per  sec. 
8.  r  =  6-708  ;  e  =  41-8°  ;  <^  =  26-6«'.     9.  2-3. 

10.  y  =  \o<f^-^^.  12.  3-^'  -  3  ;  9,  -  II.  13.  41-4°. 

Higher  Examination.     1913. 

1.  [a)  165-9.  {b)  1-050.  (f)  5(cos  306-85°  4"  <  sin  306-85°)  ; 

7-8(cos  129-8°  +  i  sin  129-8°)  ;  -  0-639  +  0-328/. 

2.  o.  3.  7-51  ;  598.  4.  30;  41-4°;  64-6°;  60°. 
b,  y  =  3'O3<r0-i<2*  ;  170a                                            6.  \i^r\ 

7.  3  =  1*24  ;  a  =  5-5.  8.  4^^in5/-f;^cos5/^ 

246 

11.  aVbc  means  the  scalar  product  of  a  and  Vbc.     It  is  equal  to  the  volume 
of  a  parallelepiped  whose  edges  are  a,  b  and  c. 

12.  0-33407.  13.  (34-22,  58-5) ;  22-9°. 


MATHEMATICAL  TABLES 

{A  copy  of  these  Tables  is  supplied  to  each  candidate  at  the  Examinations  of  the 
Board  of  Education  in  Practical  Mathematics^  Applied  Mechanics^  and  Steam.) 


USEFUL  CONSTANTS. 

I  inch  =  25*4  millimetres. 

I  gallon  =  o'i6o4  cubic  foot  =  10  lbs.  of  water  at  62°  F. 

I  knot  =  6080  feet  per  hour. 

Weight  of  I  lb.  in  London  =  445,000  dynes. 

One  pound  avoirdupois  =  7000  grains  =  4S3'6  grammes. 

I  cubic  foot  of  water  weighs  62*3  lbs. 

I  cubic  foot  of  air  at  0°  C.  and  i  atmosphere,  weighs  00807  ^• 

I  cubic  foot  of  hydrogen  at  0°  C.  and  i  atmosphere,  weighs  0*00559  1^* 

I  foot-pound  =  1*3562  X  10'  ergs. 

I  horse-power-hour  =  33,000  X  60  foot-pounds. 

I  electrical  unit  =  1000  watt-hours. 

Til         •     1     i.  X        •..  -D  wf    tr   •     (  774  foot-pounds  =  i  Fahr.  unit. 

Joule's  equivalent  to  smt  Regnault  s  H,  is  j^^^^  foot-pounds  =  i  Cent.     „ 

I  horse-power  =  33,000  foot-pounds  per  minute  =  746  watts. 

Volts  X  amperes  =  watts. 

I   atmosphere  =  14*7  lbs.   per  sq.    inch  =  21 16  lbs.   per  sq.  foot  =  760  mms.  of 

mercury  =  10®  dynes  per  sq.  cm.  nearly. 
A  column  of  water  2*3  feet  high  corresponds  to  a  pressure  of  i  lb.  per  sq.  inch. 
Absolute  temp.,  /  =  d°  C.  +  273*7°. 
Regnault's  H  =  606*5  -f  0*305  6**  C.  =  1082  +  0305  e*>  F. 

B       C 

logu/=  6*1007- ---^, 

where  logi,  B  =  3-1812,  logi,  C  =  5*0882. 

/  is  in  pounds  per  sq.  inch,  /  is  absolute  temperature  Centigrade. 

u  is  the  volume  in  cubic  feet  per  pound  of  steam. 
ff  =  3*1416. 
I  radian  =  57*3°. 

To  convert  common  into  Napierian  logarithms,  multiply  by  2*3026. 
The  base  of  the  Napierian  logarithms  is  ^  =  2*7183. 
The  value  of  ^  at  London  =  32*182  feet  per  sec.  per  sec. 

2   I 
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Mathematical  Tables— Logarithms 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1  2    3 

4  5  6 

7  8  9 

10 

0000 

0043 

0086 

0128 

0170 

0212 

0253 

0294 

0334 

0374 

4     9  13 
4     8  12 

17  21    25 
16  20    24 

30    34   38 
28   32    37 

11 

12 

0414 
0792 

0453 

0828 

0492 
0864 

0531 
0899 

0569 
0934 

0607 
09u9 

0645 
1004 

0662 
1038 

0719 
1072 

0755 
1106 

4     8  12 
4     7   U 
3     7  11 
3     7   10 

15   19    23 
15   19    22 
14  18    21 
14  17    20 

27    31    35 
26    30    33 
25    28   32 
24    27    31 

13 
14 

1139 
1461 

1173 
1492 

1206 
1523 

1239 
1553 

1271 
1584 

1303 
UB14 

1335 
1644 

1367 
1673 

1399 
1703 

1430 
1732 

3     7   10 
3     7    10 
3     6     9 
3     6     9 

13  16    20 
12   16    19 
12  15    18 
12  15    17 

23    26    30 
22    25    29 
21    V4    28 
20    23    26 

15 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 

3     6     9 
3     5     8 

11  14    17 
11  14    16 

20    23    26 
19    22    25 

16 

17 

2041 
2304 

2068 
2330 

2095 
2355 

2122 
2380 

2148 
2405 

2175 
2430 

2201 
2455 

2227 
2480 

2253 

2504 

2279 
2529 

3     5     8 
3     5     8 
3     5     8 
2     5     7 

11   14    16 
10    13    15 
10  13    15 
10    12    15 

19    22  24 
18    21    23 
18    20    i:3 
17    19    22 

18 
19 

2553 

2788 

2577 
2810 

2601 
2833 

2625 
2856 

2648 
2878 

2672 
2900 

2695 
2923 

2718 
2945 

2742 
2967 

2765 
2989 

2     5     7 
2     5     7 
2     4     7 
2     4     6 

9   12    14 
9   11    14 
9   11    13 
8  11    13 

16    19    21 
16    18    21 
16    18   20 
15    17    .9 

20 

3010 

3032 

3054 

3075 

3096 

3118 

3139 

3160 

3181 

3201 

2     4     6 

8  11    13 

15    17    19 

21 
22 
23 

3222 
3424 
3617 

3243 
3444 
3636 

3263 
3464 
3655 

3284 
3483 
3674 

3304" 
3502 
3692 

3324 
3522 
3711 

3345 
3541 
3729 

3365 
3560 
3747 

3385 
3579 
3766 

3404 
3598 

3784 

2     4     6 
2     4     6 
2     4     6 

8  10    12 
8  10    12 
7     9    11 

14    16    18 
14    15    17 
13    15    17 

24 
25 
26 

3802 
3979 
4150 

3820 
3997 
4166 

3838 
4014 
4183 

3856 
4031 
4200 

3874 
4048 
4216 

3892 
4065 
4232 

3909 
4082 
4249 

3927 
4099 
4265 

3945 
4116 
4281 

3962 
4133 
4298 

2     4     5 
2     3     5 
2     3     5 

7     9   11 
7     9   10 
7     8    10 

12    14    16 
12    14    15 
11    13    15 

27 
28 
29 

4314 
4472 
4624 

4330 
4487 
4639 

4346 

4502 
4654 

4362 
4518 
4669 

4378 
4533 
4683 

4393 
4548 
4698 

4409 
4564 
4713 

4425 
4579 
4728 

4440 
4594 
4742 

4456 
4609 
4757 

2     3     5 
2     3     5 
13     4 

6     8      9 
6     8      9 
6     7      9 

11    13    14 
11    12    14 
10    12    13 

30 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

13     4 

6     7      9 

10    11    13 

31 
32 
33 

4914 
5051 
5L85 

4928 
5065 
5198 

4942 
5079 
5211 

4955 
5U92 
5224 

49G9 
5105 
5237 

4983 
5119 
5250 

4997 
5132 
5263 

5011 
5145 
5276 

5024 
5159 
5289 

5038 
5172 
5302 

1     3     4 
13     4 
13     4 

6     7      8 
5     7      8 
5     6      8 

10    11    12 
9    11    12 
9    10    12 

34 
35 
36 

5315 
5441 
5563 

5328 
5453 
5575 

5340 
5465 
5587 

5353 

5478 
6599 

5366 
5490 
5611 

5378 
5502 
5623 

5391 
5514 
5635 

5403 
5527 
5647 

5416 
5539 
5658 

5428 
5551 
5670 

13     4 

12     4 
12     4 

5     6      8 
5     6      7 
5     6      7 

9    10    U 
9    10    11 
8    10    11 

37 
38 
39 

5682 
5798 
5911 

5694 
58U9 
5922 

5705 
5821 
5933 

5717 
5832 
5944 

5729 
5843 
5955 

5740 
5855 
5966 

5752 
5866 
5977 

5763 
5877 
5988 

5775 
5888 
5999 

5786 
5899 
6010 

12     3 
12     3 
12     3 

5     6      7 
5     6      7 
4     5      7 

8      9    10 
8      9    10 
8      9    10 

40 

6021 

6031 

6042 

6053 

6064 

6075 

6085 

6096 

6107 

6117 

12     3 

4     5      6 

8     9    10 

41 
42 
43 

6128 
6232 
6335 

6138 
6243 
6345 

6149 
6253 
6355 

6160 
6263 
6365 

6170 

6274 
6375 

6180 
6284 
6385 

6191 
6294 
6395 

6201 
6304 
6405 

6212 
6314 
6415 

6222 
6325 
6425 

12     3 
12     3 
12     3 

4     5      6 
4     5      6 
4     5      6 

7      8     9 
7     8     9 
7     8     » 

44 
45 
46 

6435 
6532 
6628 

6444 
6542 
6637 

6454 
6551 
6646 

6464 
6561 
6656 

6474 
6571 
6665 

6484 
6580 
6675 

6493 
6590 
6684 

6503 
6599 
6693 

6513 
6609 
6702 

6522 
6618 
6712 

12     3 
12     3 
12     3 

4     5      6 
4     5      6 
4     5      6 

7     8     9 
7     8     » 

7     7     8 

47 
48 
49 

6721 
6812 
■6902 

6730 
6821 
6911 

6739 
6830 
6920 

6749 
6839 
6928 

6758 
6848 
6937 

6767 
6857 
6946 

6776 
6866 
6955 

6785 
6875 
6964 

6794 
6884 
6972 

6803 
6S93 
6931 

1     2     3 
12     3 
1     2     3 

4     5      5 
4     4      5 
4     4      5 

6     7     8 
6      7     8 
6     7     8 

50 

6990 

6998 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

1     2     3 

3     4     5 

6     7     8 

51 
52 
53 

7076 
7160 
7243 

7084 
7168 
7251 

7093 
7177 
7259 

7101 
7185 
7267 

7110 
7193 
7275 

7118 
7202 

7284 

7126 
7210 
7292 

7135 

7218 
7300 

7143 

7226 
7308 

7152 
7235 
7316 

1     2     3 
12     2 
1     2     2 

3     4      6 
3     4      5 
3     4      5 

6     7     8 
6     7     T 
6     6     7 

54 

7324 

7332 

7340 

7348 

7356 

7364 

7372 

7380 

7388 

7396 

12     2 

3     4      5 

6     6     T 
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0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1  2  3 

4  5  6 

7    8   9 

55 

740 

7412 

741£ 

742; 

743J 

7443 

7451 

7459 

7466 

7474 

1    2   2 

345 

5     6      7 

56 
67 
68 

748: 
755£ 
763 

749C 
7r.66 
7642 

7497 
7574 
764S 

750- 

7585 
7657 

7513 
758S 
7664 

7520 
7597 
7672 

7528 
7604 
7679 

7536 
7612 
7686 

7543 
7619 
7694 

7551 
7627 
7701 

1   2   2 
1   2   2 
1    1   2 

345 
345 
344 

5     6     7 
5     6     7 
5     6     Y 

59 
60 
61 

770S 

7782 
7853 

7716 
7789 
7860 

7723 
7796 
786a 

7731 
7803 
787S 

7738 
7810 
7882 

7745 
7818 
7889 

7752 
7825 
7896 

7760 
7832 
7903 

7767 
7839 
7910 

7774 
7846 
7917 

1    1   2 

112 
1    1   2 

3     4     4 

3     4     4 
3     4     4 

5     6     7 
5     6     6 
5     6     6 

62 
63 
64 

79?4 
7993 
8062 

7931 
8000 
8069 

7938 
8007 
8075 

7945 
8014 
8082 

7952 
8021 
80a9 

7959 
8028 
8096 

7966 
8035 
8102 

7973 
8041 
8109 

7980 
8048 
8116 

7987 
8055 
8122 

1    1   2 
1    1    2 
1    1    2 

3     3     4 
3     3     4 
3     3     4 

5      6      6 
5      5      6 
5      5      6 

65 

8129 

8136 

8142 

8149 

8156 

8162 

8169 

8176 

8182 

8189 

1    1   2 

3     3     4 

5      5      6 

66 
67 
68 

8195 
8261 
8325 

8202 
8267 
8331 

8209 
8274 
8338 

8215 

1  8080 

8341 

8222 
8287 
8351 

8228 
8293 
8357 

8235 
8299 
8363 

8211 
8306 
8370 

8248 
8312 
8376 

8254 
8319 
8382 

1    1    2 
1    1   2 
1    1    2 

3     3     4 
3     3     4 
3     3     4 

5      5      6 
5      5      6 
4      5      6 

69 
70 
71 

838S 
8451 
8513 

8395 
8457 
8519 

8:01 
8463 
8525 

8407 
8470 
8531 

8414 
8476 
8537 

8420 
8482 
8543 

8426 
8488 
8549 

8432 
8494 
8555 

8439 
8500 
8561 

8415 
8506 
8567 

1    1    2 
1    1   2 
1    1   2 

2     3     4 
2     3     4 
2     3     4 

4      5      6 
4      5      6 
4      5      5 

72 
73 

74 

8573 
8633 
8692 

8579 
8639 
8698 

8585 
8645 
8701 

8591 
8651 
8710 

8597 
8657 
8716 

8603 
8663 
8722 

8609 
8669 
8727 

8615 
8675 
8733 

8621 
8681 
8739 

8627 
86«6 
8745 

1    1   2 
1    1    2 
1    1    2 

2     3     4 

2     3     4 
2     3     4 

4      5      5 
4      5      5 
4      5      5 

75 

8751 

8756 

8762 

8768 

8774 

8779 

8785 

8791 

8797 

8802 

1    1   2 

2     3     3 

4      5      5 

76 
77 
78 

8808 
8865 
8921 

8814 
8871 
8927 

8820 
8S76 
8932 

8825 
8882 
8?38 

8831 
8887 
8943 

8837 
8893 
8919 

8842 
8899 
8954 

8848 
8904 
8960 

8854 
8910 
8965 

8859 
8915 
8971 

112 
1    1    2 
1    1   2 

2     3     3 
2     3     3 
2     3     3 

4      5      5 
4      4      5 
4      4      5 

79 
80 
81 

8976 
9031 
9085 

8982 
9036 
9090 

8987 
9042 
9096 

8993 
9047 
9101 

8998 
9053 
9106 

9004 
9058 
9112 

9009 
9063 
9117 

9015 
9069 
9122 

9020 
9074 
9128 

9025 
9079 
9133 

1    1   2 
1    1    2 
112 

2     3     3 
2     3     3 
2     3     3 

4      4      6 
4      4      5 
4      4      5 

82 
83 
84 

9138 
9191 
9243 

9143 
9196 
9248 

9149 
9201 
9253 

9154 
9206 
9258 

9159 
9212 
9263 

9165 
9217 
9269 

9170 
9222 
9274 

9175 
9227 
9279 

9180 
9232 
9284 

9^86 
9238 
9289 

I    1   2 
1    1   2 
1    1   2 

2     3     3 
2     3     3 
2     3     3 

4      4      5 
4     4      5 
4     4      5 

85 

9294 

9299 

9301 

9309 

9315 

9320 

9325 

9330 

9335 

9340 

1   1   2 

2     3     3 

4      4      5 

86 
87 
88 

9345 
9395 
9445 

9350 
9400 
9150 

9355 
9405 
9455 

9360 
9410 
9^60 

9365 
9415 
9465 

9370 
9420 
9469 

9375 
9425 
9474 

9380 
9430 
9479 

9385 
9435 
9484 

9390 
9440 
9489 

112 
oil 
oil 

2     3     3 
2     2     3 
2     2     3 

4     4     5 
3     4      4 
3     4      4 

89 
90 
91 

9491 
9542 
9590 

9199 
9547 
9595 

9504 
9552 
9600 

9519 
9557 
9605 

9513 
9562 
9609 

9518 
9566 
9614 

9523 
9571 
9619 

9528 
9576 
9624 

9533 
9581 
9628 

9538 
9586 
9633 

oil 

0     1     1 
0      1      1 

2     2     3 
2     2     3 
2     2     3 

3     4     4 
3     4     4. 
3      4      4 

92 
93 
94 

9638 
9685 
9731 

9643 
9689 
9736 

9647 
9694 
9741 

9652 
9699 
9745 

9657 
9703 
9750 

9'"61 
9708 
9754 

9"66 
9713 
9759 

9671 
9717 
9763 

9675 
9722 
9768 

9680 
9727 
9773 

oil 

0     1     1 
0     1     1 

2     2     3 
2     2     3 
2     2     3 

3      4     4 
3     4     4 
«      4      4 

95 

9777 

9782 

9786 

9791 

9795 

9800 

9805 

9809 

9814 

9818 

oil 

2     2     3 

3      4      4 

96 
97 
98 

9823 

98U8 
9912 

9827 
9872 
9917 

9832 

9877 
9921 

9836 

9881 
9926 

9841 
9fc86 
9930 

9845 
9890 
9931 

9850 
9894 
9939 

9854 
9899 
9943 

9359 
9903 
9948 

9863 
9903 
9952 

oil 
oil 

oil 

2     2     3 
2     2     3 
2     2     3 

3      4      4 
3      4      4 
3      4      4 

99 

995G 

9961 

9965 

9969 

9974 

9978 

9983 

9987 

9991    9996 

0     1     1 

2     2     3 

3     3     4 

484 


Matbema tical  Tables — An  tilogarithms 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1  2  3 

4  5  6 

7  8  9 

•00 

1000 

1002 

1005 

1007 

1009 

1012 

1014 

1016 

1019 

1021 

001 

111 

222 

•01 
•02 
•03 

1023 
1047 
1072 

1026 
1050 
1074 

1028 
1052 
1076 

1030 
1054 
1079 

1033 
1057 
1081 

1035 
1059 
1084 

1038 
1062 
1086 

1040 
1064 
1089 

1042 
1067 
1091 

1045 
1069 
1094 

001 
001 
001 

111 
111 
111 

222 
222 
222 

•04 
•05 
•06 

1096 
1122 
1148 

1099 
1125 
1151 

1102 
1127 
1153 

1104 
1130 
1156 

1107 
1132 
1159 

1109 
1135 
1161 

1112 
1138 
1164 

1114 
1140 
1167 

1117 
1143 
1169 

1119 
1146 
1172 

oil 
oil 
oil 

112 
112 
112 

222 
222 
222 

•07 
•08 
•09 

1175 
1202 
1230 

1178 
1205 
1233 

1180 
1208 
1236 

1183 
1211 
1239 

1186 
1213 
1242 

1189 
1216 
1245 

1191 
1219 
1247 

1194 
1222 
1250 

1197 
1225 
1253 

1199 
1227 
1256 

oil 
oil 
oil 

112 
112 
112 

222 

2  2  3 
2     2     3 

•10 

1259 

1262 

1265 

1268 

1271 

1274 

1276 

1279 

1282 

1285 

oil 

112 

2     2     3 

•11 
•12 
•13 

1288 
1318 
1349 

1291 
1321 
1352 

1294 
1324 
1355 

1297 
1327 
1358 

1300 
1330 
1361 

1303 
1334 
1365 

1306 
1337 
1368 

1309 
1340 
1371 

1312 
1343 
1374 

1315 
1346 
1377 

oil 
oil 
oil 

122 
122 
122 

2  2  3 
2  2  3 
2     3      3 

•14 
•15 
•16 

1380 
1413 
1445 

1384 
1416 
1449 

1387 
1419 
1452 

1390 
1422 
1455 

1393 
1426 
1459 

1396 
1429 
1462 

1400 
1432 
1466 

1403 
1435 
1469 

1406 
1439 
1472 

1409 
1442 
1476 

oil 
oil 
oil 

122 
122 
122 

2  3  3 
2  3  3 
2      3      3 

•17 
•18 
•19 

1479 
1514 
1549 

1483 
1517 
1552 

1486 
1521 
1556 

1489 
1524 
1560 

1493 
1528 
1563 

1496 
1531 
1567 

1500 
1535 
1570 

1503 
1538 
1574 

1507 
1542 
1578 

1510 
1545 
1581 

oil 
oil 

0     1     1 

122 
1   2  2 
1   2  2 

2      3      3 

2  3     3 

3  3     3 

•20 

1585 

1589 

1592 

1596 

1600 

1603 

1607 

1611 

1614 

1618 

oil 

1   2  2 

3     3     3 

•21 
•22 
•23 

1622 
1660 
1698 

1626 
1663 
1702 

1629 
1667 
1706 

1633 
1671 
1710 

1637 
1675 
1714 

1641 
1679 
1718 

1644 
1683 
1722 

1648 
1687 
1726 

1652 
1690 
1730 

1656 
1694 
1734 

oil 
oil 
oil 

222 
222 
222 

3  3  3 
3     3     3 

3     3     4 

•24 
•25 
•26 

1738 
1778 
1820 

1742 
1782 
1824 

1746 
1786 
1828 

1750 
1791 
1832 

1754 
1795 
1837 

1758 
1799 
1841 

1762 
1803 
1845 

1766 
1807 
1849 

1770 
1811 
1854 

1774 
1816 

1858 

oil 

0     1     1 
0     1     1 

222 
222 

2     2    3 

3  3  4 
3  3  4 
3     3     4 

•27 
•28 
•29 

1862 
1905 
1950 

1866 
1910 
1954 

1871 
1914 
1959 

1875 
1919 
1963 

1879 
1923 
1968 

1884 
1928 
1972 

1888 
1932 
1977 

1892 
1936 
1982 

1897 
1941 
1986 

1901 
1945 
1991 

oil 
oil 
oil 

2     2    3 
2     2    3 
2     2    3 

3     3      4 

3  4  4 
3     4     4 

•30 

1995 

2000 

2004 

2009 

2014 

2018 

2023 

2028 

2032 

2037 

0     1     1 

2     2    3 

3     4     4 

•31 
•32 
•33 

2042 
2089 
2138 

2046 
2094 
2143 

2051 
2099 
2148 

2056 
2104 
2153 

2061 
2109 
2158 

2065 
2113 
2163 

2070 
2118 
2168 

2075 
2123 
2173 

2080 
2128 
2178 

2084 
2133 
2183 

oil 
oil 
oil 

2     2    3 
2     2    3 
2     2    3 

3  4  4 
3  4  4 
3     4     4 

•34 
•35 
•36 

2188 
2239 
2291 

2193 
2244 
2296 

2198 
2249 
2301 

2203 
2254 
2307 

2208 
2259 
2312 

2213 
2265 
2317 

2218 
2270 
2323 

2223 
2275 
2328 

2228 
2280 
2333 

2234 
2286 
2339 

1     1     2 
112 
112 

2     3    3 
2     3    3 
2     3    3 

4  4  5 
4     4     5 

4      4     5 

•37 
•38 
•39 

2344 
2399 
2455 

2350 
2404 
2460 

2355 
2410 
2466 

2360 
2415 
2472 

2366 
2421 
2477 

2371 
2427 
2483 

2377 
2432 
2489 

2382 
2438 
2495 

2388 
2443 
2500 

2393 
2449 
2506 

112 
1     1     2 
112 

2     3    3 
2     3    3 
2     3    3 

4  4  5 
4  4  5 
4     5      5 

•40 

25K 

2518 

2523 

2529 

2535 

2541 

2547 

2553 

2559 

2564 

112 

2     3    4 

4     5     5 

•41 
•42 
•43 

2570 
2630 
2692 

2576 
2636 
2698 

2582 
2642 
2704 

2588 
2649 
2710 

2594 
2655 
2716 

2600 
2661 
2723 

2606 
2667 
2729 

2612 
2673 
2735 

2618 
2679 
2742 

2624 
2685 
2748 

1     1     2 
1     1     2 
112 

2     3    4 

2  3    4 

3  3    4 

4  5  5 
4  5  6 
4     5     6 

•44 
•45 
•46 

2754 
2818 
2884 

2761 
2826 
2891 

2767 
2831 
2897 

2773 
2838 
2904 

2780 
2844 
2911 

2786 
2851 
2917 

2793 

2858 
2924 

2799 
2864 
2931 

2805 

2871 
2938 

2812 
2877 
2944 

1     1     2 
1     1     2 
112 

3     3    4 
3     3    4 
3     3    4 

4  5     6 

5  5  6 
5      5     6 

•47 
•48 
•49 

2951 
3020 
3090 

2958 
3027 
3097 

2965 
3034 
3105 

2972 
3041 
3112 

2979 
3048 
3119 

2985 
3055 
3126 

2992 
3062 
3133 

2999 
3069 
3141 

3006 
3076 
3148 

3013 
3083 
3155 

112 
112 
112 

3     3    4 
3     4    4 
3     4    4 

5  5  6 
5  6  6 
5      6     6 
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0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1  2  3 

456 

7  8  9 

•so 

3162 

3170 

3177 

3184 

3192 

3199 

8206 

3214 

3221 

3228 

112 

344 

5     6     7 

•51 
•52 
•63 

3236 
3311 

3388 

3243 
3319 
3396 

3251 
3327 
3404 

3258 
3334 
3412 

3266 
3342 
3420 

3273 
3350 
3428 

3281 
3357 
3436 

3289 
3365 
3443 

3296 
3373 
3451 

3304 
3381 
3459 

122 
122 
122 

345 
345 
345 

5     6     7 

5  6     7 

6  6     7 

•54 

•55 

•56 

3467 
3548 
3631 

3975 
3556 
3639 

3483 
3565 
3648 

3491 
3573 
3656 

3499 
3581 
3664 

3508 
3589 
3673 

3516 
3597 
3681 

3524 
3606 
3690 

3532 
3614 
3698 

3540 
3622 

3707 

122 
122 

12     3 

345 
345 
345 

6     6     7 
6     7      7 
6     7     8 

•57 
•58 
•59 

3715 
3802 
3890 

3724 
3811 
3899 

3733 
3819 
3908 

3741 
3828 
3917 

3750 
3837 
3926 

3758 
3846 
3936 

3767 
3855 
3945 

3776 
3864 
3954 

3784 
3873 
3963 

3793 

3882 
3972 

12     3 
12     3 
12     3 

345 
445 
455 

6     7     8 
6     7     8 
6     7     8 

•60 

3981 

3990 

3999 

4009 

4018 

4027 

4036 

4046 

4055 

4064 

12     3 

4     5     6 

6     7     8 

•61 
•62 
:63 

4074 
4169 
4266 

4083 
4178 
4276 

4093 
4188 
4285 

4102 
4198 
4295 

4111 
4207 
4305 

4121 
4217 
4315 

4130 
4227 
4325 

4140 
4236 
4335 

4150 
4246 
4345 

4159 
4256 
4355 

1     2     3 
12     3 
12     3 

4     5     6 
4     5     6 
4     5     6 

7     8     9 
7     8     9 
7     8     9 

•64 
•65 
•66 

4365 
4467 
4571 

4375 

4477 
4581 

4385 
4487 
4592 

4395 
4498 
4603 

4406 
4508 
4613 

4416 
4519 
4624 

4426 
4529 
4634 

4436 
4539 
4645 

4446 
4550 
4656 

4457 
4560 
4667 

1     2     3 
1     2     3 
1     2     3 

4     5     6 
4     5     6 
4     5     6 

7     8     9 
7     8     9 
7     9    10 

•67 
•68 
•69 

4677 
4786 
4898 

4688 
4797 
4909 

4699 
4808 
4920 

4710 
4819 
4932 

4721 
4831 
4943 

4732 

4842 
4955 

4742 
4853 
4966 

4753 
4864 
4977 

4764 
4875 
4989 

4775 
4887 
5000 

12     3 
1     2     3 
12     3 

4     5     7 

4  6     7 

5  6     7 

8     9   10 
8     9   10 
8     9   10 

•70 

5012 

5023 

5035 

5047 

5058 

5070 

5082 

5093 

5105 

5117 

1     2     4 

5     6     7 

8     9    11 

•71 
•72 
•73 

5129 
5248 
5370 

5140 
5260 
5383 

5152 
5272 
5395 

5164 
5284 
5408 

5176 
5297 
5420 

5188 
5309 
5433 

5200 
5321 
5445 

5212 
5333 
5458 

5224 
5346 
5470 

5236 
5358 
5483 

12     4 

12  4 

13  4 

5     6     7 
5     6     7 
5     6     8 

8  10    11 

9  10    11 
9    10    11 

•74 
•75 
•76 

5495 
5623 
5754 

5508. 
5636 
5768 

5521 
5649 
5781 

5534 
5662 
5794 

5546 
5675 
5808 

5559 
5689 
5821 

5572 
5702 
5834 

5585 
5715 
5848 

5598 
5728 
5861 

5610 
5741 
5875 

13     4 
13     4 
13     4 

5X8 

5     7     8 
5     7     8 

9    10    12 
9    10    12 
9    11    12 

•77 
•78 
•79 

5888 
6026 
6166 

5902 
6039 
6180 

5916 
6053 
6191 

5929 
6067 
6209 

5943 
6081 
6223 

5957 
6095 
6237 

5970 
6109 
6252 

5984 
6124 
0266 

5993 
6138 
6281 

6012 
6152 
6295 

13     4 
13     4 
13     4 

5  7     8 

6  7     8 
6     7     9 

10    11    12 
10    11    13 
10    11    13 

•80 

6310 

6324 

6339 

6353 

6368 

6383 

6397 

6412 

6427 

6442 

13     4 

6    7     9 

10    12    13 

•81 
•82 
•83 

6457 
6607 
6761 

6471 
6622 
6776 

6486 
6637 
6792 

6501 
6653 
6808 

6516 
6668 
6823 

6531 
6683 
6839 

6546 
6699 
6855 

6561 
6714 
6871 

6577 
6730 

6837 

6592 
6745 
6902 

2     3     5 
2     3     5 
2     3     5 

6     8     9 
6     8     9 
6    8     9 

11    12    14 
11    12    U 
11    13    14 

•84 
•85 
•86 

6918 
7079 
7244 

6934 
7096 
7261 

6950 
7112 
7278 

6966 
7129 
7295 

6982 
7145 
7311 

6998 
7161 
7328 

7015 
7178 
7345 

7031 
7194 
7362 

7047 
7211 
7379 

7063 
7228 
7396 

2     3     5 
2     3     5 
2     3     5 

6  8  10 

7  8  10 
7     8  10 

11  13   15 

12  13    15 
12    13    15 

•87 
•88 
•89 

7413 
7586 
7762 

7430 
7603 
7780 

7447 
7621 
7798 

7464 
7638 
7816 

7482 
7656 
7834 

7499 

7674 
7852 

7516 
7691 
7870 

7534 
7709 

7889 

7551 
7727 
7907 

7568 
7745 
7925 

2     3     5 
2     4     5 
2     4     5 

7     9  10 
7     9  11 
7     9  11 

12    14    16 

12  14    16 

13  14    16 

•90 

7943 

7962 

7980 

7998 

8017 

8035 

8054 

8072 

8091 

8110 

2     4     6 

7     9  11 

13    15    17 

•91 
•92 
•93 

8128 
8318 
8511 

8147 
8337 
8531 

8166 
8356 
85'51 

8185 
8375 
8570 

8204 
8395 
8590 

8222 
8414 
8610 

8241 
8433 
8630 

8260 
8453 
8650 

8279 
8472 
8670 

8299 
8492 
8690 

2     4     6 
2     4     6 
2     4     6 

8     9  11 
8  10  12 
8  10  12 

13  15    IT 

14  15    17 
14    16    18 

•94 
•95 
•96 

8710 
8913 
9120 

8730 
8933 
9141 

8750 
8954 
9162 

8770 
8974 
9183 

8790 
8995 
9204 

8810 
9016 
9226 

8831 
9036 
9247 

8851 
9057 
9268 

8872 
9078 
9290 

8892 
9099 
9311 

2     4     6 
2     4     6 
2     4     6 

8  10  12 
8  10  12 
8  11  13 

14  16    18 

15  17    19 
15    17   13 

•97 
•98 
•99 

9333 

9550 
9772 

9354 
9572 
9795 

9376 
9594 

9317 

9397 
9616 
9840 

9419 
9638 
9863 

9441 
9661 
9886 

9462 

9683' 
9908 

9484 
9705 
9931 

9506 
-9727 
9954 

9528 
9750 
9977 

2     4     7 
2     4     7 
2     5     7 

9  11   13 
9  11   13 
9  11  14 

15  17    20 

16  18    20 
16    18    20 
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Matbematical  Tables 


Degrees. 

Radians. 

Chord. 

Sine. 

Tangent. 

Cotangent. 

Cosine. 

0° 

0 

0 

0 

0 

00 

1 

1-414 

1^5708 

90* 

1 
a 

3 

4 

•0175 
•0349 
•0524 
•0698 

•017 
•035 
•052 
•070 

•0175 
•0349 
•0523 
•0698 

•0176 
•0349 
•0524 
•0699 

67-2900 
28-6363 
190811 
14-3007 

•9998 
•9994 
•9986 
•9976 

1-402 
1-389 
1-377 
1-364 

1-6533 
1-5359 
1-6184 
1-6010 

89 
88 
87 
86 

6 

•0873 

•087 

•0872 

•0875 

11-4301 

•9962 

1-351 

1-4835 

85 

6 
t 
8 
9 

•1047 
•1222 
•1396 
•1671 

•105 
•122 
•140 
•167 

•1045 
•1219 
•1392 
•1564 

•1051 
•1228 
•1405 
•1584 

9-5144 
8  1443 
7^1154 
6-3138 

•9945 
-9925 
•9903 
-9877 

1-338 
1-325 
1-312 
1-299 

1-4661 
1-4486 
1-4312 
1-4137 

84 
83 

82 
81 

10 

•1745 

•174 

•1736 

•1763 

6-6713 

•9848 

1^286 

1-3963 

80 

11 
l!l 
13 
14 

•1920 
•2094 
•2269 
•2448 

•192 
•209 
•226 
•244 

•1908 
•2079 
•2250 
•2419 

•1944 
•2126 
•2309 
•2493 

6-1446 
4-7046 
4-3315 
40108 

•9816 
-9781 
•9744 
-9703 

1-273 
1-259 
1-245 
1-231 

1-3788 
1-3614 
13439 
1-3265 

79 
78 
77 
76 

16 

•2618 

•261 

•2688 

•2679 

3-7321 

-9659 

1^218 

1-3090 

76 

16 
It 
18 
19 

•2793 
•2967 
•3142 
•3316 

•278 
•296 
•313 
•330 

•2756 
•2924 
•3090 
•3256 

•2867 
•3057 
•3249 
•3443 

3-4874 
3-2709 
80777 
2-9042 

•9613 
-9563 
•9511 
•9456 

1^204 
1^190 
1176 
1^161 

1-2915 
1-2741 
1-3566 
1-2392 

74 
73 
72 
71 

30 

•3491 

•347 

•3420 

•3640 

2'7475 

•9397 

1147 

1-3317 

70 

21 
22 
23 
24 

•3665 
•3840 
•4014 
•4189 

•364 
•382 
•399 
•416 

•3584 
•3746 

•3907 
•4067 

•3839 
•4040 
•4245 
•4452 

2-6051 
2-4751 
2-3559 
2-2460 

•9336 
-9272 
•9206 
-9136 

1^133 
l^llS 
1^104 
1-089 

1-2043 
1^1868 
1-1694 
1-1519 

69 
68 
67 
66 

25 

•4363 

•433 

•4226 

•4663 

2-1445 

-9063 

1-075 

1-1345 

65 

26 
27 
28 
29 

•4538 
•4712 

•4S87 
•6061 

•450 
•467 
•484 
•601 

•4384 
•4540 
•4695 
•4848 

•4877 
•5095 
•6317 
•6543 

20503 
1-9626 
1-8807 
1-8040 

•8988 
•8910 
■8829 
•8746 

1-060 
1-045 
1-030 
1-015 

1-1170 
1-0996 
1-0821 
1-0647 

64 
63 
62 
61 

30 

•6236 

•618 

•6000 

•6774 

1-7321 

•8660 

1-000 

1-0472 

60 

81 
32 
33 
34 

•6411 
•6585 
•6760 
•5934 

•634 

•651 
•668 
•686 

•6150 
•5299 
•6446 
•6592 

•6009 
•6249 
•6494 
•6745 

1-6643 
1-6003 
1-5399 
1-4826 

-8572 
•8480 
•8387 
•8290 

•985 
•970 
•954 
•939 

1-0297 

10123 

•9948 

•9774 

69 
68 
67 
66 

35 

•6109 

•601 

•6736 

•7002 

1-4281 

•8192 

•923 

-9599 

66 

36 
3T 
38 
39 

•6283 
•6468 
•6632 
•6807 

•618 
•635 
•651 
♦668 

•6878 
•6018 
•6157 
•6293 

•7265 
•7536 
•7813 
•8098 

1-3764 
1-3270 
1-2799 
1-2349 

•8090 
•7986 
•7880 
•7771 

•908 
•892 
•877 
•861 

•9426 
•9250 
•9076 
•8901    . 

64 
63 
62 
61 

40 

•6981 

•684 

•6428 

•8391 

11918 

•7660 

-845 

•8727 

60 

41 
42 
43 
44 

•7156 
•7330 
•7505 
•7679 

•700 
•717 
•733 
•749 

•6561 
•6691 
•6820 
•6947 

•8693 
•9004 
•9325 
•9657 

1^1604 
1-1106 
1-0724 
1-0356 

•7547 
•7431 
•7314 
•7193 

•829 
•813 
•797 
•781 

•8552 
•8378 
•8203 
•8029 

49 
48 
47 
46 

45 

•7854 

•765 

•7071 

1-0000 

1-0000 

•7071 

•765 

•7864 

46 

Cosine. 

Cotangent. 

Tangent. 

Sine. 

Chord. 

Radians. 

Degrees. 
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